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Abstract We consider multicommodity flow problems in capacitated graphs where
the treewidth of the underlying graph is bounded by r. The parameter r is allowed
to be a function of the input size. An instance of the problem consists of a capaci-
tated graph and a collection of terminal pairs. Each terminal pair has a non-negative
demand that is to be routed between the nodes in the pair. A class of optimization
problems is obtained when the goal is to route a maximum number of the pairs in
the graph subject to the capacity constraints on the edges. Depending on whether
routings are fractional, integral or unsplittable, three different versions are obtained;
these are commonly referred to respectively as maximum MCF, EDP (the demands
are further constrained to be one) and UFP. We obtain the following results in such
graphs.

e An O(rlogrlogn) approximation for EDP and UFP.
e The integrality gap of the multicommodity flow relaxation for EDP and UFP is
O (min{rlogn, \/n}).

The integrality gap result above is essentially tight since there exist (planar) instances
on which the gap is Q (min{r, \/n}). These results extend the rather limited num-
ber of graph classes that admit poly-logarithmic approximations for maximum EDP.
Another related question is whether the cut-condition, a necessary condition for (frac-
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tionally) routing all pairs, is approximately sufficient. We show the following result
in this context.

e The flow-cut gap for product multicommodity flow instances is O (logr). This was
shown earlier by Rabinovich; we obtain a different proof.

Keywords Treewidth - Edge-disjoint paths - Product multicommodity flow

1 Introduction

Let G = (V, E) be an undirected graph with an integer valued capacity on the edges
given by ¢ : E — Z7. A multicommodity flow instance in G is given by a non-
negative symmetric demand matrix D. The demand for a node pair uv is given by
D(uv). Alternatively, D may be specified as the set of node pairs s1¢1, s212, .. ., Sklk
with positive demand values and in this setting we use d; to denote the demand for
pair s;¢;. A product multicommodity flow instance is a special case where the de-
mand matrix D is specified by a node weight function 7 : V — R™; the demand
D(uv) is set to be mw(u)m(v). We say that D is routable with congestion o in G
if there exists a feasible multicommodity flow for D in G where the capacity of
each edge is multiplied by a factor of «. For a set of nodes S C V, let 6G(S) de-
note the set of edges with exactly one end point in S and let ¢(S) = ZeeB(S) c(e).
Let D(S) = 3,y ues,vgs D(uv) denote the total demand between node pairs sepa-
rated by S. A necessary condition for routability of D is the cut condition: for every
set S C V, c(S) = D(S). The flow-cut gap of G denoted by «(G) is the minimum
o > 1 such that every D that satisfies the cut condition is routable in G with con-
gestion «. The product flow-cut gap of G denoted by S(G) is the minimum 8 > 1
such that every product multicommodity flow matrix that satisfies the cut condition
is routable with congestion 8. Leighton and Rao [27] showed in their seminal work
that 8(G) = O(logn) in general graphs. Subsequently it was shown in [6, 28] that
«(G) = O(logn). Both these bounds improve to O (logk) where k is the size of the
support of D; we will utilize this result this in our work. It is also known that there
are instances for which the above bounds are tight [27].

Given a multicommodity instance we are also interested in integral and unsplit-
table routings. A routing is integral for an integer valued matrix D if each flow path
carries an integer amount of flow. A routing is unsplittable if for each pair the flow is
sent along a single path. Note that if the values in D are in {0, 1}, then integral and un-
splittable routings are the same; in this case the problem is the classical edge disjoint
paths problem (EDP). We refer to the unsplittable flow problem by UFP. Checking
the routability of a given demand matrix D is NP-hard if we require integrality or
unsplittability. In addition to the feasibility question, the maximum EDP problem has
also been widely studied. Here we seek algorithms that find (or approximate) the
maximum routable set, that is, a set of terminal pairs that can be feasibly routed. We
might also have weights on the pairs in which case we are interested in approximating
the total weight of the pairs routed. The best approximation ratio for these problems
in general graphs is O (4/n) [11] obtained via the natural multicommodity flow based
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relaxation. It is also known that the integrality gap is at least this bad; in fact even in
planar graphs the gap may be Q (/) [16]. Henceforth, by EDP we refer only to the
maximization version of the problem.

Multicommodity flow problems are of central importance in both theory and prac-
tice and there is a substantial amount of literature on these problems. One of the
most interesting directions is whether the bounds on the flow-cut gap and/or the ap-
proximability of maximum EDP (and UFP) can be improved by exploiting prop-
erties of the underlying graph. An outstanding conjecture is that «(G) = O(1) for
planar graphs and more generally [18] for minor-free graphs (which include graphs
of bounded treewidth). It is known that S(G) = O (1) in such graphs [20] and that
o(G) = O(4/logn) [31]. EDP was recently shown to be approximable to within
O (logn) in planar graphs if congestion of 2 is allowed [9], and to within a constant if
congestion 4 is allowed [12]. If all the degrees are even and the graph is planar, then
an O(log2 n) approximation is known [22].

1.1 Our Results

In this paper we consider graphs with treewidth bounded by some parameter r denote
the treewidth of the given graph G. Informally speaking, treewidth of a graph G is r
if for any subgraph G’ of G, there is balanced node-separator of size r; that is, there is
a set of r nodes whose removal results in connected components the largest of which
has no more than two-thirds the number of nodes. We give a formal definition later.
We remark that the capacities of the edges of G are not constrained by the treewidth
bound r. It is known that many optimization problems can be solved exactly if the
treewidth r is bounded by a fixed constant [1]. In contrast, EDP in capacitated trees is
already APX-hard [16]. In this work we do not assume that r is a fixed constant and
obtain approximation bounds that depend on r. The running time of our algorithms
are polynomial in both n and r.
Our main results are the following.

e An O(rlogrlogn) approximation for maximum EDP and UFP. We obtain a
stronger bound of O (r logn) on the integrality gap.
e A proof that 8(G) = O(logr) which differs from that of Rabinovich [30].

These results are obtained by decomposing into well-linked instances, a scheme
previously explored in both solving EDP and flow-cut gap questions [9, 10]. Sub-
sequent sections describe the relevant aspects of the scheme. We were inspired to
apply these ideas to graphs with bounded treewidth while examining the work of Ra-
binovich [30] for such graphs. We mention that in some cases, the bounds derived
can be strengthened by replacing the use of tree decompositions by that of branch
decompositions for connectivity systems. The reader is referred to [17].

1.2 Related Work and Discussion
The main tool employed today to understand flow-cut gaps is that of metric embed-
dings. This connection was first pointed out explicitly in [6, 28] and then explored

in a number of papers. Earlier results for flow-cut gaps that have been obtained via
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network decomposition such as [20, 27] have been reinterpreted and strengthened us-
ing embeddings [6, 26, 28, 30, 31]. Further, new and improved approximation results
for finding sparse cuts have been obtained [4, 5] by considering stronger relaxations
for the cut problems. To prove bounds on the flow-cut gap, the embedding approach
works with the metric induced by the dual of the concurrent flow relaxation. There is
substantial earlier work surveyed in [15, 36] which explores conditions under which
the flow-cut gap is 1, in other words when the cut condition implies feasibility of
flow. Such results often require one to impose conditions on both the supply graph
G and on the structure of the demands. A prototypical example of such a result is
the well-known Okamura-Seymour theorem [29] that shows that the flow-cut gap
is 1 if all terminals lie on a single face of a planar graph. Proofs of such results
are typically shown via “primal” arguments: one starts with the cut condition and
shows that a feasible flow can be constructed. This typically requires understanding
the graph structure in more detail and this has several other benefits. In particular,
this approach often yields additional properties on the structure of the flow such as
integrality or half-integrality. On the other hand, the primal method seems difficult to
adopt for cases where the flow-cut gap is larger than 1; here the embedding approach
is flexible and allows one to use many powerful tools from geometry and combina-
torics. We believe that it is useful and important to explore the primal approach to
prove flow-cut gap bounds. In [9], B(G) is related to the congestion required to route
flow for a matching on terminals in a well-linked set (see Sect. 2 for precise defi-
nitions). Using this equivalence and graph theoretic results on existence of suitably
large minors [35], we have obtained primal proofs for the flow-cut gap 8(G) in planar
graphs for both the edge capacitated case [9] as well as node-capacitated case [10].
In this paper we use similar ideas to study the relationship between §(G) and graphs
of bounded treewidth.

As we remarked, one of the motivations for the primal approach is to obtain algo-
rithms for EDP and related routing problems. It is fair to say that, to date, the only
general upper bound on an optimum solution comes from the multicommodity flow
relaxation. Essentially all known algorithms are obtained by bounding the gap be-
tween the fractional and integer flows. The integrality gap of the flow relaxation is
Q(+4/n) [16] and a matching upper bound was shown in [11]. However, allowing a
constant congestion seems to dramatically improve the gap at least in planar graphs:
for instance, allowing congestion 2 gives a bound of O(logn) [9] and congestion
4 gives a bound of O(1) [12]. The classes of graphs for which a poly-logarithmic
approximation is known for EDP with congestion 1 is limited. These include trees
[16], graphs with large expansion (at least an inverse poly-logarithmic) [25], and
even degree planar graphs [22]. Our bound of O (r logr logn) sheds light on the role
of treewidth on the integrality gap and also extends the class of graphs for which a
poly-logarithmic approximation can be obtained. Our algorithm, when viewed appro-
priately, can be thought of extending the algorithm for trees. In terms of inapproxima-
bility of EDP, the following results are known. In general graphs, for any € > 0, there
is no logl/ 2—e n-approximation unless NP C ZPTIME(np"lylog(")) [2, 3]. Moreover,
under similar assumptions, there is no log?!/¢) n-approximation even if congestion
c is allowed [3]. We refer the reader to [21, 23] for pointers to work on algorithms
for EDP.
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2 Preliminaries

We start with a brief review of some basic concepts and ideas that we will utilize in
our algorithms.

2.1 Treewidth

We now formally define treewidth of a graph G, denoted by tw(G). A tree decom-
position of an undirected simple graph G = (V, E) isatree T = (I, F), with a set
Z(i) € V associated with each node i € I, such that the following conditions are
satisfied.

e Foreachv e V,thereisani € I with v € Z(i).
e For each edge vw € E, there is an i € I with v, w € Z(i).
e Foreachv e V,theset {i € I |v € Z(i)} induces a (connected) subtree of T.

The width of the tree decomposition is max;c; |Z(i)| — 1. The treewidth of G is the
minimum width over all its tree decompositions. The —1 in the definition of width
ensures that trees have treewidth 1. It is NP-hard to compute the treewidth of a graph,
however for any fixed k > 1 there is a linear time algorithm to decide if the treewidth
of a given graph is at most k [7]. The current best approximation algorithm [14]
computes a tree decomposition of width O (r/logr) where r = tw(G). In this paper
we do not need to explicitly compute the treewidth of a graph. We assume that we
are given an upper bound r’ on tw(G) and the performance of our algorithms will be
with respect to /. If 7/ turns out to be an invalid upper bound, our algorithms might
report an error in which case they provide evidence that tw(G) > r’. Thus, one can
run the algorithms for each r in 1,2, ..., |V| — 1 and obtain a performance that is
no worse than being given a true value of tw(G); alternatively one can do a binary
search for improved efficiency.

Given a graph G = (V, E) and a node-subset X € V, we say that A C V is a
p-balanced node separator for X if G[V \ A] has no connected component that has
more than p|X| nodes from X. The following is a standard observation on treewidth
and separators.

Proposition 2.1 Given a graph G = (V, E) and any subset X C V, there is a 2/3-
balanced node separator for X containing at most tw(G) nodes.

2.2 Multicommodity Flow and LP Formulation for EDP

We restrict attention to multicommodity flow instances with 0-1 demands: an instance
consists of an edge-capacitated graph G = (V, E) with ¢ : E — Z* and k node pairs
S1t1, 8202, ..., Skt with d; =1 for 1 <i < k. A terminal is a node that participates
in one of the pairs and let X denote the terminal set. We will assume without loss of
generality that each terminal occurs in exactly one pair thus the pairs are induced by
a perfect matching M on X. In this canonical form an instance is given by the triple
(G, X, M). We will also assume that each terminal has degree 1 in G.

An EDP instance consists of a triple (G, X, M) and the goal is to maximize the
number of pairs that can be routed with edge-disjoint paths. For the given instance,
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we let P; denote the set of paths joining s; and # in G and let P = J; P;. The
following multicommodity flow relaxation is used to obtain an upper bound on an
optimal solution to the given instance. For each path P € P we have a variable f(P)
which is the amount of flow sent on P. We let x; denote the total flow sent on paths
for pair i. We let f denote the flow vector with a component for each path P, and we
denote by | f| the value > _; xi. Then the LP relaxation is the following.

k
max in
i=1

st xi— Y f(P)=0, 1<i<k

PeP;

3" f(P)<cle). VeeE,

P:ecP
xi, f(P)el0,1], 1<i<k,PeP.

We work with the above exponential size path formulation for discussion sake,
but there is an equivalent compact formulation that can be used for computational
purposes. We use OPT denote the optimum value of the above relaxation on a given
instance of EDP.

2.3 Well-linked Instances

A subset X C V is cut-well-linked in G if for every S C V we have that ¢(S) >
min{|S N X|, |[(V \ §) N X|}. There is a stronger notion of flow-well-linkedness [10]
that we do not need in this paper and hence we use the term well-linked when we
mean cut-well-linked. An EDP instance (G, X, M) is a well-linked instance if X is
well-linked in G. We rely on the following useful property of well-linked sets.

Lemma 2.2 [10] Let X be a well-linked set of nodes in a graph G and let v be any
node in G. Fix any subset Y C X. If v can be connected by edge-disjoint paths to
every node in Y, then v can be connected by edge-disjoint paths to every node in any
given subset Z C X with |Z| < [|Y1/2].

2.4 Min-ratio Edge-Separators

Given a graph G = (V, E), an edge-separator is a subset of edges of the form §5(S),
where S is a nontrivial subset of V, and §(S) are the edges with exactly one endpoint
in S. We consider graphs with non-negative node-weights w : V — R and non-
negative edge-weights ¢ : E — R*. For an edge-separator E/ = §(S) we define the
ratio of E’ to be ¢(E’)/ min{w(S), w(V \ S)}. A min-ratio edge-separator is an edge-
separator with the minimum ratio. (If G is not connected, then there exists a separator
whose ratio is zero.) Computing a min-ratio edge-separator is NP-hard. It is known
that an O(B(G)) approximation can be obtained for min-ratio edge-separators by
solving a multicommodity flow problem [27], however better approximation ratios
can be obtained using stronger relaxations [4, 5].
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2.5 Separators, Treewidth, and Well-linked Sets

Lemma 2.3 Let X be a well-linked set of nodes in a graph G with tw(G) <r, and
X > 6r. Then there is a subset A C 'V such that |A| <r and a set of edge disjoint
paths Py, Pa, ..., Py such that

e h>|X|/3.
e Each path P; intersects A and has as its end-points, two distinct nodes in X .
e FEach node in X is the end point of at most one path.

Proof From Proposition 2.1 there is a 2/3-balanced node separator A for X of size
at most r. That is, |A| < r and there are two disjoint subsets X, X» C X such that
|X|/3 <|X1| <2|X]|/3 and |X|/3 < |X3| <2]X]|/3 and X; and X, are in separate
components of G[V \ A]. Let h = min{|X1], |X2|}. From well-linkedness of X it

follows that there are edge disjoint paths Py, P», ..., P, that have one end point in
X1 and the other in X>. Note that all these paths intersect A since A separates X
from X;. These are the desired paths. |

Corollary 2.4 Let X be a well-linked set of nodes in a graph G withtw(G) <r. Then
there is a subset A C 'V such that |A| <r and there is a set of paths P = {P, | v € X}
such that (i) Py is a path from v to some node in A, and (ii) no edge e of G is in more
than two paths of P.

Proof Let A, X1, X5, and h be as in the Lemma 2.3. Assume without loss of gener-
ality that 7 = | X|. Since | X»| < 2h and X is well-linked, we can find two collections
‘P1 and P, of edge-disjoint paths from X; to X, such that each node in X U X» is
an end-point of at least one path in the collection. Note that an edge ¢ may appear in
both P; and P,. Now any path P € P; U P, can be partitioned into three segments
such that (i) the first segment starts at a node in X| and ends when the path first meets
anode uj € A, (ii) the second segment starts at #; and ends at the last node from A
that appears on the path, say u», and (iii) the third segment starts at u> and ends at a
node in X». We add to P the first and the third segments as defined above for each
path P € P; U P,. For each node v € AN X, we add to P the trivial path consisting
of node v alone. This gives us the desired collection of paths. If there are multiple
paths in P representing a node v in X, we can discard them in an arbitrary manner
until a single path P, remains. U

3 An Overview of the Routing Framework

We now describe the underlying framework for our results. We follow the approach
used in [8—10, 12] which has two steps. In the first step, using a fractional solution, the
problem is decomposed into well-linked (in [12] they are not well-linked, but rather
“well-behaved”) instances without losing too much of the original fractional flow.
In the second step, we route—integrally for EDP or fractionally for all-or-nothing
flow—a poly-logarithmic (or constant in [12]) fraction of the remaining demands in
each instance.
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Specifically, we adopt the algorithm obtained in [10]. The algorithm in [10]
takes an input instance (G, X, M) with an LP value OPT and obtains, in polyno-
mial time, a collection of (node-disjoint) instances (G1, X1, M1), (G2, X2, M3), ...,
(Gn, Xn, My). The algorithm requires a sub-routine to compute approximate min-
ratio edge separators. Let y (G) denote the approximation guarantee of the separator
algorithm. Then the decomposition obtained has the following properties.

For 1 <i <h, G; = G[V;] for some V; C V, and Vi, V5, ..., V}, are disjoint.
Forl<i<h M;CM.

For 1 <i <h, X; is well-linked in G;.

Zl 1 1M;] _Q(y(G)logn) OPT.

Thus we obtain a reduction to well-linked instances while losing an O (y (G) logn)
factor in the approximation ratio. It follows from [30] that y(G) = O(logr). If G
satisfies additional properties, then we might have stronger bounds than O (logr). For
example k-outerplanar graphs have treewidth O (k) but by virtue of being planar, they
have y(G) = O(1). We observe that the result above implies, by setting y (G) = 1,
that there exists a decomposition in which an €2 (1/logn) factor of OPT is retained.

Following the decomposition, the goal is to route a large number of demands in
a well-linked instance by exploiting properties of such instances. This is done via a
two-phase routing as follows. First, in any well-linked instance we show the existence
of a subgraph that behaves as a crossbar. In the case of fractional flows [8] this is a
product multicommodity flow (based on Leighton-Rao [27]), and in the case of EDP
(in planar graphs) this is a grid minor (based on Robertson-Seymour). In Phase 1 of
the routing, we show that a large fraction of our terminals can route to the crossbar.
In Phase 2, the appropriate terminals are matched up using the crossbar. The main
contribution of the present paper is to show that the two-phase routing framework
extends to EDP and MCF in graphs of bounded treewidth. The crossbar in this case
is identified from within an appropriately chosen separator.

3.1 Two-Phase Routing

In this section, we formalize our notion of two-phase routing. Let D be a demand
matrix in a graph G and let f : V — V be a mapping. We define a demand matrix
Dy as follows:

Dy(xy) = > D(uv).
uv: f W=x, f ()=y

In other words the demand D(uv) for a pair of nodes uv is transferred in D to
the pair f (u) f (v). Thus the total demand transferred from u to f(u) is Y, D(uv).
We define another demand matrix D', which essentially asks that each node u can
transfer this amount of flow to f'(u).

Dy (uf ) =Y _ D(uv).

The matrix D’, represents the first-phase of the routing whereby each node u dis-
tributes its demand to f(u). This is to be interpreted as saying that the node u is
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routed to the node f(u) of the crossbar. The matrix D r, on the other hand, represents
the demand that needs to be routed by the crossbar in the second-phase. The follow-
ing elementary proposition shows a correspondence between the cut condition for the
routing in the two phases and the cut condition for the original demand matrix.

Proposition 3.1 If D', is routable in G with congestion a, and D is routable in G
with congestion b, then D is routable with congestion a + b in G.

We need a cut condition given by the lemma below. For any x € R and graph G,
we denote by xG, the graph obtained by multiplying the capacity of each edge of G
by x.

Lemma 3.2 Let D be a demand matrix on a given graph G andlet f :V — V be a
mapping. If the cut condition is satisfied for D, and D} is routable in y G, then the
cut condition is satisfied for Dy in (y +1) - G.

Proof Consider a cut §(S) in G for some S C V. Recall that ¢(S) is the total capacity
of the edges in 6(S). Since D satisfies the cut condition ¢(S) > D(S) forall S C V.
Also, since D} is routable in ¥ G, yc(S) > D}(S) forall S C V.

To prove the lemma we need to show that (y + 1)c(S) > Dy(S) forall SC V.
From the above inequalities on ¢(S), it suffices to show that D ¢ (S) < D(S) + D} (S).
Let X5 denote the set of all unordered pairs of nodes v such that # and v are sepa-
rated by S, thatis {s, 7} NS = 1. We can write D ¢(S) as Y, () f(vyexs P @v). For
each pair uv such that f(u) f(v) € Xg, we charge D(uv) to either D(S) or D}(S)
such that there is no overcharge. This will complete the argument.

We consider two cases. If uv € Xg then we charge D(uv) to D(S). Note that
Zuvexs D(uv) = D(S) and hence we do not over charge D(S). If uv € X then
either uf (u) € Xs or vf(v) € Xs but not both. In u f (1) € X5 we charge D(uv) to u,
otherwise to v. We observe that the total charge to a node u is at most D’f- (uf(u) and
it is charged only if uf (1) € Xs. Hence the total charge to D’f(S) is not exceeded
either. O

4 Approximation Algorithms for EDP and UFP

In this section we prove the O(rlogrlogn) approximation for EDP and UFP. The
approximation is based on the multicommodity flow relaxation described in Sect. 2.
Using known ideas [13, 24] an algorithm for EDP based on the flow relaxation can be
extended to obtain an algorithm with a comparable performance (to within constant
factors) for UFP if diax < cmin. Thus we focus on EDP.

Theorem 4.1 Let (G, X, M) be a well-linked instance of EDP and let tw(G) <r.
Then any subset of |M|/(6r) pairs in M can be routed edge-disjointly in G. Moreover,
given a well-linked instance (G, X, M) and an integer r' > 1, there is a polynomial
time algorithm that either routes |M|/(6r") pairs in M edge-disjointly or correctly
claims that tw(G) > r'.
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Proof We prove the first part of the theorem assuming knowledge of a valid upper
bound r on tw(G). If |M| < 6r, it suffices to route any pair in M (note that since
X is well-linked, all vertices in X must belong to the same connected component
in G). Let A be the separator as in Lemma 2.3, and consider the collection P of
|X|/3 edge-disjoint paths that go through A such that end-points of each path are
distinct nodes in X . By Pigeonhole principle, there exists a node v such that | X|/(3r)
paths in P go through v. In other words, there is a subset Y C X of size 2|X|/(3r)
that can reach v via edge-disjoint paths. By Lemma 2.2, it follows that any subset
Z C X of size |X|/(3r) can reach v via edge-disjoint paths. In particular, we can
choose an arbitrary set of |M|/(6r) edges in M and route their end-points to v in an
edge-disjoint manner. We thus get an edge-disjoint routing for the chosen |M|/(6r)
pairs in M, as claimed.

Now suppose we are given an integer parameter r’ which might not be a valid
upper bound on tw(G). We pick an arbitrary set of |M|/(6r’) pairs from M and let
Z be the set of end points of these pairs. For each node u € V(G) we solve single-
source maximum flow problem from the set Z to u. If the flow value for any node is
|Z| we have found the desired paths. Otherwise, from the analysis above, we obtain
a contradiction to the fact that tw(G) <r’. Il

Theorem 4.2 EDP in graphs with treewidth at most r can be approximated to within
a ratio of O(rlogrlogn). The integrality gap for the multicommodity flow relaxation
is O(rlogn).

Proof We solve the flow relaxation. Let OPT denote the value of the flow relaxation.
Using the decomposition described in Sect. 3, we create a collection of well-linked
instances, say (G1, X1, M1), (G, X2, Ma), ..., (G, Xn, My), with Y1, |M;| >
OPT/(clogrlogn) for some constant c. Moreover, tw(G;) < tw(G) for 1 <i <h
since G; is a subgraph of G. By Theorem 4.1, we can route in each G; |M;|/(6r)
pairs in M;. Summing over all 4 instances, we get the desired bound. Note that we
get the improved bound on the integrality gap by the same reasoning but using an
optimum separator algorithm in the decomposition. g

Theorem 4.3 The integrality gap of the multicommodity flow relaxation for EDP in
graphs with treewidth at most r is O (min{r logn, /n}). Moreover, the integrality gap
is Q(min{r, «/n}) even in planar graphs.

Proof The upper bound on the integrality gap follows by combining the bound of
O(rlogn) from Theorem 4.2 with the O(+/n) shown in [11]. For the lower bound,
we note that [16] establishes an 2 (1/n) lower bound on the integrality gap on a planar
grid-like graph of treewidth ® (4/n). For any r < /n, this family of instances can be
scaled to a graph on O (r?) vertices with treewidth r and an integrality gap of Q (r). [J

5 Product Multicommodity Flow-Cut Gap

In [9] it was observed that proving an upper bound on B(G) is equivalent to estab-
lishing an upper bound on the worst case congestion required to route an arbitrary
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matching M on a well-linked set X in G. Thus it suffices to prove the following
theorem.

Theorem 5.1 Let X be a well-linked set in G. If tw(G) < r then any matching M on
X can be routed fractionally in G with congestion O (logr).

Proof Let D be the demand matrix induced by the matching M on X, that is
D(uv) =1 if and only if uv is an edge of M. Since X is well-linked the cut con-
dition is satisfied for D. Let A C V be the set of at most  nodes with the properties
guaranteed by Corollary 2.4; let P, be the path from v € X to anode in A. Using these
paths we define a mapping f : X — A where f(v) = x where x is the end point of P,
in A. By construction we have that D’, has a feasible routing in G with congestion
2. Thus by Lemma 3.2, the cut condition is satisfied for the demand matrix Dy in
the graph 3 - G. We now observe that Dy (uv) > 0 only if u, v € A. Therefore, the
number of non-zero values in D is O (r?). It follows from the flow-cut gap results
of [6, 28] that Dy is routable in G with congestion O (logr). Since D} is routable
with congestion 2 and D is routable with congestion O(logr), D is routable with
congestion O (logr). O

Flow-cut gap results have been motivated by and applied to find approximation
algorithms for separator problems and their applications—see [27] for several exam-
ples. Gap results via embedding methods are typically shown via constructive algo-
rithms that obtain a separator from a metric relaxation that is dual to the multicom-
modity flow problem. The above proof can be converted into an algorithm that finds
in polynomial time an O (logr) approximation for finding min-ratio edge-separators
in graphs of treewidth O (7). However, as we mentioned earlier, such an algorithm
can be derived from [30] and hence we omit the details of the algorithm.

6 Conclusions

We used the primal method and well-linked decomposition to obtain results on mul-
tiflow problems. The results are parametrized by the treewidth of the graph and are
meaningful when it is not too large. For EDP we obtained an O (r logr logn) approx-
imation ratio. However, we prove a better bound of O(rlogn) on the integrality gap
of the flow relaxation—this bound is existential. It would be interesting to remove
this discrepancy and obtain an approximation ratio that matches the integrality gap.
Further, the known lower bound on the integrality gap is only €2 (7). Can a matching
upper bound be shown?

As we mentioned already, it is conjectured [18] that the flow-cut gap for multicom-
modity flows in graphs of bounded treewidth is O(1). The conjecture in fact states
that the gap is O (1) for any class of graphs that excludes a fixed minor. The con-
jecture is not known to be true even for graphs of bounded pathwidth [32]. In some
recent work, Indyk and Sidiropoulos [19] showed that the flow-cut gap in graphs of
bounded genus is O(1) if the gap is O (1) in planar graphs. Can this equivalence can
be extended to minor-free graphs? If so, it suffices to prove the conjecture for planar

@ Springer



Algorithmica (2009) 54: 400412 411

graphs. One bottleneck [37] to showing such an equivalence are graphs of bounded
pathwidth; path decompositions arise in Robertson and Seymour’s structural char-
acterization of minor-free graphs in terms of bounded genus graphs [34]. For these
reasons, a fruitful intermediate question to pursue is whether the flow-cut gap is O (1)
in graphs of bounded pathwidth.
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