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The Knapsack Problem

Input:

e Set of n items. ltem ¢ has a profit p; and size s;.

e A knapsack of capacity B.

Goal: Find a subset of items with largest profit that fits into the knapsack.
e Knapsack is weakly NP-hard. Pseudo-polynomial time algorithm.

e Important problem, considered “easy”, well solved in practice.

e Focus of this talk: approximation algorithms, generalizations, techniques.



Approximation Algorithms

Maximization problem II.

Approximation algorithm A for I1:

— a polynomial time algorithm, and
— has approximation ratio « if for all inputs I, Oiz"}()l) < a.

IT has a polynomial time approximation scheme (PTAS) if for every
e > 0, there is an approximation algorithm for II with ratio (1 + ¢).

Fully polynomial time approximation scheme (FPTAS): running time for
a (1 -+ e)-approx is polynomial in input size and 1/e.



Approximation algorithms for Knapsack Problem
o P =) p;, S=) s Exactalgorithms with running time O(nP) or
O(nS) based on dynamic programming.

e Scaling and rounding ideas with O(nFP) algorithm yield FPTAS [IK75].
Best running time O(nlog1/e + 1/¢*) [L79].

A slightly different algorithm:

e Guess the 1/¢ most profitable items and put them in.

e Use greedy to pack the rest: pick in order of decreasing p;/s;.

e PTAS with running time O(n'/).



The Multiple Knapsack Problem (MKP)

Input: A set of n items and m bins s.t.

e each item has a profit p;, and a size s;.

e each bin has a capacity c;.
Goal: Pack a subset of items with largest profit.

e Generalizes knapsack as well as bin packing.

e One-dimensional version of the container loading problem.



MKP with O(1) bins

Suppose m = 2.

e Pseudo-polynomial algorithm with running time O(n.S?).

e Cannot do profit scaling!! In fact no FPTAS even for m = 2.

e Guessing algorithm gives a PTAS.

— Guess the 2 /¢ most profitable items.
— Greedily pack the rest.

e Running time for m bins O(n™/¢), hence PTAS for fixed m.



Bin Packing

Input: n items with sizes s; < 1.

Goal: Minimize the number of bins of size 1 to pack all items.



Generalized Assignment Problem (GAP)

Input: Same as MKP but item sizes and profits depend on the bins.

Goal: Pack a subset of items with largest profit.

max ) ;. Pij - Tij

Y iSii Ty < ¢ I<jy7<m
Zja:ij S 1 1§z_n
zi; € {0,1}

MKP is a special case of GAP.



e min GAP - minimization version.

min ), wij - Lij

Sii L < ¢ 1 <97 <m
i 21 " lig J
zij € {0,1}

e Related to many fundamental optimization problems: scheduling on
unrelated machines, 3D-matching, assignment problem, etc.

e min GAP is APX-hard [LST87] and 2-approximable [ST93].



Relation Between Packing Problems

GAP

MKP with
identical bins

Bin Packing



Related Work

Knapsack: FPTAS [IK75].

Bin Packing: Asymptotic FPTAS [KK82].

GAP: 2-approx for min version. [ST93]

MKP with identical bin capacities: independent PTAS [K99].

MKP: 2-approximation from previous techniques.
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Results

PTAS for MKP.

2-approximation for max GAP via reduction to min GAP [ST93].

APX-hardness of max GAP for very restricted instances based on [LST87]:

— pij =1 and s;; € {1,17} for all (i,j) and ¢; = 3 for all ;.

— two distinct profit values and all sizes and capacities are same.

Greedy algorithm’s analysis for MKP.

(e 7y T € approx for identical capacity case.
— 2+ € approx for general case.
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2-approximation for GAP

Idea: Transform max version to min version and use [ST'93].

max ) ;. Pij * Lij min ) ;. Wij - T4
D iSij Tij <S¢y D Sij T < ¢
Zj Lij < 1 Zj Lij = 1

ri; € {0,1} zi; € {0,1}
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Transformation

e Instance I of max GAP to I’ of min GAP.
e n =nandm'=m+ 1.

o w;; = —pi; if 7 < m and w; 41 = 0.

e ¢ =cjforj<mandc,, ;= o
Claim: [’ is a feasible instance.

Claim: opr(I') = —orT(1).

13



Rounding

e Solve min GAP LP, obtain fractional solution z*.

e Use [ST'93] to obtain an integral soln = with following properties.

- LL‘;}- = 0 implies zi; = 0.

— w(x) = w(x*).

— for all 7, either Z,L Sij Xij < ¢jor there exist k]‘ s.t Zi#kj Sij Tij < Cj.
At most one violating item per bin.

e Feasible soln: retain the violating item or the rest depending on profit.

Claim: 2-approx for max GAP.
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More on Generalized Assignment

For both min GAP and max GAP:

e can obtain fractional optimal value with an integral solution that violates
capacity of each bin by at most one item.

® suppose max;; S;;/c; < 0 for some ¢ < 1.

— 2-approx for min Gap improves to 1 + 0.
— 2-approx for max Gap improves to min{1 + 24, 2}.
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Overview of the PTAS for MKP

Guessing Items: Find a subset U of items s.t.
e [/ is feasible to pack, and

e profit(U) > (1 — ¢)OPT.

Packing Items: Given a feasible subset U

e pack a subset U’ C U s.t.

e profit(U’) > (1 — €)profit(U).
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Guessing Lemma

. . . . 3
Lemma: Given instance I with n items we can construct v = n©(1/¢)

instances Iq, ..., I, such that

e For 1 < j <w, items in I; have one of O(Inn/e) distinct profit values.
e For 1 < j <, items in I; have one of O(Inn/e?) distinct size values.

e One of the instances I, is such that all its items can be packed in the
bins of I and oprT(ly) > (1 —e)orT(I).

e [1,...,1, can be constructed from [ in polynomial time.

Independent of the bins! Corollary: QPTAS.
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Reducing the # of Distinct Profit Values

Assume that we know O such that (1 —e¢)orT < O < OPT.

. . . . O
Discard any items with profit < <=.

Scale profits by €¢ — all profits in [1, 2.

Round down each profit to nearest power of (1 + ¢).
Only h = O(Inn/e) distinct profits.
Lose at most 2e-fraction of profit.

O(n/e€) values for O sufficient.
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Guessing Scheme: First Attempt

S1,59, ..., 5, item subsets with distinct profits, h = O(Inn).

Want to guess Uy, ..., U, where U; C §; s.t.

- U = U?Zl U, is feasible, and
- p(U) > (1 — €)oPT.

Guess an h-tuple (k1, ko, ..., k) where k; is # of items taken from 5.
U; is simply the k; smallest items in .S;.

Problem: need O(n'™™) guesses for the h-tuple.
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k_1 k_2 k3  =memeen- k_h
Ot_l (1_2 (1_3 -------- a_h
Ot_l OL_2 a_3 -------- 04 h

al+oa2+a3+...a h=1
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How to Guess Efficiently?

e Guess fraction of profit taken from each 5.

e Guess an h-tuple (a1, s, ..., ap):

]-

mw| -

— «; is an integer in [1..

2
- p(U;) = « <€h0>.
— obtain U; by picking smallest size items from S; until we have p(U;).

: h
e + of tuples is (6%) ~ pinnn,
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Careful Counting

p+q—1)_

Fact: # of ways to partition p into ¢ pieces: ( g—1

e Note that > . o; < 6%

h

o 7 of tuples is # of ways to partition —; into / pieces.

e implies O(n®W) tuples with h = O(Inn).

22



Reducing the # of Distinct Size Values

e Modify U; to have % distinct sized items.
e Sort U; according to size and partition into % equal-size groups.

e Size of an item in GG < size of smallest item in ;1. Discard G ..

N Increasing Item Sizes —
\ “" ,// \;\ /'// \\\ /'// \\\
(I (/*\\}\U B\ EVaN
O S G N S YL S TR
L |1 |
Gy Gy Gije
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MKP with Identical Bins

e We have a feasible set U with p(U) > (1 — ¢)OPT.

o |f # of bins m < % then PTAS known.

e Otherwise:

— use bin packing PTAS to pack U using (1 + ¢)m bins.
— discard em least profitable bins.

Kellerer[K99]: different PTAS for this special case.
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General Case: Packing the Guessed ltems

Overall Scheme:

e Partition bins into groups of roughly same size.

e Guess for each item the bin group it will be packed in.

e Use ideas in identical bin capacity case separately for each group.

Main Complication: can't guess for each item.

e guess only for “large” items, use O(Inn) distinct sizes for this.

e pack “small” items across blocks using LP approach.
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Preprocessing the Bins

Group similar size bins together. Assume smallest bin capacity = 1.
Partition bins into blocks By, B4, ..., Bj.
Block B; contains all bins b s.t.
(1 + €)" < capacity(b) < (1 + ¢€)*t1.
A bin block small if | B;| < L and large otherwise.

Large bin blocks = can use the extra bins trick.
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Reducing the # of Small Blocks

1/¢ blocks can discard

Small Blocks

Large Blocks
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Packing Idea for Small Blocks

We have only O(1) bins from small blocks.

1

Guess = most profitable items for each bin.

Requires only 791 guesses.

Remaining items will be packed later using LP.
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Packing ldea for Large Blocks

An item is large for a bin if its size > e-(bin capacity).

We can guess large items assigned to each B;.
Pack small items using LP approach.
Use at most € - | B;| extra bins to pack violating items.

Discard the ¢ - | B;| least profitable bins.
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Guessing the Large Items

Lemma: n°Y) guesses suffice to find items packed as large.

e Fix a size class V.

o Items in V; are large for O(1/¢?) blocks.

o Guess approximate partition of V; using O(1/¢”) bits.

e Total guessing for O(lnn) size classes: 1),
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o

-

1/€? blocks

Large Bin Blocks

N
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Packing Large Items in Large Blocks after Guessing

independent problem for each large bin class.
bin capacities in [1,1 + €.
item sizes in [e, 1 + €.

extend bin packing ptas, use extra bins of size 1 only.
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Remaining ltems

Small items that need to go in large blocks.
ltems that need to go into small blocks.

LP formulation - generalized assignment!

— x;; = 0 if 7 large for j and j is in a large block.

— x;; = 0if 7 is in small block and p; is large of j.

— >_;¥ij = 1 - feasibility only.

Use [ST93] algorithm to round fractional LP.
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— Infeasible integral solution: capacity violation in each bin by at most
one item.

— Use extra bins in large blocks to pack all violating items.
Need only em; extra bins. Why?

— Discard violating item in small blocks. Lose only ¢ fraction of profit.
Why?
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Items from distinct size classes

G &/ 2 @ O & s

O(1/eA2) guessed\items

O(1/e) bins from small blocks Large Blocks
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Summarizing

1

e Guess © most profitable items for each small block.

e Guess items packed as large for each large block.
independently using extra bins if necessary.

e Use LP-based approach to pack the remaining items.

e Make the packing feasible:

— for small blocks: discard violating items.
— for large blocks: use extra bins trick.

Running time: O(nl/es) for a (1 + ¢)-approximation.

Pack each block
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Greedy Algorithm for MKP

Algorithm: Pack bins sequentially using knapsack alg with remaining items.

Claim: For identical capacity bins —“; + ¢ approx.

Claim: For general case 2 + ¢ approx.
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Open Problems

e PTAS with running time f(1/¢) - poly(n)?

e Improve 2-approx for GAP or hardness factor of (1 + ¢p).

e Unrelated machine scheduling: 3/2-hard and 2-approximable.

e Special cases of interest:

1. si; € {si, 00}, pij = pi.
2. Si5 = Si-

e Bin Packing. Is finding OPT + 1 NP-hard?
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Concrete Problems

Integrality gap of LP is 2 even for single knapsack!
Is there a formulation for single knapsack with gap less than 27

Useful instance: knapsack capacity 1.

— 1 item with size 1 and profit 1.
— k identical items with size ¢/k and profit 1/k.

Max 3-Dimensional Matching is APX-hard but small inapproximability

ratio. Can we boost it?

39



