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Caveat

Many related papers/problems
Will not be able to give detailed/all references
Goal 1s to highlight the framework and 1deas

See papers and/or ask me during or after the talk










Cover points by disks

NP-Hard

O(1) approx. for unit weights via LP [Clarkson-
Varadarajan’07]

PTAS for unit weights via local-search [Mustafa-Ray’10]

O(1) approx. for weighted case via LP [Varadarajan’10,
Chan etal’12]

QPTAS for weights via separators and DP [Mustafa-
Raman-Ray’14]




Partial Cover

Cover at least k points out of n




Partial Cover with Multiple
Types/Groups




Partial Cover with Multiple
Types/Groups

Three regimes:

e r=1

* 1r=0(1) and fixed

* rislarge/part of input




Splitting Point Sets by Cuts

[HarPeled-Jones’18/19] Figure borrowed from paper

Fig 1 {srven three point seis,
wuppess Use pusil is 1o bevak ks
Zresn (Toss) point set mio seis
wilh al mos! three points, the
Blue (i) painl sel imio selx wilh
at mwost foor podmts, amd the rad
(sguane ) painl sl inka sels wilh
at meast two poinis. This con be
achicved using wo separating
lines {Calor figure online)




Set Cover and Variants

Cover points by intervals,
disks, rectangles, ...

Vertex Cover Geometric Instances

v Hit shapes by points

Set Cover

T

Partial Set Cover Covering Integer Programs

Submodular Set Cover




Set Cover and Variants

Cover points by intervals,

- disks, rectangles, ...
Vertex Cover Geometric Instances

Hit shapes by points

Set Cover

T

Partial Set Cover Covering Integer Programs

Covering Mulitiple
Submodular Set Cover Submodular Funcs




Set Cover

- U={1,2,...n)

¢ Sl? Sz, ceey SmeaCh a
subset of U

* ¢ :costof S,

Goal: Find min-cost sub-
collection of S, S,, ..., S,
whose union 1s U

d : max set size, f : max
frequency over elements

min )./~ C;iX;

2s;sjXi 21 j€|[n]
x; €{0,1}i € Im]




Covering Integer Programs

Set Cover CIP

min )./~ C;X; min )./~ C;iX;

ZSlaijZ]-]E[n] ZLALJXLZI?] ]E[Tl]
x; € {0,1}i € [m] x; €1{0,1} i € [m]

A, b non-negative




Submodular Set Cover

[Wolsey ‘82]

* Finite ground set V = [m], ¢, non-negative cost of 1
» Monotone submodular set func: g:2™1 - R.

Goal: mingcy c(S) such that g(S) = b




Submodular Set Functions

Real-valued set function f: 2V — R is submodular if
fLA)+fB)=f(AnB)+f(AuB) VAB
Equivalently:

fA+v)—fA)=f(B+v)—f(B) AcB,véB

.V




Submodular Set Functions

f is monotone if f(A) < f(B) forall A< B
[ is non-negative if 0 < f(A) forall A
Assume f(@) = 0 (normalized)

Example: Coverage function. V is the collection of sets
and f(A) 1s the # of elements covered by sets in A




Greedy for Submod Set Cover

S<0@

While g(S) < b do
gs(i)

s %
Il < argmax; .

S«S+i"

Output S

Theorem: [Wolsey ‘82| For integer valued g, Greedy 1s a
(1+ In (max g(i)) approximation
i




Greedy for Submod Set Cover

Theorem: [Wolsey ‘82| For integer valued g, Greedy is a
(1+ In (max g(i)) approximation.

l

Bicriteria approximation:

With cost OPT can cover (1 a é) b

With cost 20PT can cover (1 - e—lz) b

For integer @ = 1 with cost « OPT can cover (




Set Cover, CIP, Submod Cover

min ),;%, CiX; min ).,;%; C;jX;

Zsiajxi21je[n] 2iAijx; = bj jE€ [n]
x; € {0,1}i € [m] x; €{0,1} i € [m]

A, b non-negative




Set Cover, CIP, Submod Cover

min ),;%, CiX; min ).,;%; C;jX;

Zsiajxi21je[n] 2iAijx; = bj jE€ [n]
x; € {0,1}i € [m] x; €{0,1} i € [m]

A, b non-negative

g(S) = Z min(b;, z A

IES




Approximation for Set Cover,
CIPs, Submod Set Cover

Techniques: Greedy and LP Rounding

Submodular Set Cover: (1 + In (max g(i))
i

Set Cover: (1+1Ind) or f (max freq of elements)

CIP: Inm +Inlnm + 0(1)) . Need Knapsack Cover
inequalities and cannot be obtained by Greedy which
can be as bad as 1(m) factor

Results are essentially tight in various regimes




Covering Multiple
Submodular Functions

[HarPeled-Jones’19] motivated by geom. application

* Finite ground set V = [m], ¢, non-negative cost of 1
* r monotone submodular set funcs: g;: 2lml R,

Goal: mingcy c(S) such that g;(S) = kjforj =1tor




Set Cover CIP
min ).\%, CiX; min )./~ C;iX;

Zsiajxi21je[n] ZiAi’jxiijjE[n]
x; € {0,1}i € [m] x; €{0,1}i € [m]

\

A, b non-negative
Submod Cover

mSin c(S)
Multi Submod Cover
g(S) = b P——

mSin c(S)
gi(§) =k; jelr]




Covering Multiple
Submodular Functions

Goal: minc(S) suchthat g;(§) > k;jforj=1tor

Can reduce to standard submodular cover problem

g(s) = 2 min(gj(S), kj)
J

Greedy gives O(Inr + In (Z j kj)) approx.




Covering Multiple
Submodular Functions

Goal: minc(S) suchthat g;(S) > k;forj=1tor

Can reduce to standard submodular cover problem

J

Greedy gives O(Inr + In (Z i kj)) approx.

Main questions:
- Can we avoid In (¥ i k;) term?
* Can we obtain 0(1)?

When/Why? Many applications!




CIP and Submodular Cover

e Reduction to Submodular Cover/Greedy only yields
(1(m) approximation in worst case [Dobson’80,
Wolsey’82]

* (Can obtain O(logd) using LP and KC inequalities
[Kolliopoulos-Young’01, Chen-Harris-Srinivasan’16,
C-Quanrud’18]




Partial Cover with Multiple
Types/Groups

Three regimes:

e r=1

* 1r=0(1) and fixed

* rislarge/part of input




Results at a high-level

Suppose (geometric) set cover 1s “easy’ for some
instances via the LP

Example: O(1) approx. for covering with disks

Then, good approx. algorithms for multi color covering

Via LP and submodular optimization ideas




Concretely

f approx. for Geometric Set Cover via natural LP
implies

i (B + 1) approx. for partial cover (r = 1)
e% (B + 1+ €) approx. forr = 0(1) (fixed)

O(f + Inr) approx. for general r

Note: when r 1s large cannot do better than
O(Inr) even for simple geometric settings




Bicriteria approximations for
general submodular functions

Forr = 0O(1) can get almost same tradeoff as r =
* Cost of S at most @ OPT

© 9;(8) = (1—=; — €) k; for each]

e?

For arbitrary r
* Cost of solution S 1s 0(§ Inr) OPT

© 9;(8) = (1 -2 =€) k; for each]

Bicriteria sufficient for several applications including
motivating one from [HarPeled-Jones’19]




Applications

QOutliers and fairness constraints motivate the model
Obvious ones for (geometric) covering
Generalization of CIPs

Nob-obvious ones for implicit covering problems

* Facility location with outliers

 Colorful joint-replenishment with fairness constraints
* Etc




Ideas from

[Inamdar-Varadarajan’18] A generic reduction via
LP. § approx. for Set Cover via natural LP implies
2(B + 1) approx. for Partial Cover version

Multiple Vertex Cover constraints [Bera-Gupta-
Kumar-Roy’14]

Round and Fix algorithm for CIP [C-Quanrud’18]

Continuous extension and concentration inequalities
for submod functions [CCPV’07, Vondrak’10]




g;j(S): # of points covered by disks in S




LP tor Set Cover

x;: fraction of set S; taken in solution

min Zﬁl CiXi

x; =010 € [m]

Will assume S approx. for covering points by disks




LLP for Partial Set Cover

x;: fraction of set S; taken in solution
z;: fraction of elemt j covered

min Zﬁl CiXi

2= min{1, X5, %} J € [n]

x; =0 1 €|m]




LLP for Partial Set Cover

x;: fraction of set S; taken in solution
z;: fraction of elemt j covered

min Z?;l CiXi

Zjesixi = Zj J € [Tl]




Rounding for Partial Set Cover

[Inamdar-Varadarajan’18]

Solve LP. Let (x, z) be a feasible /optimum frac soln.
H={j:z = %} highly covered elements, L rest

Setting x; = 2 x; for each set S; gives feasible
fractional soln to cover all of H.

» Use B approx. for Set Cover for H

Residual covering requirement is k' = k — |H|.




Rounding for Partial Set Cover

[Inamdar-Varadarajan’18]

c H={j:z = %} highly covered elements, L rest

 Setting x; = 2 x; for each set S; gives feasible
fractional soln to cover all of H. Use f§ approx.

« Residual covering requirement is k' = k — |H|.

Question: How do we cover k' points from L.? What is
the advantage of defining H and L?




Rounding for Partial Set Cover

[Inamdar-Varadarajan’18]
Question: How do we cover k' points from L.? What is
the advantage of defining H and L?

« L={j:z < %}shallow covered elements

« x; = 2 x; for each set S; fractionally covers
2k’ elements from L

* [Inamdar-Varadarajan’18] use complicated pipage
rounding algorithm/argument to round to cover
k' elements from L




New Rounding Algorithm

[C-Inamdar-Quanrud-Varadarajan-Zhang’20]

e H={j:z; =2 (1— E) } highly covered elements, L rest

« Setting x; = ﬁ x; for each set S; gives feasible fractional

solution to cover all of H. Use [ approx.
Residual covering requirement is k' = k — |H|.

Use simple Greedy algorithm on L until k' elements
covered

Results 1n a i (B + 1) approximation




What 1s going on?

Consider the function over fractional values on sets
9(x1, X2, oy Xpy) = X ;min(l, X e, X;)

This 1s a continuous extension of the coverage function.

LP is ensuring that g(x{, Xo, ..., X)) = k

However, §(x{,x5,...,%X,,) 1s not as nice as another
continuous extension called the multilinear extension




Multilinear extension

[Calinescu-C-Pal-Vondrak’07]

Given a (submodular) set function g: 2V - R,

G(x1, X2, s X)) = Xiscy 9(S) [Liesxi [liey s (1 —x;)

G(xqy, %5, o, Xm) = E[g(R)]

where R 1s a random set by picking each 1 independently
with probability x;

Has several nice properties that one can exploit




Correlation Gap

Given a (submodular) set function g: 2" — R,

G(x1, %2, ooy Xim) = Nscv 9(S) [ies % Tliey —s (1 — x;)
Has several nice properties that one can exploit
|[CCPV’07]

Correlation gap:

1
G(Xl,xz, ...,xm) 2 (1 _E) g\(xl,xz, ...,xm)




Back to rounding

Suppose all elements are in L

Then with x'; = i x; the element j is now

fractionally covered to z; = = Zj

e

A / !/ !/
X 1,X 5, e, X > k
g( 142 m) e —1

Implies via correlation gap that:

1
Gx'y, x5, 0, x' ) = (1 — ;) glxy, x5, e, x) =k




Lemma

We have

e
Yiwix; < e_—10PTLP and G(x'y, x5, ..., x") =k

Similar to max-coverage with knapsack constraint.
Greedy 1s nice with respect to multilinear relaxation

Can show that Greedy will cover k elements with cost

e
Yiwix; < — OPTyp plus cost of one more set




Putting together

H={j:z = (1 — i) } highly covered elements, L rest

Setting x; — X for each set S; gives feasible fractional soln
to cover all of H. Use [ approx.

Residual covering requirement is k' = k — |H|.

Use simple Greedy algorithm on L until k" elements covered
Costis 3 ;;1 OPT,p + ﬁ OPT,p + one set.

Can refineto get (8 + 1) e% by guessing most expensive setfd




r Partial Covering Constraints

x;: fraction of set S; taken in solution
z;: fraction of elemt j covered

min )it C;X;

Ljes, Xi = zj J € [n]
Zject f _kt t=1tor

€ [0,1] j € [n]
xiZ 0 i €|m]




Rounding

H={j:z = Cl} highly covered elements, L rest

Setting x; = ¢ x; for each set S; gives feasible
fractional soln to cover all of H. Use f§ approx.

Residual covering requirement for £'th constraint is
ki =k, — |H]|.

How to simultaneously satisty r residual constraints?




Rounding

H={j:z = Cl} highly covered elements, L rest

Setting x; = c x; for each set S; gives feasible
fractional soln to cover all of H. Use § approx.

Residual covering requirement for £'th constraint 1s
ki =k, —|H|.

Randomly round:
* pick each S; independently with probability x; = c x;.
* Repeat ©(logr) times




Randomized Rounding Analysis

Question: will constraints be satisfied?

Intuition: from standard Set Cover but constraints in
terms of z; variables while rounding wrt to x; variables

Difficulty: Each x; can influence many z;s




Overcoming difficulty

* Need Knapsack Cover inequalities (used already by
[Bera et al] for Multiple Partial Vertex Cover)

* (Cannot separate KC inequalities in the submodular
setting. Use round and cut framework (also used 1n

[Bera et al] )

 New ingredient/insight: concentration of
multlinear extension under random rounding




Concentration Inequality

Recall Chernoff-Hoeffding bound:
u =Y, a; x; where a;, x; € [0,1].

Suppose each i 1s set 1 independently with probability
x; and 0 otherwise. Let Z be value of the sum.

ThenPr[Z < (1—-6) u] < exp(—%“




Concentration Inequality for
Submodular Functions

[Vondrak’10]
U = G(xl, X9, ...,xn)

Suppose each i 1s set to 1 independently with
probability x; and 0 otherwise.

Then Pr| g(X{, X5, .., X)) < (1 —6) u] < exp(— %ﬂ)

if g is 1-Lipscitz. That is, g(i) < 1 for each 1




Pretend that we solved LP with knapsack cover ineqs

H = {j : z; = 7} highly covered elements, L rest

Cover H using 5 approx.
Pick all sets i with x; = ¢
Residual requirement for £'th const 1s k; — |H|.

Randomly round: pick each S; independently with
probability c¢’x;.

With KC ineq: each constraint covered with const prob
Repeat random rounding process ©(logr) times

Fix unsatisfied constraints separately with Greedy alg.




New Work

r = 0(1) and fixed

Can we improve O(f + logr) which has large hidden
constants and dependence on r? Recall we obtained

—(B+1)forr=1

Can almost match r = 1 case for fixed r.
Running time is poly(n")

Framework 1s similar but requires one more 1dea




Multiple Submodular
Constraints

min c(S)

gi(§) =k; jel|r]




Multiple Submodular
Constraints

min c(S)

gj(S)=k; jelr]

Multilinear relaxation

min c(x
in ¢ (x)




Multiple Submodular
Constraints

Multilinear relaxation

min c(Xx
in ¢ (x)

[C-Vondrak-Zenklusen’10,C-Jayraman-Vondrak’14]

Theorem: Can find x such that c(x) < OPT and




Conclusions

* Covering Multiple Submodular Constraints 1s a
useful model to keep 1n mind

* Several non-obvious applications/connections

* Simple in retrospect but nice interplay of techniques
* Round and fix framework
» KC 1nequalities

» Concentration inequalities for submodular functions




Open Problem(s)

e

- (B + 1) 1s obtained via black box use of

approximation for underlying problem

For concrete problems one should be able to
improve the approximation bound by opening the
box



Thank You!
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