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Abstract

We consider the unsplittable flow problem (UFP) and the closely related column-restricted packing in-
teger programs (CPIPs). In UFP we are given an edge-capacitated graph G = (V,E) and k request pairs
R1, . . . , Rk where each Ri consists of a source-destination pair (si, ti), a demand di and a weight wi. The
goal is to find a maximum weight subset of requests that can be routed unsplittably in G. Most previous
work on UFP has focused on the no-bottleneck case in which the maximum demand of the requests is at
most the smallest edge capacity. Inspired by the recent work of Bansal et al. [3], we consider UFP on
paths as well as trees without the no-bottleneck assumption. We give a simple O(log n) approximation for
UFP on trees when all weights are identical; this yields an O(log2 n) approximation for the weighted case.
These are the first non-trivial approximations for UFP on trees. We develop a new LP relaxation for UFP on
paths that has an integrality gap of O(log n); previously there was no relaxation with o(n) gap. In contrast
we show that the integrality gap of the natural LP has an O(n/t) gap even after applying t rounds of the
Sherali-Adams lift-and-project scheme. We also consider UFP in general graphs and CPIPs without the
no-bottleneck assumption and obtain new and useful results.

1 Introduction

In the Unsplittable Flow Problem (hereafter, UFP), the input is a graph G(V,E) (directed or undirected; in
this paper, we chiefly focus on the latter case) with a capacity ce on each edge e ∈ E, and a set R =
{R1, R2, . . . Rk} of requests. Each request Ri consists of a pair of vertices (si, ti), a demand di, and a
weight/profit wi. To route a request Ri is to send di units of flow along a single path (hence the name un-
splittable flow) in G from si to ti. The goal is to find a maximum-profit set of requests that can be simultane-
ously routed without violating the capacity constraints; that is, the total flow on an edge e should be at most
ce. A special case of UFP when di = 1 for all i and ce = 1 for all e is the classical maximum edge-disjoint
path problem (MEDP). MEDP has been extensively studied, and its approximability in directed graphs is bet-
ter understood — the best approximation ratio known is is O(min{√m,n2/3 log1/3 n)}) [25, 40], while it is
NP-Hard to approximate to within a factor better than n1/2−ε [23]; here n and m are the number of vertices
and edges respectively in the input graph. For undirected graphs there is a large gap between the known upper
and lower bounds on the approximation ratio: there is an O(

√
n)-approximation [18] while the best known

hardness factor is Ω(log
1
2
−ε n) under the assumption that NP 6⊂ ZPTIME(nO(polylog(n))) [1]. Thus UFP is
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difficult in general graphs even without the packing constraints imposed by varying demand values; one could
ask if UFP is harder to approximate than MEDP. Most of the work on UFP has been on two special cases. One
is the uniform capacity UFP (UCUFP) in which ce = C for all e and the other is UFP with the no-bottleneck
assumption (UFP-NBA) where one assumes that maxi di ≤ mine ce. Note that UCUFP is a special case of
UFP-NBA. Kolliopoulos and Stein [27] showed, via grouping and scaling techniques, that certain linear pro-
gramming based approximation algorithms for MEDP can be extended with only an extra constant factor loss to
UFP-NBA. This reduction holds even when one considers restricted families of instances, say those induced by
planar graphs. See [20] for a precise definition of when the reduction applies. In [9, 37], a different randomized
rounding approach was used for UFP-NBA.

In this paper we are primarily interested in UFP instances that do not necessarily satisfy the no-bottleneck
assumption. UCUFP and UFP-NBA have many applications and are of interest in themselves. However, the
general UFP, due to algorithmic difficulties, has received less attention. One can extend some results for MEDP
and UFP-NBA to UFP by separately considering requests that are within say a factor of 2 of each other; this
geometric grouping incurs an additional factor of log dmax/dmin in the approximation ratio, which could be
as large as a factor of n [23]. Azar and Regev showed that UFP in directed graphs is Ω(n1−ε)-hard unless
P = NP ; note that the hardness for UFP-NBA is Ω(n1/2−ε) [23]. Chakrabarti et al. [14] observed that the
natural LP relaxation has Ω(n) integrality gap even when G is a path. In contrast, the integrality gap for the
path is O(1) for UFP-NBA [14, 20]. One could argue that the integrality gap of the natural LP has been the
main bottleneck in addressing UFP.

This paper is inspired by the work of Bansal et al. [3] who gave an O(log n) approximation for UFP
on a path. Interestingly, this was the first non-trivial approximation for this problem; previously there was
quasi-polynomial time approximation scheme [4], provided the capacities and demands are quasi-polynomially
bounded in n. We note that UFP even on a single edge is NP-Hard, since it is equivalent to the knapsack
problem. UFP on a path has received considerable attention, not only as an interesting special case of UFP, but
also as a problem that has direct applications to resource allocation where one can view the path as modeling
the availability of a resource over time. See [6, 8, 11, 14, 4, 3] for previous work related to UFP on a path. The
algorithm in [3] is combinatorial and bypasses the Ω(n) lower bound on the integrality gap of the natural LP. An
open problem raised in [3] is whether UFP on trees also has a poly-logarithmic approximation. The difficulty
of UFP on paths and trees is not because of routing (there is a unique path between any two nodes) but entirely
due to the difficulty of choosing the subset to route1. We note that this subset selection problem is easy on a
path if di = 1 for all i (the natural LP is integral since the incidence matrix is totally unimodular) while this
special case is already NP-Hard (and APX-Hard to approximate) on capacitated trees [22]. A constant factor
approximation is known for UFP-NBA on trees [20]. We prove the following theorem, answering positively
the question raised in [3].

Theorem 1.1. There is anO(log n) approximation for UFP on n-vertex trees when all weights are equal. There
is an O(log n ·min{log n, log k}) approximation for arbitrary non-negative weights.

We borrow a crucial high-level idea from [3] of decomposing the given instance into one in which the
demands all intersect. We, however, deviate from their approach of using dynamic programming for “large”
demands which does not (seem to) generalize from paths to trees; our algorithm for trees is significantly simpler
than the complex dynamic programming for the path used by [3]. We show that for the unit-weight case, a
greedy algorithm is a 2-approximation if all requests go through a common vertex in the tree. This insight into
the performance of the greedy algorithm allows us to develop a new linear programming relaxation for paths.

Theorem 1.2. There is a linear programming relaxation for UFP on the path that has an integrality gap of
O(log n).

1UFP on paths and trees are perhaps better thought of as pure packing problems than as routing problems. However, we use UFP
for historical reasons.
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The integrality gap of the relaxation may very well be O(1); resolving this is an interesting open problem.
We give some structural results towards resolving this. We underscore the novelty of our relaxation by showing
that some reasonable approaches to strengthening the natural relaxation fail to improve the gap. In particular
we show that the relaxation obtained after applying t rounds of the Sherali-Adams lift-and-project scheme [36]
to the natural relaxation has a gap of Ω(n/t).

Column-Restricted Packing Integer Programs: UFP on paths and trees are special cases of column-restricted
packing integer programming problems (CPIPs). A packing integer program (PIP) is an optimization problem
of the form max{wx | Ax ≤ b, x ∈ {0, 1}n} where A is a non-negative matrix; we use (A,w, b) to define
a PIP. A CPIP has the additional restriction that all the non-zero entries in each column of A are identical. It
is easy to write UFP on a tree as a CPIP (see Section 5 for formal details). The common coefficient of each
column is the “demand” of that column. UFP on general graphs can also be related to CPIPs by using the path
formulation and additional constraints [27]. A 0-1 PIP is one in which all entries of A are in {0, 1}; note that it
is also a CPIP. 0-1 PIPs capture the maximum independent set problem (MIS) as a special case and the strong
inapproximability results for MIS [24, ?] imply that no n1−ε-approximation is possible for 0-1 PIPs unless
P = NP ; here n is the number of columns of A. However, an interesting question is the following. Suppose
a 0-1 PIP has a small integrality gap because A has some structural properties. For example, if A is totally
unimodular, then the integrality gap is 1. What can we say about a CPIP that is derived fromA? In other words,
one is asking how the “demand version” of a CPIP is related to its “unit-demand” version; this specific question
has been asked and addressed previously [27, 35, 20]. A CPIP satisfies the no-bottleneck assumption (NBA) if
maxj Aij ≤ mini bi. Kolliopoulos and Stein [27] (see also [20] for more general statements) showed that for
CPIPs that satisfy the NBA, one can relate the integrality gap of a CPIP to the gap of its underlying 0-1 PIP;
there is only an extra constant factor. These ideas are what allows one to relate UFP-NBA to MEDP.

As with UFP, we are interested in this paper in CPIPs where we do not make the NBA assumption. As above,
one could ask whether the integrality gap for the demand version of CPIP can be related to its unit-demand
version. (Here, we refer to the “natural” relaxation in which one simply relaxes the integrality constraints.)
However, the gap example for UFP on the path shows that unlike the no-bottleneck case, such a relationship is
not possible. The unit-demand version of UFP on the path has integrality gap 1 while the demand-version has
a gap of Ω(n). It is therefore natural to look for an intermediate case. In particular, suppose we have a CPIP
(A,w, b) such that maxi,j Aij ≤ (1 − δ)bi for each i; this corresponds to the assumption that each demand
is at most (1 − δ) times the bottleneck capacity for that demand. We call such a CPIP δ-bounded CPIP. We
informally state below a result that we obtain; the formal statement can be found in Section 5.

The integrality gap of a δ-bounded CPIP is at most O(log(1/δ)/δ3) times the integrality gap of its unit-
demand version.

The proof of the above is not difficult and is based on the grouping and scaling ideas of [27]. However, this has
not been observed or stated before. We obtain the following result as a consequence.

Corollary 1.3. For each fixed δ > 0, there is an O(log(1/δ)/δ3) approximation for UFP on paths and trees if
the demand of each request is at most (1− δ) times the capacity of the edges on the unique path of the request.

One class of CPIPs that have been studied before are those in which the maximum number of non-zero
entries in any column is at most L. Baveja and Srinivasan [9] showed that the integrality gap of such CPIPs is
O(L) if A satisfies the no-bottleneck assumption. In recent and independent work, Pritchard [32] considered
PIPs that have at mostL non-zero entries per column, calling themL-column-sparse PIPs, and gave anO(2LL2)
approximation for them. We follow his notation, but obtain a tighter bound by restricting our attention to L-
sparse CPIPs.

Theorem 1.4. There is anO(L)-approximation for L-sparse CPIPs via the natural LP relaxation, even without
the no-bottleneck assumption. Ifw is the all 1’s vector then a simple greedy algorithm gives anL-approximation
to the integral optimum (not necessarily with respect to the LP optimum).
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As corollaries we obtain the following results. We refer to UFP in which the paths for the routed requests
have to contain at most L edges as L-bounded-UFP.

Corollary 1.5. There is an O(L)-approximation for L-bounded-UFP in directed graphs.

The demand-matching problem considered by Shepherd and Vetta [35] is an instance of a 2-bounded CPIP
and therefore we have.

Corollary 1.6. There is an O(1)-approximation for the demand-matching problem. Moreover, there is a 2-
approximation for the cardinality version.

Note that [35] gives a 3.264 approximation for general graphs and a 3-approximation for the cardinality
version, both with respect to the LP optimum. Our O(L) bound for L-bounded CPIPs has a larger constant
factor since it does not take the structure of the particular problem into account, however the algorithm is quite
simple.

Other Related Work and Discussion: UFP and MEDP are extensively studied and we refer the reader to
[1, 18, 19, 21, 25, 26] for various pointers on approximation algorithms and hardness results. Schrijver [34]
discusses known results on exact algorithms in great detail. We focus on UFP on paths and trees and have
already pointed to the relevant literature. We mention some results on UFP for the special case when wi =
di. Kolman and Schiedeler [30] considered this special case in directed graphs and obtained an O(

√
m)-

approximation. Kolman [29] extended the results in [40] for UCUFP to this special case. We note that the
Ω(n) integrality gap for the path [14] does not hold if wi = di. In a technical sense, one can reduce a UFP
instance withwi = di to an instance in which the ratio dmax/dmin is polynomially bounded. Two approximation
techniques for UFP-NBA are greedy algorithms [25, 27, 2] and randomized rounding of the multi-commodity
flow based LP relaxation [37, 9, 11, 14]. These methods when dealing with UFP-NBA classify demands as
“large” (di ≥ dmax/2) and “small”. Large demands can be reduced to uniform demands and handled by
MEDP algorithms (since dmax ≤ mine ce) and small demands behave well for randomized rounding. This
classification does not apply for UFP. A simple observation we make is that if we are interested in the cardinality
problem then it is natural to consider the greedy algorithm that gives preference to smaller demands; under
various conditions this gives a provably good algorithm. Another insight is that the randomized rounding
algorithm followed by alteration [38, 14] has good behaviour if we sort the demands in decreasing order of
their size — this observation was made in [14] but its implication for general UFP was not noticed. Finally, the
modification of the grouping and scaling ideas to handle δ-bounded demands is again simple but has not been
noticed before. Moreover, for UFP on paths and trees one obtains constant factor algorithms for any fixed δ. We
remark that this result is not possible to derive from the randomized rounding and alteration approach for paths
(or trees) because the alteration approach needs to insert requests based on left end point to take advantage of
the path structure while one needs the requests to be sorted in decreasing demand value order to handle the fact
that we cannot separate small and large demands any more.

Strengthening LP relaxations by adding valid inequalities is a standard methodology in mathematical pro-
gramming. There are various generic as well as problem specific approaches known. The knapsack problem
plays an important role since each linear constraint in a relaxation can be thought of inducing a separate knap-
sack constraint. Knapsack cover inequalities [12] have been found to be very useful in reducing the integrality
gap of covering problems [12, 32]. However, it is only recently that Bienstock [10], answering a question of
Van Vyve and Wolsey [39], developed an explicit system of inequalities for the knapsack packing problem
(the standard maximization problem) that yields an approximation scheme. Wolsey (as reported in [20]) raises
the question of how multiple knapsack constraints implied by the different linear constraints of a relaxation
interact since that is what ultimately determines the strength of the relaxation. UFP on a path is perhaps a good
test case for examining this question. The Ω(n) gap example shows the need to consider multiple constraints
simultaneously — we hope that our formulation and its analysis is a step forward in tackling other problems.
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2 UFP on Trees

Recall that each request Ri consists of a pair of vertices si, ti, a demand di and a profit wi, and if selected, the
entire di units of demand for this request must be sent along a single path. When the input graph is a tree, there
is a unique path between each si and ti. For such instances, we refer to this unique path Pi as being the request
path for Ri.

The following relaxation is the natural relaxation for UFP on trees: Here, xi indicates whether the pair siti
is selected.

max
∑k

i=1wixi s.t.∑
i: Pi3e dixi ≤ ce (∀e ∈ E(G))

xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

This relaxation has an O(1) integrality gap for UFP-NBA on trees [20]. Unfortunately, without NBA, the
gap can be as large as Ω(n) even when the input graph is a path, as shown in [14] (see Section 3). No relaxations
with gap o(n) were previously known, even for UFP on paths. The difficulty appeared to lie in dealing with
requests for which the demands are very close to the capacity constraints; we confirm this intuition by proving
Corollary 1.3 in Section 5: For UFP on trees, if each di ≤ (1 − δ) mine∈Pi ce, the natural LP relaxation has
an integrality gap of O(poly(1/δ)). In Section 4, we show how to handle large demands for UFP on paths by
giving a new relaxation with an integrality gap of O(log n ·min{log n, log k}).

In this section, we prove Theorem 1.1, giving a simple combinatorial algorithm to obtain an O(log n ·
min{log n, log k})-approximation for UFP on trees. We first obtain an O(log n) approximation for unit-profit
instances of UFP on trees with n vertices. To do this, we note that if all the request paths must pass through a
common vertex, a simple greedy algorithm achieves a 2-approximation.

Lemma 2.1. Consider unit profit instances of UFP on trees, for which there exists a vertex v such that all
request paths pass through v. There exists a 2-approximation algorithm for such instances.

Proof: Order the requests in increasing order according to their demands. We consider the requests in this order
and, if adding the current request maintains feasibility, we add the request to our set.

Let v be a vertex that is on every request path; root the tree T at v. Let OPT be an optimal subset of requests.
We will show that OPT routes at most twice as many demands as the Greedy algorithm by using the following
exchange argument. Suppose that the smallest request R routed by Greedy has demand d and it uses path P . If
this request is also routed by OPT, it follows by induction that OPT routes at most twice as many demands as
Greedy. Therefore we may assume that OPT does not route this request. Let x and y be the endpoints of the
path P . Let P1 be the subpath of P from v to x and let P2 be the subpath of P from v to y. Let e1 (respectively,
e2) be the last edge (farthest from v) on P1 (resp. P2) that has less than d capacity available after routing the
requests in OPT. Since the total capacity of e1 (resp. e2) is at least d, it follows that there is a request R1 (resp.
R2) in OPT that uses the edge e1 (resp. e2). Since Greedy selected requests in increasing order according to
their demand, the requests R1 and R2 have demand at least d. Since R1 and R2 need to be routed on paths that
must pass through v, there will be at least d capacity available on each edge of P1 and P2 after routing only the
requests in OPT\{R1, R2}. Consequently, (OPT\{R1, R2})∪ {R} is feasible. By induction, OPT\{R1, R2}
contains at most twice as many requests as A\{R}, where A is the set of requests routed by Greedy. �

Lemma 2.2. There exists an O(log n)-approximation algorithm for unit profit instances of UFP on trees.

Proof: It is well known that any tree T has a vertex v such that each component of T\v has at most n/2 vertices,
where n is the number of vertices in T . Moreover, we can find such a vertex (called a center) in polynomial
time.
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Consider a unit profit instance of UFP on a tree T , with request set R. We have the following algorithm
for selecting a feasible subset of requests. Let v be a center for T . Let Rv ⊆ R be the subset consisting
of all requests whose paths pass through the vertex v. Using the 2-approximation algorithm guaranteed by
Lemma 2.1, we construct a feasible subset A ⊆ Rv of these requests. Now let T1, ..., Th be the connected
components of T\v. For each component Ti, we recursively find a feasible set of requests Bi for the UFP
instance consisting of the tree Ti and the set of all requests in R whose paths are completely contained in Ti.
Let B =

⋃
iBi (note that B is a feasible set since the trees T1, ..., Th are disjoint). Finally, we select the largest

of the two sets A and B.

Let OPT be an optimal solution; we show that the number of requests selected by the algorithm is at least
OPT

2 logn using induction on the size of the tree. If at least |OPT|
logn requests pass through v, by Lemma 2.1 the number

of requests in the setA is at least |OPT|
2 logn . Otherwise, the optimal solution has at least

(
1− 1

logn

)
|OPT| requests

that are completely contained in the connected components of T\v. By induction, the number of requests in
the set B is at least 1

2 log(n/2)

(
1− 1

logn

)
|OPT| = |OPT|

2 logn . �

Theorem 1.1 now follows from Lemma 2.2 and Lemma 2.3 below, which is proved using standard profit-scaling.

Lemma 2.3. Suppose there exists an r-approximation algorithm for unit profit instances of UFP on a given
graph. Then there exists an O(rmin{log n, log k})-approximation algorithm for arbitrary instances of UFP
on the graph, where k is the number of requests.

Proof: We group the requests so that the profits of the requests in group i lie in the interval [2i, 2i+1). Clearly,
there are at most 2 log k groups. For each group, we make the profits of all the requests in the group equal to
one and we construct a subset Ai of the requests using the r-approximation algorithm for unit profit instances.
Finally, we take the most profitable (according to the initial profits) of the subsets Ai. Let A be this subset.
Clearly, the optimal subset for one of the groups has total profit at least 1

2 log k

(
1− 1

k

)
P ∗ (since there are

at most 2 log k groups and the requests that we removed have profit at most P ∗/k). Note that we lose a
factor of two by making the profits in each group equal to one and we lose a factor of r by using the r-
approximation algorithm for unit profit instances of UFP. Therefore the total profit of the requests in A is at
least 1

4r log k

(
1− 1

k

)
P ∗ ≥ 1

8r log kP
∗. �

3 LP Relaxations for UFP on Paths

The following Linear Programming relaxation is natural for UFP on paths. There is a variable xi for each
request Ri to indicate whether it is selected, and the constraints enforce that the total demand of selected
requests on each edge is at most its capacity.

Standard LP max
∑

iwixi

∑
i: e∈Pi dixi ≤ ce (∀e ∈ E(G))

xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

It is shown in [14] that the integrality gap of this LP relaxation is Θ(log dmax
dmin

) where dmax and dmin are
maxi di and mini di respectively. Unfortunately, this gap can be as bad as Ω(n), as shown in the following
example from [14]; the input path has n edges with edge i having capacity 2i; request Ri is for 2i units of
capacity on edges i through n, and has profit 1. (See Fig. 1.) An integral solution can only route a single
request, for a profit of 1; however, setting xi = 1/2 for each i is a feasible fractional solution to the LP, for a
total profit of n/2. We refer to this instance as the canonical integrality gap example.
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Figure 1: An instance of UFP on paths with large integrality gap.

Though an O(log n)-approximation algorithm for UFP on paths was given in [3], no LP with an integrality
gap of o(n) was known for this problem, and obtaining such an LP has been an interesting open question.
One could attempt to write a configuration LP for the problem, or to consider strengthening the natural LP,
for instance, via the Sherali-Adams hierarchy of relaxations. We show in the rest of this section that these
relaxations also have feasible fractional solutions of profit ⌦(n) for the canonical integrality gap example; this
can be skipped on first reading without a loss of continuity. For both of the relaxations below, we use Re to
denote the set of requests passing through edge e.

A Configuration LP: In the configuration LP below, there is a variable xS,e for each set S ✓ Re if the
total demand dS of the requests in S is at most the capacity ce. Though this LP has an exponential number of
variables, we can separate over its dual, which has a polynomial number of variables and constraints that are
essentially equivalent to the knapsack problem (with polynomially bounded profits, since we assume that the
profits of the original instance are integers in {1, . . . , k2}). However, the integrality gap of the configuration
LP is also n/2, as shown by the canonical example; set xi = 1/2 for each i, and for the jth edge ej , set
x{Rj},ej

= 1/2, and xSj ,ej = 1/2, where Sj = {1, . . . , j � 1}. (On edge e1, set x;,e1
= 1/2.)

Config LP max
P

i wixi

P
S: S✓Re

xS,e = 1 (8e 2 E(G))

xi  P
S: S✓Re

xS,e (8i 2 {1, . . . , k}, e 2 Pi)

xS,e � 0 (8e 2 E(G), S ✓ Re, dS  ce)

The Sherali-Adams hierarchy for the Standard LP: For a zero-one programming problem, let P denote
the feasible integer polytope, and P0 denote the convex polytope of an LP relaxation for P . The Sherali-Adams
Hierarchy [35] is a sequence P0, P1, P2 . . . Pn = P of (successively tighter) relaxations of P ; here Pi ✓ Pi�1,
and Pn (where n is the number of variables in P ) is identical to the original integer polytope. There has recently
been significant interest [30, 14] in such hierarchies of linear and semi-definite programming relaxations.

We do not discuss the Sherali-Adams hierarchy in detail here; we simply note that to construct the tth
polytope Pt, we first construct a “lifted” polytope P lift

t . In addition to the xi variables, there is a variable yS for
every set S such that 1 < |S|  t. The constraints of the new polytope P lift

t are formed as follows: For each
constraint C of the original polytope, and for each I, J ⇢ {1, . . . , k} such that I \ J = ; and |I [ J |  t,
we multiply both the LHS and RHS of constraint C by the polynomial

Q
i2I xi

Q
j2J(1 � xj). This produces

constraints that are non-linear; we linearize them by replacing each x2
i by xi, and for each monomial of the

form
Q

i2S xi (which must have degree  t), we replace the monomial by the variable yS . The polytope Pt is
formed by projecting this new polytope down to n dimensions (only retaining the variables xi); that is, a point
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Though an O(log n)-approximation algorithm for UFP on paths was given in [3], no LP with an integrality
gap of o(n) was known for this problem, and obtaining such an LP has been an interesting open question.
One could attempt to write a configuration LP for the problem, or to consider strengthening the natural LP,
for instance, via the Sherali-Adams hierarchy of relaxations. We show in the rest of this section that these
relaxations also have feasible fractional solutions of profit Ω(n) for the canonical integrality gap example; this
can be skipped on first reading without a loss of continuity. For both of the relaxations below, we use Re to
denote the set of requests passing through edge e.

A Configuration LP: In the configuration LP below, there is a variable xS,e for each set S ⊆ Re if the
total demand dS of the requests in S is at most the capacity ce. Though this LP has an exponential number of
variables, we can separate over its dual, which has a polynomial number of variables and constraints that are
essentially equivalent to the knapsack problem (with polynomially bounded profits, since we assume that the
profits of the original instance are integers in {1, . . . , k2}). However, the integrality gap of the configuration
LP is also n/2, as shown by the canonical example; set xi = 1/2 for each i, and for the jth edge ej , set
x{Rj},ej = 1/2, and xSj ,ej = 1/2, where Sj = {1, . . . , j − 1}. (On edge e1, set x∅,e1 = 1/2.)

Config LP max
∑

iwixi

∑
S: S⊆Re xS,e = 1 (∀e ∈ E(G))

xi ≤
∑

S: S⊆Re xS,e (∀i ∈ {1, . . . , k}, e ∈ Pi)
xS,e ≥ 0 (∀e ∈ E(G), S ⊆ Re, dS ≤ ce)

The Sherali-Adams hierarchy for the Standard LP: For a zero-one programming problem, let P denote
the feasible integer polytope, and P0 denote the convex polytope of an LP relaxation for P . The Sherali-Adams
Hierarchy [36] is a sequence P0, P1, P2 . . . Pn = P of (successively tighter) relaxations of P ; here Pi ⊆ Pi−1,
and Pn (where n is the number of variables in P ) is identical to the original integer polytope. There has recently
been significant interest [31, 15] in such hierarchies of linear and semi-definite programming relaxations.

We do not discuss the Sherali-Adams hierarchy in detail here; we simply note that to construct the tth
polytope Pt, we first construct a “lifted” polytope P lift

t . In addition to the xi variables, there is a variable yS for
every set S such that 1 < |S| ≤ t. The constraints of the new polytope P lift

t are formed as follows: For each
constraint C of the original polytope, and for each I, J ⊂ {1, . . . , k} such that I ∩ J = ∅ and |I ∪ J | ≤ t,
we multiply both the LHS and RHS of constraint C by the polynomial

∏
i∈I xi

∏
j∈J(1 − xj). This produces

constraints that are non-linear; we linearize them by replacing each x2
i by xi, and for each monomial of the
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form
∏
i∈S xi (which must have degree ≤ t), we replace the monomial by the variable yS . The polytope Pt is

formed by projecting this new polytope down to n dimensions (only retaining the variables xi); that is, a point
x is in Pt iff there is a setting of the yS variables such that (x, y) is in the lifted polytope P lift

t . We refer the
reader to [36, 31] for a more complete description of the Sherali-Adams Hierarchy; here, we simply show that
the integrality gap of Pt is Ω(n/t) by giving a feasible solution of profit n/2t.

Theorem 3.1. After applying t rounds of the Sherali-Adams hierarchy to the relaxation Standard LP, the
integrality gap of the LP obtained is Ω(n/t).

Proof: Consider the canonical integrality gap example. For any t ≥ 2, we set each xi = 1/2t, and each
yS = 0 for any set S with 1 < |S| ≤ t. The fractional profit of this solution is n/2t, though the integral
optimum is 1; it remains only to show that this is a feasible solution for the polytope P lift

t . Constraints of this
polytope are formed by picking disjoint sets I, J with |I ∪ J | ≤ t, and multiplying

∏
i∈I xi

∏
j∈J(1 − xj)

with constraints of the original polytope. Fix sets I, J , and a constraint C:
∑

Rh∈Re dhxh ≤ ce of the original
polytope corresponding to edge e; we argue that the new constraint C ′ formed by multiplying the LHS and
RHS of C by

∏
i∈I xi

∏
j∈J(1− xj) is satisfied.

First note that if I > 1, all variables in the new constraint C ′ are of the type yS for some S; as we set
each yS = 0, C ′ is trivially satisfied. If |I| = 1, let I = {i}; removing terms that are equal to 0, we obtain
dixi ≤ cexi if Ri ∈ Re, and 0 ≤ cexi if Ri /∈ Re. In either case, the constraint C ′ is obviously satisfied.

It remains only to consider the case I = ∅; in this case, we are multiplying the original constraint C by∏
j∈J(1 − xj). After removing all quadratic and higher-order terms, we are multiplying by (1 −∑j∈J xj).

The LHS of the new constraint C ′ (ignoring quadratic terms) is
∑

Rh∈Re,h/∈J dhxh, and the RHS is (1 −∑
j∈J xj)ce ≥ ce/2 (as each xj = 1/2t and |J | ≤ t). But

∑
Rh∈Re dhxh ≤

∑
Rh∈Re dh/4 < ce/2 (where the

last inequality is due to the sizes of demands in the canonical integrality gap example), and so the constraint C ′

is satisfied. �

The two preceding examples show that it is difficult to write an LP relaxation with small integrality gap
by only considering “local” constraints, which bound the capacity used on each edge in isolation. A stronger
LP needs to introduce constraints that are more global in nature, taking into account that different edges may
prevent different subsets of requests from being routed. In Section 4, we give a new LP relaxation for the UFP
on paths, and prove that it has a poly-logarithmic integrality gap.

4 New LP Relaxations

We now describe two new LP relaxations for UFP on paths that have an O(log n) integrality gap. The first
relaxation has an exponential number of constraints and is tighter than the second on all instances. However,
we do not have an exact separation oracle for this relaxation. The second relaxation is a compact relaxation,
and moreover we are able to show that any feasible solution to this relaxation is also feasible for the first when
scaled by a constant factor. In fact, our compact relaxation was derived from the first after noticing that it was
implicit in an approximate separation oracle for the first.

Corollary 1.3 implies that Standard LP has small integrality gap if the demand of each request is small
compared to the capacity constraints; recall that in the canonical example with integrality gap n/2, every
request, if routed, uses the entire capacity of the leftmost edge on its path. In the new LP relaxations, we
keep the previous constraints to handle “small” requests, and introduce new rank constraints to deal with “big”
requests. For each Ri ∈ R, let the bottleneck for Ri be the edge in Pi with least capacity. (If multiple edges
have the same minimum capacity, let the bottleneck be the leftmost edge.) Let S ⊆ R be the set of all requests
R such that the demand of R is smaller than (3/4) · c(e) where e is the bottleneck edge for R. Let B = R\S
denote the remaining (“big”) requests, and let Be denote the set of requests R in B such that the path for R
passes through edge e. For each request Ri, we have a variable xi denoting whether this request is selected
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or not. For each set B ⊆ B of big requests, let f(B) denote the maximum number of requests in B that can
be simultaneously routed without violating the capacity constraints. For each set B of “big” requests that pass
through a common edge, we introduce a rank constraint which requires that the total extent to which requests
in B are selected by the LP must be at most the number of requests in B that can be routed integrally.

UFP-LP max
∑

iwixi

∑
i: e∈Pi dixi ≤ ce (∀e ∈ E(G)) [capacity constraints]∑

Ri∈B xi ≤ f(B) (∀e ∈ E(G), B ⊆ Be) [rank constraints]
xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

The new constraints are essentially tailor made to mimic the analysis of the greedy algorithm in Section 2 and
it is relatively straight forward to show that the integrality gap is O(log2 n) [16]. However, it is not obvious that
the LP can be solved in polynomial time, even approximately. In [16], we described an approximate separation
oracle that allowed one to solve UFP-LP to within a constant factor in polynomial time. Subsequently, we
noticed that the separation oracle implicitly defined a compact relaxation which includes a polynomial sized
subset of the rank constraints. We are able to show an improved bound of O(log n) on the integrality gap of the
compact relaxation, and hence also for UFP-LP. We now describe the compact relaxation.

Recall that Be is the set of all requests R in B such that the path for R passes through edge e. Let Bleft(e)
(resp. Bright(e)) be the set of all requests Ri in B(e) such that the bottleneck edge of Ri is to the left (resp.
to the right) of e; if the bottleneck for Ri ∈ B(e) is edge e, Ri is in both Bleft(e) and Bright(e). For any two
requests Ri and Rj in Be, Rj blocks Ri if dj > di and Ri and Rj are not simultaneously routable. For any
edge e and any request Ri in Bleft(e), let LeftBlock(e, i) be the set consisting of Ri and all requests Rj in
Bleft(e) that block Ri. Similarly, for any edge e and any request Ri in Bright(e), let RightBlock(e, i) be the
set consisting of Ri and all requests Rj in Bright(e) that block Ri.

As shown in Corollary 4.11, no two requests in LeftBlock(e, i) (resp. RightBlock(e, i)) are simultaneously
routable. Therefore the rank constraints corresponding to the set LeftBlock(e, i) and RightBlock(e, i) forces
the LP to fractionally pick at most one of the requests in LeftBlock(e, i) (resp. RightBlock(e, i)). Using
only the rank constraints corresponding to the blocking sets LeftBlock(e, i) and RightBlock(e, i), we get the
following compact LP.

Compact UFP-LP max
∑

iwixi

∑
i: e∈Pi dixi ≤ ce (∀e ∈ E(G)) [capacity constraints]∑

Rj∈LeftBlock(e,i) xj ≤ 1 (∀e ∈ E(G), Ri ∈ Bleft(e)) [blocking constraints]∑
Rj∈RightBlock(e,i) xj ≤ 1 (∀e ∈ E(G), Ri ∈ Bright(e)) [blocking constraints]

xi ∈ [0, 1] (∀i ∈ {1, . . . , k})

Since Compact UFP-LP contains only a subset of the constraints of UFP-LP, it is clear that the former is
weaker than the latter. We show that it is not much weaker in the following theorem.

Theorem 4.1. Let x be any feasible solution to Compact UFP-LP on a given instance of UFP on a path. Then
there is an absolute constant α ≤ 18 such that x/α is feasible for UFP-LP on the same instance.

The above theorem implies that the integrality gap of the two relaxations are within a constant factor of
each other. We prove the above theorem in Section 4.2. First, we show that the integrality gap of Compact
UFP-LP is at most O(log n). We believe that the gap isO(1) and give a connection between the integrality gap

9



Capacity

Edges

Figure 2: A top-drawn instance of UFP/RIS. The red curve is the capacity profile.

of UFP-LP and the integrality gap of the standard LP for the RECTANGLE INDEPENDENT SET (RIS) problem
on certain restricted instances that would enable one to prove such an improved bound. Before we define these
restricted instances, we give a geometric representation of an UFP instance on paths that was introduced in
[7]. Given an UFP instance, we construct a top-drawn drawing of the instance as follows. We represent each
request Ri using an axis-parallel rectangle whose start and end points are the start and end points of the request
and whose height is equal to the demand di. Moreover, we draw the rectangle representing Ri underneath the
capacity profile so that its top edge has y-coordinate equal to c(e), where e is the bottleneck edge of Ri (see
Figure 4). A set of rectangles that do not overlap when top-drawn gives us a set of requests that is feasible.
Bonsma et al. [7] show that any feasible UFP solution has a subset of comparable weight whose corresponding
top-drawn rectangles do not overlap. We show in the following theorem that there is a similar connection
between feasible fractional solutions to UFP-LP and feasible fractional solutions to the standard LP for the
RIS problem on top-drawn instances. We prove Theorem 4.2 in Section 4.3.

Theorem 4.2. If the integrality gap of the standard LP for the RECTANGLE INDEPENDENT SET problem is at
most α for top-drawn instances, the integrality gap of UFP-LP is O(α) for instances of UFP on paths in which
all requests are big.

4.1 Bounding the Integrality Gap

In this section, we show an O(log n) upper bound on the integrality gap of UFP-LP and Compact-LP for UFP
instances on paths.

Theorem 4.3. The LP relaxation Compact UFP-LP has O(log n) integrality gap for instances of UFP on
paths.

Corollary 4.4. The LP relaxation UFP-LP has O(log n) integrality gap for instances of UFP on paths.

Given a fractional solution x to the LP of profit OPTf , we show how to round it to obtain an integral
solution of comparable profit. For any set S of requests, let profit(S), the profit of S be

∑
i∈S wixi. We round

“small” and “big” jobs separately; note that one of profit(S) or profit(B) is at least OPT/2.

Lemma 4.5. If profit(S) ≥ OPT/2, there is a poly-time algorithm to find an integral solution of value Ω(OPT).

Lemma 4.5 follows immediately from Corollary 1.3, as for each requestRi ∈ S, we have di ≤ (3/4) mine∈Pi ce.
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The difficulty in bounding the integrality gap of LPs has been in dealing with the “big” requests. However,
the blocking constraints allow one to easily prove that there is an integral solution on the big requests with profit
comparable to that obtained by these requests in the fractional solution.

We start by establishing anO(1) integrality gap for UFP instances on paths in which all of the request paths
end on the last edge. We call such an instance a one-sided staircase.

Lemma 4.6. The LP relaxation Compact UFP-LP has O(1) integrality gap for one-sided staircase instances
of UFP on paths.

Proof: Let x be an optimal fractional solution. We first select a subset of the requests as follows: for each
request Ri, we select it independently at random with probability xi/4. Let X be the resulting set. The
expected weight of the selected requests is proportional to the weight of the fractional solution but the requests
might not form a feasible solution. We pick a feasible subset of the selected requests in two stages: we first
pick a subset such that there do not exit two requests such that one blocks the other, and then we select a subset
of these requests that is feasible.

We now pick a subset Y ⊆ X such that no two requests such that one request blocks the other as follows.
We order the requests from right to left according to their starting point. We add the current request Ri to Y if
there does not exist a request Rj ∈ Y such that one of Ri, Rj blocks the other.

Consider a request Ri in X . We can upper bound the probability that Ri is not in Y as follows. Let C be
the set of all requests Rj such that Rj appears before Ri in the ordering and one of Ri, Rj blocks the other.
Let C1 be the subset of C consisting of all requests Rj such that dj > di, and let C2 = C − C1. Note that all
requests in C1 block Ri and therefore x(C1) ≤ 1.

Now consider the set C2. Note that each request in C2 has demand greater than 3di/4: The starting point
of a request Rj in C2 is at least the starting point of Ri and therefore the bottleneck capacity of Rj is at least
c(ei). Since Rj is big, its demand is greater than 3c(ei)/4. Now suppose that there are two requests Rj and Rk
in C2 that are simultaneously routable. Without loss of generality, j starts before k. (Since j and k do not block
each other, they cannot start on the same edge.) Consider the first edge ek of Rk. Since Rk is big for its first
edge, there is at most dk/3 ≤ di/3 capacity available on ek after routing Rk. But Rj has demand at least 3di/4
and Rj uses edge ek, which is a contradiction. Therefore, if R is the request in C2 with minimum demand, all
the requests in C −R block R and hence x(C2) ≤ 1.

Note that Ri is not in Y only if some request in C was in Y when we considered Ri. The probability that
there is some request in C that is in X is x(C)/4 ≤ 1/2, and therefore Pr[Ri ∈ Y | Ri ∈ X] ≥ 1/2. Thus the
expected weight of Y is at least

∑
iwixi/8.

Finally, we partition the requests in Y into two feasible subsets as follows. We order the requests in Y from
left to right according to their starting point. (Note that since no request blocks another, no two requests start
on the same edge.) Let R1, R2, · · · , Rm denote the resulting ordering. We let Y1 denote the set of all requests
Ri in Y such that i is odd, and we let Y2 = Y −Y1. In the following, we show that Y1 contains a feasible subset
of weight Ω(w(Y1)); a similar argument shows that Y2 contains a feasible subset of weight Ω(w(Y2)).

Let ei be the start edge of Ri. We claim that the capacities of the odd edges e1, e3, . . . are increasing by a
factor of at least three. Since Ri and Ri+2 are simultaneously routable and they both use edge ei+2, we have
di + di+2 ≤ c(ei+2). Therefore di ≤ c(ei+2) − di+2 ≤ c(ei+2)/4; in the last inequality, we have used the
fact that Ri+2 is big. Since Ri is big, we have c(ei) ≤ 4di/3 and hence c(ei) ≤ c(ei+2)/3. Additionally,
the demands of the odd requests R1, R3, . . . are increasing by a factor of at least two, since di ≥ 3c(ei)/4 ≥
9c(ei−2)/4 ≥ 9di−2/4. This gives us that, if S is a feasible subset of {R1, R3, . . . , Ri−4}, then S ∪ {Ri} is
also feasible. Let d(S) denote the total demand of the requests in S. We have d(S) ≤ c(ei−4) ≤ 2di−4 ≤ di−2.
Since no request blocks another, di−2 + di ≤ c(ei), and the claim follows.

We select a subset Z1 of Y1 as follows. For each odd index i, we flip a coin; if the coin came up heads,
we add Ri to Z1 if the resulting set remains feasible. It follows from the discussion above that adding Ri to
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Z1−{Ri−2}maintains feasibility. SinceRi−2 is in Z1 with probability at most 1/2,Ri is in Z1 with probability
at least 1/4. Therefore the expected weight of Z1 is at least w(Y1)/4. This completes the proof of the lemma.

�

Corollary 4.7. The LP relaxation Compact UFP-LP has O(1) integrality gap for intersecting instances of
UFP on paths.

Proof: Recall that Bleft(e) (resp. Bright(e)) is the set of all requests Ri in B(e) such that the bottleneck edge
of Ri is to the left (resp. to the right) of e. (If the bottleneck for Ri ∈ B(e) is edge e, Ri can be added to
either Bleft(e) or Bright(e).) We consider the sets Bleft(e) and Bright(e) separately. We map Bleft(e) (resp.
Bright(e)) to a one-sided staircase by making all the requests end (resp. start) at edge e. Finally, we construct an
integral solution for each of the one-sided staircase instances using randomized rounding with alteration and we
output the most profitable of the two solutions. By Proposition 4.9, the resulting solution is a feasible integral
solution for the initial intersecting instance. �

The proof of the following proposition is straightforward and we omit it.

Proposition 4.8. Let B(`) be the set of big requests with path lengths in the interval [2`, 2`+1). There exists an
` ∈ {0, 1, . . . , log n} such that profit(B(`)) ≥ profit(B)/ log n.

Now we can construct an integral solution on the big requests.

Proof of Theorem 4.3: Fix ` such that profit(B(`)) ≥ profit(B)/ log n. Let L = 2 · 2`+1. Now, pick a random
integer p in the range [1, L], and let ej (1 ≤ j ≤ n) denote the jth edge on the input path. For each j ∈ dn/Le,
let B′j denote the set of requests in B(`) whose demand paths contain edge ep+jL.

First, note that no request in B′j overlaps with any request from B′h if h 6= j, as all requests have length
at most L/2. Further, the probability that any request R ∈ B(`) is in B′j for some j is at least 1/4 (the
request R has length at least L/4, and we pick edges at an interval L, with a random offset). Therefore,
E
[∑

j profit(B′j)
]
≥ profit(B)/(4 log n).

Since eachB′j is an intersecting set, it follows from Corollary 4.7 thatB′j has an integral subsetBint
j that can

be feasibly routed, of total profit Ω(profit(B′j)). Finally, we take the union over all j ofBint
j ; as requests fromB′j

do not overlap those fromB′h for j 6= h, we have a feasible integral solution of total profit Ω(profit(B)/(log n)).
�

4.2 Proof of Theorem 4.1

Let x be any feasible solution to Compact UFP-LP. In the following we show that, if there exists a set B ⊆ Be
such that x(B) > 18f(B), then x is not a feasible solution for Compact UFP-LP.

We first introduce some notation. We define x(S) =
∑

Ri∈S xi. Let left(e) denote the set of edges to the
left of e, together with edge e, and let right(e) be the set of edges to the right of e (again including e). Given an
edge e and a set S′ ⊆ Be, we say that S′ is feasible on the left (respectively, on the right), if all requests in S′

can be routed simultaneously without exceeding the capacity of any edge in left(e) (respectively, right(e)). For
any set S ⊆ Be, let f`(S) denote the maximum size subset of S that is feasible on the left and fr(S) denote the
maximum size subset of S that is feasible on the right. (Equivalently, f`(S) is f(S) in the instance obtained by
truncating all requests at the right endpoint of e.) Obviously, f(S) ≤ min{f`(S), fr(S)}, as any feasible set is
feasible on both the left and the right. However, we also note the following simple facts:

Proposition 4.9. If a set S′ ⊆ Bleft(e) is feasible on the left, it is also feasible on the right.

Proof: Suppose that not all requests in S′ can be simultaneously routed on the right. Order the requests in S′

from left to right according to their first (leftmost) edge. Let S′′ be a maximum prefix of S′ that is feasible on

12



the right and let Ri be the first request in S′ that is not in S′′. Let d′′ denote the total demand of requests in S′′.
Since S′′ ∪ {Ri} is not feasible on the right, there exists an edge e∗ ∈ right(e) ∩ Pi such that the total capacity
of e∗ is less than di + d′′. However, the bottleneck edge eb for request Ri is in left(e), and since all requests in
S′′ begin at least as far left as Ri and S′′ ∪ {Ri} is feasible on the left, the capacity of eb is at least d′′+ di. But
eb is the edge of least capacity on Pi, and so we obtain a contradiction. �

Corollary 4.10. For any set S ⊆ Bleft(e), f(S) ≥ f`(S). For any set S ⊆ Bright(e), f(S) ≥ fr(S).

Proof: By symmetry, it suffices to prove the first statement. Let S′ be a maximal subset of S that is feasible
on the left; that is, f`(S′) = |S′| = f`(S). From the previous proposition, all requests in S′ can also be
simultaneously routed without exceeding the capacity of any edge in right(s). Hence, f(S′) = f`(S). But
S′ ⊆ S, and so f(S) ≥ f`(S), proving the proposition. �

Corollary 4.11. For any edge e and any request Ri ∈ Bleft(e), f(LeftBlock(e, i)) = 1. For any edge e and
any request Ri ∈ Bright(e), f(RightBlock(e, i)) = 1.

Proof: By symmetry, it suffices to show that f(LeftBlock(e, i)) = 1. Suppose for contradiction that there
are two requests Rj and Rk in LeftBlock(e, i) that are simultaneously routable; note that i /∈ {j, k}. Without
loss of generality, the starting point of Rj is at most the starting point of Rk. Suppose that Ri and Rk are not
simultaneously routable on the left and let e′ be an edge in left(e)∪{e} such that c(e′) < di+dk. Since dj > di,
we have c(e′) < dj + dk. But Rj also uses e′, which contradicts the fact that Rj and Rk are simultaneously
routable. Therefore f`({Ri, Rk}) = 2. By Corollary 4.10, Ri and Rk are simultaneously routable, which is a
contradiction. �

Lemma 4.12. If there exists a set B ⊆ Be such that x(B) > αf(B), there exists a set B′ ⊆ Bleft(e) such that
x(B′) > α

2 f`(B
′) or a set B′′ ⊆ Bright(e) such that x(B′′) > α

2 fr(B
′′).

Proof: LetBL denoteB∩Bleft(e) andBR denoteB∩Bright(e). One of x(BL) and x(BR) is at least x(B)/2 >
α
2 f(B); suppose it is the former. If f`(BL) ≤ f(B), we have x(BL) > α

2 f`(BL), and we are done. Otherwise,
f`(BL) > f(B). But, from Corollary 4.10, f(BL) is at least f`(BL), and so f(BL) > f(B). But BL is a
subset of B, and hence f(B) ≥ f(BL), which is a contradiction.

Similarly, if x(BR) ≥ x(B)/2, the set BR is such that x(BR) > α
2 fr(BR). �

By symmetry, we assume w.l.o.g. that there exists B′ ⊆ Bleft(e) such that x(B′) > (α/2)f`(B
′). To

complete the proof of Theorem 4.1, we show that if there is a constraint of UFP-LP that is violated on the left
by a large factor, there is a constraint of Compact UFP-LP that is also violated.

Lemma 4.13. If there exists a set B ⊆ Bleft(e) such that x(B) > βf`(B) for some β > 9, there exists a set
S′ ⊆ B such that f`(S′) = 1 and x(S′) > 1.

Proof: Suppose there exists a set B ⊆ Bleft(e) such that x(B) > βf`(B). Let Dj ⊆ B be the set of all requests
Ri in B such that di lies in the interval [2j , 2j+1). Finally, let Bk be the union of all sets Dj such that j ≡ k
(mod 3). Suppose w.l.o.g. that x(B0) ≥ x(B)/3. As B0 ⊆ B, we have f`(B0) ≤ f`(B). Now, for each j 6≡ 0
(mod 3), set Dj = ∅.

Let γ = maxS⊆B0bx(S)/f`(S)c; note that γ ≥ 3. Let S ⊆ B0 be a smallest set that is violated by a factor
of γ. It follows from the definition of S that x(S) ≥ γf`(S). If f`(S) = 1, S is the desired set. Therefore we
may assume that f`(S) > 1. Let D≤j =

⋃
h≤j Dj . Let j be the smallest index that satisfies x(D≤j) ≥ γ.

Sub-Claim. f`(Dj) = 1.
Proof: Suppose two requestsR1 andR2 inDj are simultaneously routable. Suppose without loss of generality
that the bottleneck edge e′ ofR2 is at least as far right as the bottleneck ofR1. Since d2 ≥ (3/4)ce′ , the residual
capacity of e′ after routing R2 is at most (1/4)ce′ ≤ 2j+1/3. But d1 ≥ 2j , and hence d1 + d2 > ce′ . �
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If x(Dj) > 1, Dj is the desired set. Therefore we may assume that x(Dj) ≤ 1, and so x(D≤j−3) ≥ γ − 1. If
f`(D≤j−3) = 1, D≤j−3 is the desired set. Therefore we may assume that f`(D≤j−3) ≥ 2; let R1 and R2 be
two requests in D≤j−3 that are simultaneously routable.

Let S′ = S\D≤j−3. Since S′ is a proper subset of S, we have x(S′) ≤ γf`(S
′) by the minimality of S.

Therefore:
γf`(S

′) ≥ x(S′) = x(S)− x(D≤j−3) > γf`(S)− γ = γ(f`(S)− 1)

Since f`(S′) ≤ f`(S), we must have f`(S′) = f`(S). Let S′′ be a feasible subset of S′ of size f`(S). Let R3

be a request in S′′ whose first edge is farthest left.

Sub-Claim. The set S′′ \R3 ∪ {R1, R2} is feasible on the left.
Proof: As R3 ∈ Dh for some h ≥ j, we have d3 ≥ 2j > d1 + d2. On each edge to the left of R3, R1

and R2 can be simultaneously routed, as they do not overlap with any requests in S′′. For each edge in P3,
requests R1 and R2 together use less capacity than R3, and so we maintain feasibility. �

However, as |S′′| = f`(S), |S′′ \R ∪ {R1, R2}| = f`(S) + 1, which gives a contradiction. �

Proposition 4.14. If there exists a set S ⊆ Be such that x(S) > 1 and f(S) = 1, there exists an i such that
x(Block(e, i)) > 1. That is, x is not a feasible solution for Compact UFP-LP.

Proof: Let Ri be the request in S with the smallest demand. Since f(S) = 1, no two requests in S are
simultaneously routable. Therefore S ⊆ Block(e, i), and hence x(Block(e, i)) ≥ x(S) > 1. �

4.3 Proof of Theorem 4.2

Let R be an instance of UFP on paths such that each request Ri ∈ R is big. Let R̂ be the set of top-drawn
rectangles representingR. For each request Ri, we let R̂i denote the top-drawn rectangle representing Ri.

Lemma 4.15. Let p be a point and let R̂p the set of all rectangles in R̂ that contain p. Let Rp be the set of all
requests represented by the rectangles in R̂p. We have f(Rp) ≤ 4.

Proof: Let e be the edge of the capacity profile such that p is underneath e. We define a staircase capacity
profile c′ as follows: for each edge e′ ∈ left(e), we set c′(e′) = min{c(e′), c(e′′)}, where e′′ is the edge
immediately to the right of e′; for each edge e′ ∈ right(e), we set c′(e′) = min{c(e′), c(e′′)}, where e′′ is the
edge immediately to the left of e′. Note that, since all of the requests in Rp use the edge e, a subset S ⊆ Rp is
feasible when the capacities are given by c iffRp is feasible when the capacities are given by c′. Moreover, the
bottleneck capacity of a request inRp is the same for both capacity profiles.

Let S ⊆ Rp be a feasible set of size f(Rp). Let S` ∪ {e} (resp. Sr) be the subset of S consisting of
all requests in S whose bottleneck edge is in left(e) (resp. right(e) ∪ {e}). In the following, we show that
f(S`) ≤ 2; a similar argument gives us that f(Sr) ≤ 2. By Corollary 4.10, f`(S`) = f(S`) and therefore it
suffices to show that f`(S`) ≤ 2.

We modify the requests in S` by making them end at e. Suppose for contradiction that there are three
requests R1, R2, R3 in S` that are simultaneously routable. Without loss of generality, the starting point of Ri
is at most the starting point of Rj for all i < j, i.e., the requests appear in the order R1, R2, R3 from left to
right. Let ei be the starting edge of Ri.

As we already noted, the requests R1, R2, R3 are also routable when the capacities are given by c′. Since c′

is a staircase capacity profile and the requests in S` end at e, we can represent the requests Ri using rectangles
as follows. The request Ri is represented by a rectangle R̃i such that the start and end points of the rectangle
are given by the start and end points of the request, and the height is equal to the demand of the request. The
y-coordinate of the top edge of the rectangle can be any y-coordinate subject to the constraint that the rectangle
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fits underneath the capacity profile. We choose the y-coordinates of the rectangles R̃1, R̃2, R̃3 such that they
do not overlap; this is possible since the relevant capacity profile is a one-sided staircase, and the requests end
at e and they are feasible.

Note that ei is a bottleneck edge (with respect to c′) for Ri. Moreover, in a top-drawn drawing of the
rectangles R̃i, they all contain the point p. Therefore the y-coordinate of p is at most c(e1). In the current
drawing, at least two of the rectangles R̃1, R̃2, R̃3 are below p, i.e., the y-coordinate of their top edge is at most
the y-coordinate of p. Let R̃i and R̃j be two such rectangles. It follows that di + dj is at most c(e1). Since Ri
and Rj are big, we have di > c(ei)/2 ≥ c(e1)/2 and dj > c(ej)/2 ≥ c(e1)/2. Therefore di + dj > c(e1),
which is a contradiction. �

Corollary 4.16. Let x be a feasible fractional solution to UFP-LP(R). Then x/4 is a feasible fractional
solution to RIS-LP(R̂), where RIS-LP is the standard LP for the rectangle independent set problem.

Since an independent subset of R̂ is a feasible UFP solution, the theorem follows immediately from the corol-
lary above.

5 UFP and Column-Restricted Packing Integer Programs

In this section, we consider a class of packing problems, so-called Column-Restricted Packing Integer Programs
(hereafter, CPIP), introduced by Kolliopoulos and Stein [27]. Let A be an arbitrary m× n {0, 1} matrix, and d
be an n-element vector with dj denoting the jth entry in d. Let A[d] denote the matrix obtained by multiplying
every entry of column j in A by dj . A CPIP is a problem of the form maxwx, subject to A[d]x ≤ b, x ∈
{0, 1}n, for some integer vectors w, d, b.2 (Intuitively, a CPIP is a 0-1 packing program in which all non-
zero coefficients of a variable xj are the same.) It is easy to see that the natural LP for UFP in paths and
trees is a CPIP: If the path Pj for request Rj passes through edge e, the coefficient of xj is demand dj in the
corresponding constraint, and 0 otherwise3.

CPIPs were studied in [27, 20], and it was shown that the integrality gap of a CPIP with maxj dj ≤ mini bi
is at most a constant factor more than the integrality gap of the corresponding “unit-demand” version; we
explain this more formally below, using the notation introduced by [20].

Let P be a convex body in [0, 1]n and w ∈ Rn be an objective vector; for any choice of P,w, we obtain
a maximization problem max{wx : x ∈ P}. Let γ denote the fractional optimum value of this program,
and γ∗ denote the optimum integral value, which is given by maxwx over all integer vectors x ∈ P . The
integrality gap of P is γ/γ∗, the ratio between the value of the optimal fractional and integral solutions. A class
P of integer programs is given by problems induced by pairs P,w as above; the integrality gap for a class of
problems P is the supremum of integrality gaps for each problem in P .

We say that a collection of vectorsW ⊆ Zn is closed if for eachw ∈W , replacing any entrywi with 0 gives
a vector w′ ∈ W . Subsequently, for each m × n matrix A and closed collection of vectors W in Zn, we use
P(A,W ) to denote the class of problems of the form max{wx : Ax ≤ b, x ∈ [0, 1]n}, where w ∈W and b is a
vector in Zm+ . We let Pdem(A,W ) denote the class of problems of the form max{wx : A[d]x ≤ b, x ∈ [0, 1]n}
where w ∈W, b ∈ Zm+ , d ∈ Zn+. Finally, we use Pdemnba (A,W ) to denote the class of problems of the same form
that satisfy maxj dj ≤ mini bi. For UFP, the condition maxj dj ≤ mini bi corresponds to the no-nottleneck
assumption.

Using techniques introduced in [27], the following theorem was proved in [20]:
2If vectors w, d, b are rational, we can scale them as necessary.
3In this section we are using the index j for the requests instead of the index i since it is more natural to use i for the rows of A and

j for the columns of A.
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Theorem 5.1 ([20]). Let A be a {0, 1} matrix and W be a closed collection of vectors. If the integrality gap
for the collection of problems P(A,W ) is at most Γ, then the integrality gap for the collection of problems
Pdemnba (A,W ) is at most 11.542Γ ≤ 12Γ.

The above theorem is used in [20] to give an O(1)-approximation for UFP-NBA on trees. Unfortunately,
the analogous theorem is not true for Pdem(A,W ), as shown by the canonical integrality gap example for the
UFP linear program Standard LP. In this section, we show that if there exists δ < 1 such that for each i, we
have maxj Aijdj ≤ (1− δ)bi, we can obtain an analogous theorem, with integrality gap depending on δ. More
precisely, let Pdemδ (A,W ) denote the class of problems of the form max{wx : A[d]x ≤ b, x ∈ [0, 1]n} where
w ∈W, b ∈ Zm+ , d ∈ Zn+, and ∀i, maxj Aijdj ≤ (1− δ)bi. We obtain the following theorem:

Theorem 5.2. Let A be a {0, 1} matrix and W be a closed collection of vectors. If the integrality gap for
P(A,W ) is at most Γ, the integrality gap for Pdemδ (A,W ) is at most O( log(1/δ)

δ3
· Γ).

Proof: Fix A,w, d, b; given a fractional solution x such that A[d]x ≤ b}, we show how to obtain an integral
solution of total weight comparable to wx. Let St = {j : dj ∈ [(1 + δ)t, (1 + δ)t+1)}, and let dem(t) =
(1 + δ)t+1.

Discretize/round up demands and scale down the solution x as follows: For each j ∈ St, let d′j = dem(t),

and let x′ = δ2

2(1+δ)x. It follows that A[d′]x′ ≤ δ2

2 b, and wx′ = δ2

2(1+δ)wx.

We now solve a separate “unit-demand” problem for each St: For each constraint i, define the load `ti on
constraint i due to St as dem(t)

∑
j∈St aijx

′
j . Set bti to be the smallest multiple of dem(t) at least as large as

`ti. Finally, let dtj = dem(t) if j ∈ St, and 0 otherwise; let wtj = wj if j ∈ St and 0 otherwise. We note
that A[dt]x′ ≤ bt, and hence that x′ is a feasible fractional solution for the problem max{wtx : A[dt]x ≤ bt}.
As each bt is an integral multiple of dem(t) and W is closed, this new problem is in P(A,W ); hence, we can
obtain an integral solution zt of value at least w

tx′

Γ .

If we could combine the integral solutions zt for all t, we would have a feasible integral solution of profit
wx′/Γ, completing the proof. The capacity used by zt on constraint i is at most bti, and we have

∑
t `
t
i ≤ δ2

2 bi.
Unfortunately, as bti could be greater than `ti (by as much as dem(t)), we cannot necessarily combine all zts; the
unused capacity of (1− δ2/2)bi is not quite enough to account for

∑
t dem(t).

Instead, we pick an integer h and let T (g) = {t : t ≡ g (mod h)}. For some g ∈ {1, . . . , h}, ⋃t∈T (g) z
t

obtains at least 1
h
wx′

Γ of the optimal fractional profit, and by choosing h large enough, we can make sure that
the total extra capacity used by each zt such that t ∈ T (g) is at most the amount of “unused” capacity.

More precisely, fix a constraint i. Let tmax(i) be the largest t such that (1 + δ)t ≤ (1 − δ)bi. (Intu-
itively, this is the largest t such that demands from St can participate in constraint i.) We need to prove that∑

t∈T (g),t≤tmax(i) dem(t) ≤ (1 − δ2/2)bi. Summing the geometric series (with common ratio r = (1 + δ)h)
and using the fact that dem(tmax(i)) ≤ (1− δ)bi · (1 + δ) (where the last factor of (1 + δ) comes from rounding
up the demands), we obtain:

∑

t∈T (g),t≤tmax(i)

dem(t) ≤ (dem(tmax(i)) · r)
r − 1

By picking h large enough (2
δ ln(2/δ2)), we can ensure that this sum is at most (1 − δ2/2)bi. By picking

the best shift g ∈ {1, . . . , h}, we obtain an integral solution of value 1
h
wx′

Γ = δ
2 ln(2/δ2)

δ2

2Γwx. Therefore, the

integrality gap of this LP is Ω( ln(1/δ)
δ3
· Γ). �

Thus, we obtain Corollary 1.3 as a special case of Theorem 5.2.
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5.1 Bounded-Length Paths and Sparse Columns

Recall that an L-column-sparse CPIP is one in which there are at most L non-zero entries in each column;
UFP with bounded-length paths can be viewed as a column-sparse CPIP. Several papers have considered EDP
and UFP when the path lengths are restricted to some given length L; this restriction is meaningful in many
applications. In addition, one can show that in expanders and related graphs, any fractional solution can be
converted into another solution with “short” (polylogarithmic in n) flow paths. We refer to this restricted
version of UFP as L-bounded-UFP. There is an O(L)-approximation and integrality gap for L-bounded UFP
with NBA [37, 27, 14]. Surprisingly, this natural restriction does not seem to have been explored for UFP
without NBA. Here we observe that an O(L)-approximation can be obtained for this more general setting as
well.

First, we consider the unit-profit case and a simple greedy algorithm that sorts the pairs in non-decreasing
order of demand values and routes the jth pair if there is sufficient residual capacity for it on a path of length at
most L.

Lemma 5.3. The greedy algorithm is an L-approximation for unit-profit instances of L-bounded-UFP.

Using profit-scaling we obtain the following.

Corollary 5.4. There is an O(L log k)-approximation for L-bounded-UFP.

One can, however, do better, proving Corollary 1.5 to get an O(L)-approximation with arbitrary profits by
noting that L-bounded UFP is an example of an (L+1)-column-sparse CPIP: We can write a multi-commodity
flow based LP relaxation for L-bounded-UFP where we insist that the flow for each pair (sj , tj) is only along
paths in PLj where an (sj , tj) path π is in PLj iff π is of length at most L and all edges on π have capacity at
least dj . The LP is given below:

max
∑k

j=1wj
∑

π∈PLj fπ s.t.
∑

π∈PLj fπ ≤ 1 j = 1, . . . , k
∑k

j=1

∑
π∈PLj :π3e djfπ ≤ ce e ∈ E(G)

This LP can be solved using the ellipsoid method since the separation oracle for the dual is the bounded
length shortest path problem. Further, it is column-restricted and (L+ 1)-column-sparse.4 Thus, Corollary 1.5,
giving an O(L)-approximation for L-bounded UFP in directed graphs, follows from Theorem 1.4.

It remains only to prove Theorem 1.4, obtaining an O(L)-approximation for L-column-sparse CPIPs. The
proof of this theorem is essentially implicit in previous work [14].

Proof of Theorem 1.4: We briefly describe the algorithm of [14]. Given an optimal fractional solution x, we
perform randomized rounding, with alteration as follows: For the jth variable, we set it to 1 with probability
xj/4k; we say that such a variable is selected. We now pick a subset of the selected variables to be accepted,
and output this set. We prove that a variable is accepted with probability at least 1/2, provided that the variable
is selected. Thus, the expected value of the final integral solution is at least 1/8k times the optimal fractional
value.

To determine which variables are accepted, order the selected variables in non-increasing order of their
demand values dj . Process the variables in this order and accept a variable if adding it to the set of variables

4To make it column-restricted, we should technically write constraints as
∑
π∈PL

j
djfπ ≤ dj , for each j.
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already accepted does not violate any constraint. In order to show that any selected variable is accepted with
probability at least 1/2, it suffices to prove that the probability that any constraint it participates in prevents it
from being accepted is at most 1/2k.

Consider a constraint i, and suppose dj ≤ bi/2. Since the expected capacity on i used by selected variables
is at most bi/4k, the probability that the selected variables use more than bi/2 capacity is less than 1/2k by
Markov’s inequality. Thus, the probability that there is insufficient capacity for j is at most 1/2k. If dj > bi/2,
consider the variables with demand at least dj , as only they can prevent j from being accepted. It is easy to see
that the probability that any of these variables is selected is at most 1/2k; if none of them is selected, there is
sufficient capacity for j. �

6 Conclusions

We conclude with some open problems:

• What is the integrality gap of the new relaxation UFP-LP for paths? We show it isO(log nmin{log n, log k}),
but know of only a constant-factor lower bound. Is there a matching (or even logarithmic) upper bound?
A staircase instance for UFP is one such as the canonical integrality gap example, in which all request
paths go through a common edge. (Hence w.l.o.g., capacities increase monotonically, and then decrease.)
Can one obtain an improved integrality gap for UFP on staircases?

• Can the approximation ratio for UFP on trees be improved from O(log nmin{log n, log k}) to O(log n)
or O(log k), matching the O(log n) approximation of [3] for UFP on paths? Theorem 5.2 / Corollary 1.3
imply that the difficulty is in dealing with requests that occupy almost all the capacity of their bottleneck
edge.

• The (exponential-sized) LP relaxation UFP-LP can be extended to UFP on trees, and it has small inte-
grality gap. However, finding a separation oracle appears to be difficult. Can the techniques of Section 4.2
be extended to this case?
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