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ABSTRACT

We study multicommodity routing problems in both edge
and mode capacitated undirected graphs. The input to each
problem is a capacitated graph G = (V, E) and a set 7 of
node pairs. In the simplest setting, the goal is to route a
unit of flow for as many pairs as possible subject to the edge
(node) capacity constraints. If the flow for a routed pair is
required to be along a single path, it is the well-studied
disjoint paths problem. If we allow fractional routings of
the flow, it is known as the all-or-nothing flow problem. The
nodes in 7 are referred to as terminals.

In recent work [8, 9], the authors obtained the first poly-
logarithmic approximation algorithms for some edge routing
problems. A key idea in these algorithms is to decompose
an instance into a collection of instances in which the ter-
minals are well-linked. Informally speaking, a set of nodes
is well-linked in a graph if it does not have small separators.
A decomposition into well-linked instances was previously
achieved in [8] via Récke’s hierarchical graph decomposition
for oblivious routing [32]. In this paper, we design a simple
new decomposition algorithm that is based on computing
sparse cuts in a graph. Our new algorithm improves the
earlier results for edge routing problems. Another impor-
tant advantage of the algorithm is that it also applies to
node-capacitated problems. We note that for oblivious rout-
ing with node capacities, an Q(y/n) lower bound is known
on the congestion [18], and hence the oblivious routing ap-
proach cannot yield poly-logarithmic bounds for well-linked
decompositions. Using the new decomposition, we obtain a
poly-logarithmic approximation for the node capacitated all-
or-nothing flow problem in general graphs and node-disjoint
path problem in planar graphs with O(1) congestion. We
also show that the flow-cut gap for product multicommodity
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flows in node capacitated planar graphs is O(1), improving
upon the O(logn) bound from [28].
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1. INTRODUCTION

In this paper, we consider several fundamental multicom-
modity routing problems in both edge and node capacitated
undirected graphs. In each of these problems we are given
a capacitated graph G = (V, E) with n nodes and m edges.
We are also supplied with a set of k node-pairs sit1, ..., sktk,
each with a positive integer demand d; and a positive weight
w;. We call the s;’s and t;’s terminals and we assume with-
out loss of generality that they are distinct. The objective is
to find a largest (or maximum w-weight) routable subset S
of {1,2,...,k}, that is, the pairs in S can be simultaneously
satisfied obeying the capacity of the graph. We call such a
set, routable. What distinguishes the various problems are
the different constraints (edge capacities, integer routings)
we place on the feasibility of a routing.

The most fundamental problem is the disjoint path prob-
lem. Here each pair has d; = 1 and a set S is routable if G
contains edge (node) disjoint paths P;, ¢ € S, such that P;
joins s; and t;. When pairs have different integer demands
d; and each pair has to be routed on a single path we have
the unsplittable flow problem: a set S is routable if G con-
tains paths P;, i € S, such that P; joins s; and ¢; and d;
flow can be routed on each P; without violating the edge
(node) capacities. In the all-or-nothing flow problem, a set
S is routable if there exists a multicommodity flow in G such
that, for each i € S, d; flow is routed for pair s;t;.

The above problems are strongly NP-hard even in pla-
nar graphs [20, 13, 30, 27]. For each of them, the strongest
upper bound comes from the natural multicommodity flow
relaxation. We focus on the integrality gap of this relaxation



and the resulting approximation algorithms. We restrict at-
tention to the unit demand version of the problems (that
is d; = 1 for 1 < ¢ < k), namely, the disjoint path prob-
lem and the unit demand all-or-nothing flow problem. A
grouping and scaling technique of Kolliopoulos and Stein
[25, 10] allow us to translate, within constant factors, inte-
grality gaps obtained for unit demand instances to arbitrary
demand instances.

The best approximation ratio known for disjoint path
problems is polynomial in n and m: for edge-disjoint paths
(EDP) the ratio is O(min{n?/3,\/m}) [7] and for node-disjoint
paths (NDP) the ratio is O(y/n) [24, 25]. These results also
establish the same upper bounds on the integrality gap of
the LP. The weakness of these bounds is balanced by known
integrality gaps for the LP; both EDP and NDP have an
Q(y/n) integrality gap even in planar graphs [16]. Further-
more, the unsplittable node flow problem with d; € {1,2} is
NP-hard to approximate to within an Q(n'/?=) factor [17].
Recently, Andrews and Zhang obtained an Q((logn)'/®~¢)-
hardness of approximation for edge disjoint paths and all-or-
nothing flow [4], improving upon the APX-hardness known
before [16]. Chuzhoy and Khanna have further improved
this to an Q((logn)/?~¢)-hardness for both edge disjoint
paths and all-or-nothing flow [11]. These recent hardness
results also hold for the corresponding node problems. Mo-
tivated by these negative results, the following relaxed ver-
sion of the disjoint path problem is of natural interest: what
is the integrality gap of the LP if two pairs can use an edge
(node)? More generally, what is the integrality gap of the
LP if O(1) pairs can use an edge (node)? The maximum
factor by which the capacity of any edge (node) is violated
by the routing is referred to as the congestion of the routing.
Raghavan and Thompson showed via randomized rounding
[33] that an O(1) approximation can be achieved even in
directed graphs if O(logn/(loglogn)) congestion is allowed.
With congestion B, an approximation ratio of O(n'/?) is
achievable [37]. However, until recently, no super constant
integrality gap was known for the LP even with congestion
restricted to 2. The very recent work of [11] shows that
the integrality gap of the LP is at least (logn)*/) for any
constant congestion c¢. Moreover, [11] also shows that the
integrality gap of the LP is superconstant even when the al-
lowed congestion is superconstant. We note here that much
better approximation ratios are known for special classes of
graphs such as trees, bounded degree expanders, grids and
grid-like graphs [16, 26, 22, 23]. In a different direction, if re-
strictions are placed on both the graph and the pairs, known
integral and half-integral results give good approximations,
see [15, 36] for surveys of such results.

In a recent work [9], the authors obtained a poly-logarithmic

upper bound on the integrality gap for the edge disjoint path
problem in planar graphs with congestion 2. A key tool used
in [9] is a decomposition of the given instance into well-linked
instances. The notion of well-linked instances can be formu-
lated either based on a cut or flow requirement. Roughly
speaking, an instance is cut-well-linked if the terminal set
X = {s1,t1,82,t2,..., 8k, tx} cannot be separated by small
edge cuts. Note that this is a surprisingly strong property
since the given instance is interested in only routing the
k specified pairs, while well-linkedness of the terminal set
requires satisfying the cut condition for routability of any
matching on X. We note that the notion of a well-linked set

(based on the cut condition) is closely related to treewidth
and plays an important role in the Graph Minors Project
of Robertson and Seymour. Decomposition into well-linked
instances to compute approximate solutions to routing prob-
lems was first used in the work of the authors on the (edge
capacitated) all-or-nothing flow problem [8]; it was used to
obtain a poly-logarithmic integrality gap and approxima-
tion. The all-or-nothing flow problem was introduced in
[10]. The decomposition used in [8] relied on the powerful
hierarchical graph decomposition that Réacke developed for
oblivious routing [32] and subsequent improvement in the
parameters of the decomposition in [19].

In this paper we make several new contributions to the
above line of work, in the process clarifying and improving
existing results, as well as obtaining new results for node
capacitated problems that could not be obtained by ideas
in previous work. Before we explain our results in detail,
we briefly comment on the difficulty of working with node
capacitated problems. First, as shown in [18], oblivious
routing for node-capacitated graphs requires a congestion
of Q(y/n) even in planar graphs. This rules out a poly-
logarithmic bound for a well-linked decomposition if we use
the approach from [8]. Further, as observed also in [18],
the maximum degree plays an important role in node prob-
lems. In the context of routing problems this can be seen
by the fact that for edge problems we can transform the
given graph to a bounded degree graph (even preserving
planarity), while there is no such reduction for node capac-
itated problems. We obtain well-linked decompositions for
node capacitated problems using a different approach. How-
ever the ratios we obtain are better for the edge problems
when compared to their node counterparts mainly because
of the degree reducing transformation mentioned above.

Results: Our main result is a new algorithm that produces
a “well-linked decomposition” from a given multicommod-
ity flow in edge-capacitated or node-capacitated undirected
graphs. We also make the notion of a well-linked decom-
position precise, and in particular, we introduce a weighted
(or fractional) version of well-linkedness that facilitates the
transformation of the original multicommodity flow. Pro-
ducing a well-linked set from a fractionally well-linked set
is less straightforward in the node case. We also distin-
guish between flow-well-linked and cut-well-linked decompo-
sitions. These two notions are approximately equivalent on
any graph G, separated only by the product multicommod-
ity max flow-min cut gap in G. However, one or the other is
preferable based on the application in question. The state-
ment of the decomposition theorem requires technical defi-
nitions that we give later.

Using our decomposition algorithm and several other ideas
we obtain the following results. In the following we use k
to refer to the number of pairs in the given routing prob-
lem instance. All approximation bounds stated below are
derived by measuring our performance against an optimal
LP solution with no congestion. We note that the value
of an optimum solution to the flow LP (for either edge or
node problems) increases only by a factor of B when a con-
gestion of B is allowed. It then follows that whenever we
obtain an a-approximation using a congestion of B, it is
also an (Ba)-approximation with respect to the optimal so-
lution that is allowed a congestion of B. In this paper B
will be a small constant and hence we do not explicitly state
its impact on the approximation ratio. When working with



basic solutions to the LP, we can restrict our attention to
the case when £ < m and hence in the bounds below, log k
is O(logn).

e For the edge capacitated all-or-nothing flow problem,
we obtain an O(log? k) approximation in general graphs
and an O(log k) approximation in planar graphs. These
improve upon the earlier ratios of O(log®nloglogn)
and O(log” nloglogn) respectively, obtained in [8].

e For the edge disjoint path problem in planar graphs,
we obtain an O(log k) approximation with congestion
2. This improves the O(log2 nloglogn) approximation
from [9].

e For the node-capacitated all-or-nothing flow problem,
we obtain a first poly-logarithmic approximation with
congestion (1+¢) for any fixed € > 0. We obtain a ratio
of O(log* klog n) for general graphs and O(log? k log n)
for planar graphs.

e For the node disjoint path problem in planar graphs,
we obtain an O(log? klogn) approximation with con-
gestion 4.

e We show that the maxflow-mincut gap for product
multicommodity flows in node capacitated planar graphs
is O(1). Though an analogous result for the edge ca-
pacitated problem on planar graphs has been known
for some time [21], only an O(logn) bound was known
for the node problem [28].

Our result on the flow-cut gap in node capacitated planar
graphs gives an alternate O(1) approximation, albeit with
a much larger constant, for the minimum quotient node cut
problem in planar graphs [3]. Although our proof is similar
in outline to that for the edge capacitated problem that we
presented in [9], there is a crucial technical difference. In
the edge capacitated problem, we can use parallel edges to
reduce to unit capacity instances. However, in the node ca-
pacitated case, there is no such reduction which preserves
planarity. This was the technical difficulty in generalizing
the O(1) gap proof of Klein, Plotkin and Rao [21] to the
node problem (see [3] for some additional discussion). Thus
we need to work directly with node capacities. Our proof
for the edge problem in [9] differs from the earlier maxflow-
mincut gap proofs [28, 29, 6, 21] that rely on the metric
induced by the dual of the flow problem. Instead of pro-
ducing a cut from the dual of an optimum flow, our proof
produces a flow from a given cut condition using the exis-
tence of large routing structures. This proof has sufficient
flexibility to generalize to non uniform node capacities with-
out first reducing to the unit capacity case.

1.1 Preliminaries

Input Instances: We work with a given capacitated graph
G = (V,E,c) where c is an integer capacity function on
edges (nodes) if we are considering an edge (node) routing
problem. We let n = |V| and m = |E|. Throughout, for
any graph G and proper node subset S C V', we denote by
0c(S), or simply §(S) if G is clear from the context, the set
of edges of G with exactly one endpoint in S. We denote by
N(S) the set of nodes in V' \ S that are adjacent to some
node in S. An instance of a routing problem consists of a
capacitated graph G = (V| E,¢) and a collections of pairs

T = {sit1, sat2,...,sktr}. Nodes in T are referred to as
terminals. We replace each occurrence of a terminal v that
participates in p pairs by new terminals v1, va, ..., v, that are
each connected to v by a unit capacity edge. There is a clear
1-1 correspondence between routings in the original and the
modified instances. Thus, without loss of generality, we can
assume that each terminal has degree 1 and the pairs in 7
form a perfect matching on the terminals. As we will see
shortly, we can restrict attention to instances in which all
capacities are polynomially bounded; this in turn allows us
to reduce any routing problem to a unit capacity instance.

Multicommodity Flow LP Formulation: For the given
instance with 7 = {s1t1, s2t2,..., sktx}, we let P; denote
the paths joining s; and t; in G and let P = U;P;. The
following multicommodity flow relaxation is used to obtain
an upper bound on the number of pairs from 7 that can be
routed in G. For each path P € P we have a variable f(P)
which is the amount of flow sent on P. We let x; denote the
total flow sent on paths for pair i. We let f denote the flow
vector with a component for each path P, and we denote
by |f| the value > x;. Then the LP relaxation for edge
problems is the following.

k

zi— > f(P) = 0 1<i<k
PEP;
Z f(P) < cle) VeeFE

For node problems, we replace the capacity constraint by
Y pwep J(P) <c(v) Yve V. Welet oPT denote the opti-
mum solution value to the above relaxation. Call a path P
fractionally routed if f(P) € (0,1), otherwise f(P) € {0,1}
and P is integrally routed. If the total flow routed on in-
tegrally routed paths is more than OPT/2, then we already
obtain a 2-approximation for all versions of the routing prob-
lems considered here. Thus the interesting and difficult case
is when the fractionally routed paths contribute almost all
the value of oPT. From standard polyhedral theory the num-
ber of fractionally routed paths in a basic solution to the
edge (node) LP above is at most m (n). Therefore we can
assume that c(e) < m for all edges and c¢(v) < n for all
nodes. By making parallel copies of edges, in the following,
we assume that G has only unit capacity edges. For node
problems we can transform G and assume that the node
capacities are 1, however the transformation does not pre-
serve planarity. Finally, as shown by the lemma below, we
can work with multicommodity flows where the flow on each
path is ©(1/logn) large.

LEMMA 1.1. Let f be a feasible solution to a multicom-
modity flow instance. Then there is a solution f’ for the
same instance such that (i) |f'| = Q(|f]), and (i) there is
a flow decomposition for f' such that the flow on each flow-
path is at least lo;n for some absolute constant c. By dupli-
cating terminals we can assume that the flow for each pair
is ©(1/logn) and that the number of pairs is O(| f|logn).

Proof Sketch:
flow fz

Consider any pair s;t; with non-zero
Let ¢ = [filogn]. We create ¢ new terminal



pairs siti,s2t2, ..., sé¢ by connecting si,..., st to s; and
ti,...,t to t; via single edges. We set the flow for s7t! to
be 1/logn if j < £ and for sit{ we set it to fi— (£—1)/logn.
Note that this flow is feasible and has exactly the same value
as the original flow. This ensures that the flow for each pair
is in [0,1/logn]. Further, we can recover a feasible routing
of the same value for the original instance from a feasible
routing for the modified instance.

Now we do a flow decomposition for the new pairs and
do randomized rounding such that the flow f(P) on a flow
path P is rounded up to 1/logn with probability f(P)logn
and to 0 otherwise. In expectation the total flow remains
the same. By standard Chernoff-Hoeffding bounds we can
argue that, for a sufficiently large but fixed constant ¢, the
probability that the flow on any edge exceeds c, is small.
Thus we can scale down the flow on each path to 1/(clogn)
and not violate any capacities. Thus, the total flow is Q(|f])
and the flow for each pair is precisely 1/(clogn) and uses a
single path. Hence the number of pairs is O(|f|logn). ®

Product Multicommodity Flow, Concurrent Flow
and Sparse Cuts: A multicommodity flow instance in a
capacitated graph G = (V, E, ¢) is given by a demand vector
d that assigns to each pair uv of nodes a non-negative value.
A product multicommodity flow is a special case where d is
induced by a weight function w : V' — RT on the nodes
of V: for uv, d(uv) = w(u)w(v). Given a multicommod-
ity flow instance, there are two quantities of interest to us.
The maximum concurrent flow for the given instance is the
largest A such that Ad can be feasibly routed in G. The
sparsity of a cut is the ratio of the capacity of the cut to the
demand separated by the cut, and a sparsest cut is one that
achieves the minimum sparsity among all cuts. It is easy
to check that the minimum sparsity is an upper bound on
the maximum concurrent flow, however the former could be
strictly larger. The mazflow-mincut gap is the worst case
ratio between these two quantities. For product multicom-
modity flows, this gap is at most O(log k) in general graphs
for both the edge and node cases where k is the number of
commodities (non-zero d(uv) entries) [28]. In planar graphs
and graphs excluding fixed minors, for the edge case, the
gap is O(1) [21]. Given a weight function on the nodes
w:V — RT, the minimum quotient cut is a cut that mini-
mizes the ratio of the capacity of the cut to the node weight
of the smaller side in the partition produced by the cut.
The sparsity of the product multicommodity flow instance
induced by w is within a factor of 2 of the minimum quotient
cut value for w. Approximation algorithms for computing
sparsest cuts and minimum quotient cuts can be obtained
via flow-cut gaps [28, 21, 29, 6] or via other methods that
can give better bounds than the flow-cut gap [5, 31, 3].

1.2 Crossbars and Grid Minors

A graph H is an h-crossbar with congestion c if it con-
tains a subset I C V(H) of size h, called the interface, such
that any matching on I can be integrally routed in H with
congestion c. We will be specifically interested in crossbars
defined by grid graphs. An r X ¢ grid is a graph G, . with
rcnodes {(i,7) :4=1,2,...r,7 =1,2,...c} and with edge
set (Uj—1 R;) U (Uj21Cj), where R; and Cj; denote the row i
edges and column j edges respectively. These latter sets are
defined as follows: R; = {(4,7)(¢,7+1):5=1,2,...,c—1}
and C; = {(4,4)(t + 1,7) : i =1,2,...,r — 1}. We call the
nodes in row 1 the interface of the grid. If r = ¢ then we

also call G an r-grid or grid of order r. It can be verified
that a h-grid with row 1 as the interface is an h-crossbar
with congestion 1 for edge problems and with congestion 2
for node problems.

Our routing algorithms use grid minors as opposed to
grids. A minor in a graph G is a pair (H,®) where H is
a graph, and ® is a mapping from V (H) to subsets of V (G),
such that (i) ®(u) N ®(v) = 0 if u # v, (ii) ®(u) induces a
connected subgraph in G for each w, and (iii) (u,v) € E(H)
only if there is an edge between nodes of ®(u) and ®(v)
in G. Due to the correspondence above, we may speak of
edges in H as being edges of G as well; if the context is
clear, we denote by H, the set of nodes ®(v). If the graph
H above is an h-grid, then we refer to it as an h-grid-minor.
It can be verified that if G contains an h-grid-minor then it
contains an h-crossbar with congestion 2 for both edge and
node problems.

Finally, for an edge problem, we can transform in polynomial-

time, any given instance with unit capacity edges into an
instance with maximum degree 4. This reduction also pre-
serves planarity. The transformation is done by replacing
each node v of degree d(v) by a grid of order h := d(v) + 2.
This is referred to as the grid expansion and we refer the
reader, for instance, to [9] for details.

1.3 Flow and Cut Well-linked Sets

We work with two notions of well-linked sets, one based
on flows and another based on cuts. In our algorithms, we
need to work with fractional versions of these concepts; we
define these terms for both edge and node problems.

Given a non-negative weight function 7 : X — R™ on a
set X of nodes, we say that X is 7-flow-linked in G if there
is a feasible multicommodity flow (node or edge-capacitated
accordingly) for the problem with demand 7 (u)7(v)/7(X)
between every unordered pair of terminals u,v € X. Note
that this is a product multicommodity flow with w(u) =
7(u)/+/7(X). For an edge problem, a set X is 7-cut-linked
in G if [6(S)| > 7(S N X) for all S such that 7(SNX) <
7(X)/2. For a node problem, a set X is 7-node-cut-linked
(or @-cut-linked if the context is clear) in G if |N(S)| >
7(S N X) for all S such that 7(S N X) < 7(X)/2, where
N(S) is the set of nodes in V' \ S that are adjacent to a
node in S. When the context is clear, we do not explicitly
include a reference to the edge or node problems. It can be
checked easily that if a set X is 7-flow-linked in G, then it is
7t /2-cut-linked. The converse relationship is weaker; if X is
m-cut-linked, then it is 77/ 3-flow-linked where (3 is the worst-
case mincut-maxflow gap on product multicommodity flow
instances on G.

It is sometimes useful to work with “uniformly” linked
instances. To this end, if the function 7(u) = « for all u €
X, we say that X is a-flow(or cut)-linked. Note that 1-cut-
linked sets have been well-studied and are also called well-
linked. As a conversational device, we abuse terminology
and refer to a set of terminals as being “well-linked” if it
is c-flow-linked or c-cut-linked for some global constant c
(which we do not specify ahead of time).

The importance of such linked instances is that they form
“fractional” crossbars with low congestion for their termi-
nals. This is captured by the following.

PROPOSITION 1.2. Given a subset X C V of nodes that is
a-flow-linked in G, any matching on X can be fractionally
routed with congestion 2/a.



Throughout the rest of the paper, when working with well-
linked sets, we will implicitly assume that the weight of any
node is at most 1.

2. MULTICOMMODITY FLOWS TO SETS
OF WELL-LINKED TERMINALS

Using Proposition 1.2, if a set of terminals X is a-flow-
linked, then Q(«|X|) flow can be routed for any matching
on X. The goal of this section is to present algorithms that
establish a converse relationship: given an arbitrary mul-
ticommodity flow vector f for a routing problem, we can
recover a collection of well-linked terminal sets of weight
Q(|f]/polylog(n)) from them.

The transformation from multicommodity flows to sets of
well-linked terminals proceeds in two steps. The first step
of the transformation is to partition the input graph into
a collection of node-disjoint subgraphs such that each sub-
graph contains a 7-flow-linked or a 7#-cut-linked set of ter-
minals. The second step of the transformation uses a clus-
tering procedure that maps a 7-flow-linked set of terminals
to a (smaller) subset of terminals that is 1/2-flow-linked. In
what follows, we first present algorithms for converting ar-
bitrary flows to 7-flow-linked terminals, and then show how
to recover (1)-flow-linked terminals from them.

2.1 Multicommodity Flows to 7-flow-linked Ter-

minals

We first present a transformation for creating a collection
of flow-linked sets. We discuss another similar decomposi-
tion for cut-linked sets at the end of this section.

THEOREM 2.1. Let OPT be a solution to the LP for a given
instance (G,T) of EDP (NDP) in a graph G. Let 3(G) > 1
be an upper bound on the worst case mincut-mazflow gap
for edge (node) product multicommodity flow problems in G.
Then there is a partition of G into node-disjoint induced
subgraphs G1,G2,...,G¢ and weight function 7 : V(G;) —
RY with the following properties. Let T; be the induced pairs
of T in G; and let X; be the set of terminals of T;.

1. #i(u) = 7 (v) for uv € T;.
2. X; is Ti-flow-linked in G,.
3. Y0 7i(Xi) = Q(opT/(B(G) log OPT)).

Moreover, such a partition is computable in polynomaial time
if there is a polynomial time algorithm for computing a cut
of value B(Q) times the mazflow.

PROOF. We give a proof only for the edge case. A simi-
lar proof works for the node case by considering node cuts
instead of edge cuts. Recall that all source and sink nodes
are distinct, and let the set of all source and sink nodes be
denoted by X. We start with a multicommodity flow f for
X in G with total flow value v(G) = oPT. We view the flow
for each pair as being decomposed into flow paths. Given
a node-induced subgraph H = (V(H), E(H)) of G, we let
v(H) be the total flow induced in H by the original flow f.
In other words v(H) counts flow only on flow paths from
the original flow path decomposition that are completely
contained in H. We stress that the initial flow path decom-
position determines y(H) for all subgraphs H. Given a node
u € X NV(H) we let y(u, H) denote the flow in H for u.

By definition, v(H) = %Zuev(m Y(u, H).

We use § as a shortcut for 5(G). We now describe a
recursive partitioning scheme for constructing the sets X;
and graphs G;. Let OPT denote the value of starting flow
and hence it is fixed in the procedure below.

Decomposition Algorithm:
Input: subgraph H.

Output: node-induced subgraph partition of H into
Hy, Ha, ... with associated weight functions 71, 7o, . . ..

1. Suppose 0 < v(H) < BlogOoPT. Let uv be some pair
with positive flow in H. Define @ on V(H) by #(u) =
7(v) =1 and 7(y) = 0 for y # u,v. Stop and output
H along with 7.

2. Suppose that y(H) > Blogopr. Construct an in-
stance of a product multicommodity flow problem on
G with marginals w(u) = y(u, H)/+\/v(H) for u € V.
Let A be the maximum concurrent flow for this in-
stance.

(a) If A > 1/(108log OPT), stop the recursive proce-
dure. Let 7(u) = v(u, H)/(1081log oPT). Output
H and 7.

(b) Else, find a cut S such that |6(S)| < SAw(S)w(V'\
S). Recurse on the induced graphs H[S] and
H[V\ S].

We next prove that the algorithm above has the desired
properties. The first two properties in Theorem 2.1 are easy
to check as they are enforced in the two terminating steps
(Steps 1 and 2a).

We now prove the last and key property. The partitioning
procedure naturally defines a recursion tree. The leaves of
the tree are the graphs where we stop the recursion either
because the flow is sufficiently small or the concurrent flow
for the product multicommodity flow that we set up is large
enough. Let G1,G2,...,G, be the subgraphs produced by
the decomposition. From the terminating conditions it fol-
lows that 7(G;) > v(G:)/(108log oPT). Thus, it is sufficient
to prove that Zle v(Gs) > v(G)/2. We instead show that
the flow lost in all the recursive steps is at most v(G)/2. The
flow lost is upper bounded by the total number of edges that
are cut in the partitioning process.

LEMMA 2.2. In the recursive step, the number of edges
cut is at most W Y wes V(u, H).

PrROOF. We have that [§(S)| < BAw(S)w(V \ S). From
the definition of w, w(S)w(V'\ S) <>, .5 7(u, H). There-

fore [5(S)| < BAY s V(s H) < 151520PT Lues 7 (us H).
|

Let e = (D, cqv(u, H))/2v(H). Since the total flow v(H)
is at least half of > _oy(u, H)+3_ g v(u, H), without
loss of generality € < 1/2, otherwise we can work with V'\ S.
Let L(a) denote the number of edges cut in the decomposi-
tion process when starting with a graph G with total flow a.
Thus we can write a recursion for the total number of edges
cut as

L(a) < L(ea) + L((1 — €)a) + ea/(5log OPT).

For a < OPT, it can be checked that L(a) < aloga/(2logOPT)
satisfies the above recursion. Therefore L(OPT) < OPT/2
and hence the total lost flow is at most opT/2. B



For edge problems, 3(G) = O(logk) for general graphs
[28] and B(G) = O(1) for planar graphs [21]. For node
problems 3(G) = O(logk) for general graphs [28] and for
planar graphs this paper proves that the gap is O(1) (see
Theorem 4.4). A similar decomposition also works to obtain
cut-linked sets, based on the approximation ratio for the
minimum quotient cut.

THEOREM 2.3. Let OPT be a solution to the LP for a
gien instance (G,T) of EDP (NDP) in a graph G. Let
B(G) > 1 be an upper bound on the approzimation ratio
of a polynomial time algorithm for the minimum quotient
edge (node) cut problem in G. Then there is a polynomial
time algorithm that partitions G into node-disjoint induced
subgraphs G1,Ga,...,G¢ and to each G; assigns a weight
function T : V(G;) — R with the following properties. Let
7; be the induced pairs of T in G; and let X, be the set of
terminals of T;.

1. ®i(u) = Ti(v) for uv € T;.
2. X; is Ti-cut-linked in G;.
3. ' 7i(Xi) = Q(opT/(B(G) log OPT)).

For general graphs 5(G) = O(logk) [28] which has been
improved to O(y/logn) for the edge case [5] and extended
to the node case in [1, 14]. For planar graphs 8(G) = O(1)
for both edge [34, 31] and node case [3].

REMARK 2.4. In order to apply Theorems 2.1 and 2.3 to
node problems we need an extra technical condition: for i =
1, NN ,Z, minuegi,ﬁi (u)>0 7?1 (U) Z W for some
absolute constant c¢. One checks that this can be achieved
as long as we start with a multicommodity flow where the
flow on each path is large enough. Such a flow exists by
Lemma 1.1. Thus we obtain an a-node-linked instance with
o= G(W) and the total number of terminals

in the decomposition is Q(logn - OPT).

2.2 #-Flow-linked to Well-linked Terminals

The main idea underlying this transformation is to consol-
idate terminals into connected clusters such that each clus-
ter has Q(1) units of flow originating from it. We can then
choose one of the terminals in a cluster as its representative.
This idea was used in [8] for edge problems. We establish
an analogous result for node problems in this subsection.

We use the clustering scheme of [8] where we choose an
arbitrary rooted spanning tree of the graph and partition
the tree into edge-disjoint subgraphs of 7#-weight ©(1) each
in a bottom-up manner. We obtain the following theorem:

THEOREM 2.5 ([8]). If X is ®-flow-linked in G, then
there is a subset X' C X such that X' is %—ﬂow—linked n G
and | X'| = Q(7#(X)).

For the node case, we again work with a spanning tree
or a spanning forest. But the clustering scheme for node
problems turns out to be somewhat more difficult than for
the edge problems in that the degree of the nodes in the
spanning forest plays an important role. In the edge case,
the partitioning of the tree implicitly uses the reduction to
the bounded degree case. We need the following two lem-
mas that establish existence of low degree spanning forests
where each tree contains sufficiently large weight. For node

problems, we do not normally start with a 7-flow-linked set,
but rather we use a uniformly linked set, as is guaranteed
by Remark 2.4. Thus in the following we assume that we
have a-node-flow-linked sets.

LEMMA 2.6. If X is a-node-flow-linked in G, then there
is a tree T in G of maximum degree O(é +logn) that spans
X.

PRrROOF. Let k = |X|. Let M be any matching on X. M
induces a multicommodity flow instance with d(u,v) = 1 if
uv € M. Since X is a-node-flow-linked, there is a feasible so-
lution to this multicommodity flow instance in G with node
congestion O(1/a). By standard randomized rounding, M
can be integrally routed with node congestion O(i +logn).
Let v1,v2,...,vr be the nodes of X. Let M; be the matching
on X given by the pairs viva,v3v4,...,, V-1V and let My
be the matching on X given by the pairs vovs, vavs, . .., Vkv1.
Both M; and M> can be routed integrally with node conges-
tion O(L +1logn) and hence the union of these two routings
gives a subgraph of GG in which X is connected and degree
is O(+ +1logn). W

In the above proof we can replace log n by log n/ loglog n.
An alternate clustering that avoids the dependence on n can
be obtained by the following result.

LEMMA 2.7. If X is a-node-flow-linked in G, then for any
h > 2 there is a forest F in G of mazimum degree O(% log h)
such that each tree in F' spans at least h nodes from X.

Proor. If X is a-node-flow-linked, given any two sets
Y, Z such that |Y| = |Z| < |X|/2, there exist paths from YV
to Z such that each node in Y U Z is an end point of ex-
actly one of these paths and such that the number of paths
through any node is O(1/a). We use this fact to find the
required F'. Start with a partition of X into equal sized sets
Y, Z. By connecting Y to Z we obtain connected compo-
nents that contain at least 2 nodes of X. We pick represen-
tative nodes from each of the components and connect them
up again. After ¢ iterations, each connected component has
at least 2° nodes from X. Hence, after [log1/a/] iterations,
each connected component has at least 1/« nodes from X.
In each iteration the number of paths using a node can in-
crease by O(1/a), hence the degree at the end of [log1/a]
iterations is O(< log ). M

THEOREM 2.8. For a < 1, if X is a-node-flow-linked in
G then there is a subset X' C X such that X' is %—node—
flow-linked in G and |X'| = Q(ay|X|) where v = max{(1 +
logn) ™", o/ log 1}.

PrOOF. Let F' be a forest spanning X with maximum
degree A such that each connected component of F' con-
tains at least [2/a] nodes from X. We can breakup F
into node disjoint subtrees 711, 7%, ..., Ty such that each T;
contains between [2/a] and [2A/«] nodes from X. Hence
¢ = Q(a|X|/A). From each T; we pick one arbitrary node
of X NT; to form our set X’. By construction |X'| = £ =
Q(a|X|/A). With each u € X’ we associate the tree T'(u)
from which u was chosen. From T'(u) we pick a set of [2/a/]
nodes X (u) C X arbitrarily. Note that for u,v € X', u # v,
X (u)NX(v) = 0. We claim that X' is 1-node-flow-linked. It
is sufficient to show that we can route any matching M’ on



X' with congestion 2. Let uv € M’. The node u sends one
unit of flow on T'(u) to X (u) by sending 1/([2/a]) amount
to each w € X (u). We then create an arbitrary bipartite
matching M between X (u) and X (v) for each such uv € M’.
Thus M is a partial matching on X. By Proposition 1.2, M
can be routed using congestion 2/« in G, so we can route
1/([2/a])-flow for M using congestion 1. Composing this
routing of M with the distribution of flow on the T'(u)’s de-
scribed above, we see that M’ can be routed with congestion
2.1

3. EDGE CAPACITATED PROBLEMS

The following theorem appears in [8].*

THEOREM 3.1 ([8]). For a < 1, if X is a-edge-flow-
linked in G then for any matching M on X, there is a poly-

nomial time algorithm to route one unit of flow for Q(a|M]|)
pairs in M.

Using Theorem 2.1 and the above we obtain the following.

THEOREM 3.2. There is an O(log® k) approzimation al-
gorithm for the edge capacitated all-or-nothing flow problem
in undirected graphs and an O(log k) approzimation in undi-
rected planar graphs.

Using results from [9] and Theorem 2.1 we obtain the
following.

THEOREM 3.3. There is an O(logk) approzimation algo-
rithm for the edge-disjoint-path problem in planar graphs
with congestion 2.

4. NODE CAPACITATED PROBLEMS
4.1 All-or-Nothing Node Flow

THEOREM 4.1. For any fized € € (0,1], given any match-
ing M on an a-flow-linked set X, we can fractionally route
Q(eay|X|) pairs from M with node congestion (1 + €); here
v = max{(L +logn)~',a/log 2}. In particular, if X is

Q(1/(log? klog n))-flow-linked, then Q(|X|/log* klog? n) pairs

from M can be routed.

Proor. We follow the proof idea of Theorem 2.8. The
main difference is that instead of choosing the set X’ arbi-

trarily from the node disjoint subtrees (clusters) 11, T5, . .., Ty,

we use the matching M to guide its selection. As before let
d, be the maximum degree of nodes in the trees. Start with
an arbitrary pair uv € M. We mark the trees T'(u) and
T(v) and remove all pairs from M that contain nodes in
T(u) or T(v). We add the pair to M’ which is initially
empty. While there are pairs left in M we pick another
pair and repeat the procedure above. It is easy to see that
each pair that we add to M’ kills at most 2d/a pairs in
M. Hence |M'| = Q(a|M|/d). Call a pair v € M’ un-
split if T'(u) = T'(v), otherwise, call it split. If the number
of unsplit pairs is at least half the number of pairs in M’
we can route them by node disjoint paths and we are done.
Otherwise, the set of terminals of split pairs lie in different

!The clustering scheme presented in [8] for congestion 1
routing needs a further strengthening to obtain the result.
Full details will appear in the journal version of [§].

subtrees, and we can route them by distributing their flow
through the cluster. This results in an overall congestion
of 2, one for distributing the flow inside the cluster, and
another for routing the flow among clusters. We can obtain
congestion (1+¢€) by using node disjoint trees of size at least
[2/(ea)] instead of [2/a]. A

THEOREM 4.2. There is an O(log* klogn) approzimation
algorithm for the all-or-nothing node flow problem with con-
gestion (1 + €). The ratio improves to O(log® klogn) for
planar graphs.

Proof Sketch: Starting from an arbitrary multicom-
modity flow, Theorem 2.1 guarantees 7-flow-linked termi-
nal sets. To apply Theorem 4.1, we need the refinement
of Theorem 2.1 stated in Remark 2.4 from which we ob-
tain a decomposition into instances in which terminals are
O(1/(log? klogn))-flow-linked. Let (G:,7;) be an instance
in the decomposition with X; the terminal set for 7;. Apply-
ing Theorem 4.1 to (G, 7;) we can route Q(| X;|/(log* k log® n)
pairs from 7; in G;. From Remark 2.4, the total num-
ber of terminals in the decomposition, that is ). |X;| is
Q(log nopT). Hence the total number of pairs that are routed
is Q(or1/(log* klogn)). To obtain the ratio for planar graphs
we need use the improved flow-cut gap that we show in this
paper (see Theorem 4.4). ]

4.2 Node Disjoint Paths in Planar Graphs

In this section we prove the following.

THEOREM 4.3. There is an O(log® klogn) approzimation
algorithm for the node-disjoint path problem in planar graphs
with congestion 4.

The overall framework is similar to that in [9] for the
edge case. There are however two subtelities in the node
case that we discuss briefly. First, as we mentioned earlier
(see Remark 2.4), in the node case, we need to preprocess
the LP solution using Lemma 1.1 before using the decom-
position procedure. Lemma 1.1 produces a new instance
and a corresponding LP solution of value ©(0PT) and with
O(opTlogn) pairs; OPT refers to the value of the LP solu-
tion to the original instance. The second issue is whether
to use the flow-linked decomposition from Theorem 2.1 or
the cut-linked decomposition from Theorem 2.3. The reason
to distinguish between the two is that in node capacitated
planar graphs, the previously known bound on the flow-cut
gap is O(logn) [28] while the approximation ratio for find-
ing minimum quotient cuts is O(1) [3]. In this paper we are
able to improve the flow-cut gap to O(1), however, as we do
not provide all the details for this improvement, we use the
decomposition guaranteed by Theorem 2.3.

Now we describe details of the algorithm. In the first
phase of the algorithm, we solve the flow LP for the given
instance and preprocess it as desribed in Lemma 1.1. Then
we apply the decomposition algorithm given in Theorem 2.3
to to obtain a collection of cut-linked instances. In the de-
composition we use an O(1)-approximation algorithm for
minimum quotient node cuts [3]. From Theorem 2.3 and
Remark 2.4, with a« = ©(1/(lognlogk)) and 5(G) = O(1),
it follows that we find a collection of a-node-cut-linked in-
stances such that there remain Q(opTlogn) pairs amongst
these instances. In the second phase of the algorithm, we



show that given any a-node-cut-linked instance with say &’
pairs, we may route Q(a2k') pairs by node-disjoint paths
with constant congestion.

‘We now describe this second phase. It is based on taking
any a-node-cut-linked instance (for any o < 1) and pro-
ducing a large minor which we can then use to route the
terminals. We note that if & = (1), we can then actually
route any constant fraction of the pairs. This gives us the
following result.

THEOREM 4.4. The flow-cut gap for product multicom-
modity flow in node capacitated planar graphs is O(1).

We now return to the proofs. The following is the main
technical result we need to prove Theorem 4.3. It applies
to planar graphs with unit node capacities. A capacitated
version of this result is needed to obtain Theorem 4.4 and
to generalize Theorem 4.3 to the capacitated case; we defer
the details to the full version.

THEOREM 4.5. Let o < 1 and X be a a-node-cut-linked
set in a planar graph G. Then there is a grid minor H in G
of size h = Q(a|X|) such that h nodes of X can route to the
interface of H with node-disjoint paths. Moreover, we may
compute such a minor in polynomial time.

We remark that one approach to finding such a large grid
is to first deduce that the existence of an a-node-cut-linked
X implies that G has treewidth Q(«|X]) and to then apply
the following result of Robertson, Seymour and Thomas [35]:
every planar graph of treewidth at least 6g — 4 has a grid
minor of size g. In [9], such a grid minor is constructed in
polytime, and moreover it was shown that if X is edge-cut-
linked and cannot route a large fraction to the grid minor,
then there is an edge that can be deleted while maintaining
that X is edge-cut-linked. This gives an indirect way to find
a grid minor that can be reached by a large fraction of X by
disjoint paths. Subsequently, Paul Seymour pointed out to
the authors that these deletable edge computations should
be avoidable by ensuring at the outset that one chooses a
grid to which a large fraction of X can be routed. The proof
below adapts the scheme in [35] for finding a grid minor. We
mention that other adaptions to produce related results were
given also in [2, 23].

We start with an easy but useful fact.

PROPOSITION 4.6. For a < 1, if X s a-node-cut-linked
in G, then, for any Y C V(G) such that |Y| < «a|X|/4,
G-Y contains a connected component D such that |DNX| >
| X1/2.

PRrOOF. Let S1,S52,...,5¢ be the node sets of the con-
nected components of G — Y in increasing order according
to size. If £ = 1 we are done, so assume that £ > 2. Let j
be the smallest index such that [X|/4 < >37 _ [Sh N X]|. If
j = £, then S; yields the desired component. Otherwise ei-
ther S; or Ui _,Sp is a set Z with | X|/4 < |ZNX]| <|X]|/2.
But then |[N(Z)| < |Y| < «|X]|/4 contradicting the a-cut-
linkedness of X. B

Proof of Theorem 4.5: We assume that we have some
fixed embedding of G on the sphere and that X is a-node-
cut-linked in G with k = |X|. We also fix some point ¢ of
the sphere. A G-curve is a simple curve in the plane, whose

image only intersects the embedding of G at nodes. If the
image of its “beginning” and “endpoints” are the same, then
we call such a closed simple curve a G-contour, or just a
contour. The length of a G-curve C, denoted by len(C), is
the number of nodes of G whose embedding is contained in
the image of the curve. (In the following, we abuse termi-
nology and do not differentiate between nodes, edges, and
their images in the embedding.) We call a G-contour short
if its image does not contain ¢ and its length is at most
B := |ak/8]. For any short contour C, removing its image
from the sphere produces two open regions (disks). We let
ins(C) (respectively ext(C)) denote the region not contain-
ing ¢ (respectively containing ). Without loss of generality,
there is a G-contour C whose length is 0 and whose interior
contains the embedding of G. We seek contours whose in-
terior contains at least k/2 nodes of X; call such a contour
fat. In the following, we make use of the simple observation
below.

PROPOSITION 4.7. If S C V(G) contains more than k/8
nodes of X and |[Ng(S)| < B, then S contains at least k/2
nodes of X. In particular, any short contour whose interior
contains more than k/8 nodes of X 1is fat.

Indeed, if k/8 < |S N X| < k/2, by a-node-cut-linkedness
of X, |[N¢(S)| > ak/8 > 3.

Let C be a short, fat contour. If C' has length strictly less
than 8 we may obtain a longer such contour by repeatedly
applying one of two operations. The first shifts the curve
over an edge. This decreases by 1, the number of edges in the
interior. The second nudges the curve into a new node, thus
increasing its length by one — see Figure 1. If this operation
creates a non-simple closed curve, then we created two more
short contours, one of whose interior contains at least k/4
nodes of X. Hence by Proposition 4.7 it must be fat. We
may then work with this new contour (whose closed interior
contains at least 1 less node). If nudging does not create a
non-simple closed curve, then the new contour has at most
one less node of X in its interior. Hence by Proposition
4.7, the new contour is again fat. Therefore after at most
|E| + |V shifts, we obtain a short, fat contour whose length
is exactly (.

Figure 1: Shifting the curve.

Given a short contour C’, we call a simple non-closed
curve J a cut of C' if its image is contained in the closed
interior of ¢’ and whose image only intersects C’ at the
endpoints of J, and these correspond to distinct nodes a, b
of G. Let Ui, Us denote the two subcurves of C’ joining
a,b. We call J a shortcut of C’ if the length of J is less
than the minimum of the lengths of the U; and Us. Note
that if J is a shortcut, then each of the two contours, Ci
and Cz, formed respectively from Ui, Us and J, has length



at most 8 — 1. Since ins(C’) contained at least k/2 nodes
of X, the interior of at least one of these two contours, say
C1, contains at least (k/2 — 3/2)/2 > k/8 nodes. Hence
by Proposition 4.7, ins(C1) contains at least k/2 terminals.
Thus we may work with this new short contour whose closed
interior contains at least one less node of G. Note that we
can check for the existence of a shortcut by a shortest path
computation.

Thus, by the shifting process and the shortcut process, we
may find, in polynomial time, a contour C’ of length exactly
(B with no shortcuts, that contains at least k/2 terminals in
its proper interior. Let S be the set of nodes in the interior
of C’ and S’ be the set of nodes on C’.

Let G’ denote the subgraph of G induced by S U S’. Let
X’ = SNX. We now check if there are 3 node disjoint paths
from X’ to S’ in G'. We check this via Menger’s Theorem
for node disjoint paths in the graph G obtained from G’ by
adding two new nodes s, t, where s is adjacent to each node
of X’ and t to each node of S’. If the maximum number
of internally-disjoint s — ¢t paths is strictly less than 3, then
there is a subset F' of nodes such that |F| < 3 and where
s,t lie in distinct components of G — F. It follows that
F separates X’ from S’ in G'. By Proposition 4.6, some
component R of G — F contains more than k/2 nodes. Since
|X’| > k/2, R must contain some node of X’. Note that
R is also a component of G’ — F since otherwise it would
contain a node of S’, and hence s, t are not disconnected in
Gt —F.

It now follows that there is a G’'-contour C” which tra-
verses precisely the nodes L := Ng/(R) and whose interior
contains R. If we choose F' to be minimal, then in fact the
contour can be chosen so that its closure contains exactly
the embedding of the graph G'[L U R]. C” may be chosen
to also be a G-contour whose interior is contained in that
of C’. Since L C F, |L| < f3, and since len(C’) = 3 we
thus have a short fat contour C”" for which at least one node
on C' lies in ext(C”). We may thus continue the process
with this smaller contour, and start shifting and shortcut-
ting once again. Eventually we find a short fat contour C*
such that 8 nodes of X can route on disjoint paths to the 3
nodes on C*.

Starting with C*, we now follow the same argument as
used in [35] for finding a grid minor. In particular, since
C™ has no shortcuts, we have that for any two equal-sized
disjoint subsets of nodes Bi, Bz on C’, G’ contains |Bi]|
node-disjoint paths each joining a node of B; to a node
of B;. We now produce a ~y-grid minor for v = [3/4]
as follows. Order the nodes on C* as v1,v2,...,v3 in say
clockwise order. Partition these into 4 chunks of size ~:
Bi ={vj:iv+1<j < (i+ 1)y} for i =0,1,2,3. We now
find v paths connecting the nodes of B; to the nodes of Bs.
By planarity we actually have that node v; is connected to
to node vsy; for each i (where s = 2v). Then we find ~
paths joining the nodes of By to the nodes of By. Clearly
the combined collection of paths yields the desired grid mi-
nor of size |6/4] > ak/32 — 2. We can arbitrarily choose
B1 to be the interface of the grid minor. We have also seen
that X has 8 node disjoint paths to the boundary S’ of C*,
and since |S’| = 8 we have that X has |Bi| node-disjoint
paths to By which is the interface of the grid minor. |

We now apply this result to obtain the following which
then implies Theorem 4.3.

THEOREM 4.8. Let G be a planar graph and X an a-node-
cut-linked set in G. Given a matching M on X, Q(c?|M]|)
pairs in M can be routed via paths such that at most 4 of
these paths intersect any node in G.

PrOOF. From Theorem 4.5, there is a grid minor H in G
of size h = Q(a|X]|) and subset X’ C X such that |X'| = h
and X’ can be routed via node-disjoint paths to the inter-
face I of H. Let X" denote those terminals whose paths
terminate at the “odd” nodes of the interface; so |X"| =
(|IX'| —1)/2. Let Y denote the mates of X" under M. Note
that by cut-linkedness of X, there exists at least a|Y| node-
disjoint paths from Y to X”. These paths can be further
extended to reach the interface I using the paths from X"’
to I and giving congestion at most 2 on each node. Thus by
Menger’s Theorem, there exist a|Y|/2 node-disjoint paths
from Y to I. Moreover, we can assume that the endpoints
of these paths are the “even” nodes of I, by possibly adding
an extra edge at the end of a path. Let Y’ denote the end-
points of these paths, and let Z be their mates in X”. We
have thus routed each node of Y’ U Z to distinct nodes of I
with congestion at most 2. Let M’ be the matching induced
on Y’ UZ by M, note that |[M’| = |Y’|. We may match up
the pairs under M’ via paths in the grid, with congestion
at most 2. Thus we have routed a total of |Y'| = Q(a?|M])
pairs with congestion at most 4. B

S. CONCLUDING REMARKS

We believe that ideas similar to those in our earlier work
on edge problems [8, 9] can be used to improve the conges-
tion bounds presented here for node routing problems. In
particular, we should be able to obtain congestion 1 for all-
or-nothing node flow and a congestion of 2 for node disjoint
paths in planar graphs. Combined with the recent work of
[12], our results on planar graphs should extend to graphs
that exclude a fixed minor. We leave the details of these
improvements to the full version of the paper.

Acknowledgments: We thank Jon Kleinberg and Paul
Seymour for comments on [9] which helped in the proof of
Theorem 4.5.
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