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Submodular functions are fundamental to combinatorial optimization. Many interesting problems can13

be formulated as special cases of problems involving submodular functions. In this work, we consider14

the problem of approximating symmetric submodular functions everywhere using hypergraph cut15

functions. Devanur, Dughmi, Schwartz, Sharma, and Singh [5] showed that symmetric submodular16

functions over n-element ground sets cannot be approximated within (n/8)-factor using a graph cut17

function and raised the question of approximating them using hypergraph cut functions. Our main18

result is that there exist symmetric submodular functions over n-element ground sets that cannot19

be approximated within a o(n1/3/ log2 n)-factor using a hypergraph cut function. On the positive20

side, we show that symmetrized concave linear functions and symmetrized rank functions of uniform21

matroids and partition matroids can be constant-approximated using hypergraph cut functions.22
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1 Introduction29

A set function f : 2V → R≥0 defined over a ground set V is submodular if f(A) + f(B) ≥30

f(A ∩ B) + f(A ∪ B) for all subsets A, B ⊆ V and is symmetric if f(A) = f(V − A) for31

all subsets A ⊆ V . Submodular functions have the diminishing marginal returns property32

which arise frequently in economic and game theoretic contexts. Well-known examples of33

submodular functions include matroid rank functions and graph/hypergraph cut functions.34

Owing to these connections, submodular functions play a fundamental role in combinatorial35

optimization.36

Throughout this work, we will be interested in non-negative set functions f : 2V → R≥037

with f(∅) = 0. We use n to denote the size of the ground set V . For a parameter α ≥ 1, a38

set function g : 2V → R≥0 is said to α-approximate a set function f : 2V → R≥0 if39

g(A) ≤ f(A) ≤ αg(A) ∀ A ⊆ V.40

Given the prevalence of submodular functions in combinatorial optimization, a natural41

question that has been studied is whether an arbitrary submodular set function can be42
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well-approximated by a concisely representable function. We distinguish between structural43

and algorithmic variants of this question: the structural question asks whether submodular44

functions can be well-approximated via concisely representable functions while the algorithmic45

question asks whether such a concise representation can be constructed using polynomial46

number of function evaluation queries (note that the algorithmic question is concerned with47

the number of function evaluation queries as opposed to run-time). Concise representations48

with small-approximation factor are useful in learning, testing, streaming, and sketching49

algorithms. Consequently, concise representations with small-approximation factor for50

submodular functions (and their generalizations and subfamilies of submodular functions)51

have been studied from all these perspectives with most results focusing on monotone52

submodular functions [8, 2, 12, 1, 5, 11, 6, 3].53

In this work, we focus on approximating symmetric submodular functions. Balcan, Harvey,54

and Iwata [2] showed that for every symmetric submodular function f : 2V → R≥0, there55

exists a function g : 2V → R≥0 defined by g(S) :=
√

χ(S)T Mχ(S), where χ(S) ∈ {0, 1}V is56

the indicator vector of S ⊆ V and M is a symmetric positive definite matrix such that g57 √
n-approximates f . We note that such a function g has a concise representation—namely, the58

matrix M . Is it possible to improve on the approximation factor for symmetric submodular59

functions using other concisely representable functions?60

The concisely representable family of functions that we study in this work is the family61

of hypergraph cut functions. A hypergraph H = (V, E) consists of a vertex set V and62

hyperedges E where each hyperedge e ∈ E is a subset of vertices. If every hyperedge has size63

2, then the hypergraph is simply a graph. For a subset A of vertices, we use δ(A) to denote64

the set of hyperedges e such that e has non-empty intersection with both A and V \ A. The65

cut function d : 2V → R+ of a hypergraph H = (V, E) with hyperedge weights w : E → R+66

is given by67

d(A) :=
∑

e∈E: e∈δ(A)

we ∀ A ⊆ V.68

A function g : 2V → R+ is a hypergraph cut function if there exists a weighted hypergraph69

with vertex set V whose cut function is g. We will say that a function f : 2V → R+ is70

α-hypergraph-approximable (α-graph approximable) if there exists a hypergraph (graph) cut71

function g such that g α-approximates f . We note that although a hypergraph could have72

exponential number of hyperedges, every n-vertex hypergraph admits a (1 + ϵ)-approximate73

cut-sparsifier with O(n log n
ϵ2 ) hyperedges (see Theorem 6 for a formal definition of cut-74

sparsifier), and hence, hypergraph cut functions have a concise representation (with a75

constant loss in approximation factor).76

The structural approximation question of whether every symmetric submodular function77

is constant-hypergraph-approximable was raised by Devanur, Dughmi, Shwartz, Sharma, and78

Singh [5]. They showed that every symmetric submodular function on a ground set of size n79

is O(n)-graph-approximable and that this factor is tight for graph-approximability: in fact,80

the cut function of the n-vertex hypergraph containing a single hyperedge that contains all81

vertices cannot be (n/4 − ϵ)-approximated by a graph cut function for all constant ϵ > 0.82

This example naturally raises the following intriguing conjecture:83

▶ Conjecture 1. Every symmetric submodular function is constant-hypergraph-approximable.84

The conjecture is further fueled by the fact that there are no natural examples of symmetric85

submodular functions besides hypergraph cut functions (although arbitrary submodular86

functions can be symmetrized while preserving submodularity).87
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We emphasize that the algorithmic variant of Conjecture 1 is false. In particular, there88

does not exist an algorithm that makes a polynomial number of function evaluation queries to89

a symmetric submodular function f and constructs a hypergraph cut function g such that g90

O(
√

n/ ln n)-approximates f . We outline a proof of this observation now. Suppose that there91

exists an algorithm that uses polynomial number of function evaluation queries to a given92

symmetric submodular function f to construct a weighted hypergraph whose cut function93

α-approximates f ; then we can obtain an α-approximation to the symmetric submodular94

sparsest cut problem by constructing such a hypergraph and solving the sparsest cut on95

that hypergraph exactly (using exponential run-time). However, Svitkina and Fleischer [12]96

have shown that the best possible approximation for the symmetric submodular sparsest97

cut problem using polynomial number of function evaluation queries is Ω(
√

n/ ln n) (even if98

exponential run-time is allowed). Hence, the algorithmic version of hypergraph-aproximability99

has a strong lower bound of Ω(
√

n/ ln n). This leaves the structural question open while100

perhaps, hinting that it may also have a strong lower bound.101

1.1 Our Results102

The symmetrization of a set function f : 2V → R is the function fsym : 2V → R obtained as103

fsym(A) := f(A) + f(V \ A) − f(V ) − f(∅).104

We note that if f : 2V → R is submodular, then its symmetrization fsym : 2V → R is105

symmetric submodular. A matroid rank function is a non-negative integer valued submodular106

set function r : 2V → Z satisfying r(A) ≤ r(A ∪ {e}) ≤ r(A) + 1 for every subset A ⊆ V and107

element e ∈ V . As a step towards understanding Conjecture 1, we observe that it suffices to108

focus on symmetrized matroid rank functions (see Section 1.3 for a proof).109

▶ Proposition 2. If the symmetrization of every matroid rank function is α-hypergraph-110

approximable, then every rational-valued symmetric submodular function is α-hypergraph-111

approximable.112

Next, we refute Conjecture 1 by showing the following result.113

▶ Theorem 3. For every sufficiently large positive integer n, there exists a matroid rank114

function r : 2[n] → Z≥0 such that rsym is not α-hypergraph-approximable for115

α = o

(
n

1
3

log2 n

)
.116

Our proof of Theorem 3 is an existential argument and it does not construct an explicit117

matroid rank function that achieves the lower bound.118

Next, we prove positive approximation results for certain subfamilies of symmetric119

submodular functions. The subfamilies that we consider are inspired by Proposition 2 and120

by previous work on approximating symmetric submodular functions and matroid rank121

functions.122

We call a set function f : 2V → R≥0 as a concave linear function if there exist weights w :123

V → R≥0 and an increasing concave function h : R≥0 → R≥0 such that f(S) = h(
∑

v∈S wv)124

for every S ⊆ V . We note that concave linear functions are submodular. Goemans, Harvey,125

Iwata, and Mirrokni [8] showed that every matroid rank function over a n-element ground126

set can be
√

n-approximated by the square-root of a linear function, i.e., by a concave127

linear function. Balcan, Harvey and Iwata [2] showed that every symmetric submodular128
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function f : 2V → R≥0 is
√

n-approximated by a function g : 2V → R≥0 of the form129

g(S) :=
√

χ(S)T Mχ(S) for all S ⊆ V , where χ(S) ∈ {0, 1}V is the indicator vector of S and130

M is a symmetric positive definite matrix. In particular, if M is a diagonal matrix, then the131

function g is the square root of a linear function, i.e., a concave linear function. Given the132

significant role of concave linear functions, we consider the hypergraph-approximability of133

such functions.134

▶ Theorem 4. Symmetrized concave linear functions are 128-hypergraph-approximable.135

As a special case of Theorem 4, we obtain that the symmetrized rank function of uniform136

matroids is constant-hypergraph-approximable. Thus, symmetrized rank functions of uniform137

matroids act as a starting point for identifying subfamilies of symmetrized matroid rank138

functions that are constant-hypergraph-approximable. We consider a generalization of the139

uniform matroid, namely the partition matroid and show that it is also constant-hypergraph-140

approximable. We refer the reader to Section 1.2 for formal definitions of uniform and141

partition matroids.142

▶ Theorem 5. Symmetrized rank functions of uniform matroids and partition matroids are143

64-hypergraph-approximable.144

Theorem 5 gives a concrete class of functions for which there is a large gap between the145

approximation capabilities of graph cut functions and hypergraph cut functions. Consider146

the uniform matroid where the independent sets are those of size at most 1. The symmetrized147

rank function of this matroid is the same as the cut function of a hypergraph with a single148

hyperedge spanning all vertices. As mentioned above, this function cannot be (n/4 − ϵ)-149

approximated by a graph cut function for all constant ϵ > 0 [5]. Thus, symmetrized rank150

functions of uniform and partition matroids cannot be better than n/4 approximated by151

graph cut functions, but can be constant factor approximated by hypergraph cut functions.152

While our lower bound result in Theorem 3 rules out α-hypergraph-approximability for153

symmetric submodular functions for α = o(n1/3/ log2 n), our positive results suggest broad154

families of symmetric submodular functions which are constant-hypergraph-approximable.155

It would be interesting to characterize the family of symmetric submodular functions that156

are constant-hypergraph-approximable. We also do not know if our lower bound result in157

Theorem 3 is tight. We only know that every symmetric submodular function is (n − 1)-158

graph-approximable. It would be interesting to show that every symmetric submodular159

function is Õ(n1/3)-hypergraph-approximable—we believe that Proposition 2 and Theorem 4160

should help towards achieving this approximation factor.161

1.2 Preliminaries162

A set function f : 2V → R≥0 is submodular if f(A) + f(B) ≥ f(A ∩ B) + f(A ∪ B) for all163

subsets A, B ⊆ V , symmetric if f(A) = f(V − A) for all subsets A ⊆ V , and monotone if164

f(B) ≥ f(A) for all subsets A ⊆ B ⊆ V .165

A matroid M = (V, I) is specified by a ground set V and a collection I ⊆ 2V , known as166

independent sets, satisfying the three independent set axioms: (1) ∅ ∈ I, (2) if B ∈ I, then167

A ∈ I for every A ⊆ B, and (3) if A, B ∈ I with |B| > |A|, then there exists an element168

v ∈ B \ A such that A ∪ {v} ∈ I. The rank function r : 2V → Z≥0 of a matroid M = (V, I)169

is defined as170

r(A) := max{|S| : S ⊆ A, S ∈ I} ∀ A ⊆ V.171
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The definition of matroid rank functions that we presented in Section 1.1 is equivalent to this172

definition [10]. It is well-known that the rank function of a matroid is monotone submodular.173

We consider two matroids over the ground set V . A uniform matroid is a matroid in174

which the independent sets are exactly the sets containing at most k elements of the ground175

set V , for some fixed integer k—we call it as the uniform matroid over ground set V with176

budget k. Partition matroids generalize uniform matroids: the independent sets of the177

partition matroid associated with a partition P1, . . . , Pt of the ground set V with budgets178

b1, . . . , bt ∈ Z≥0 are those subsets A ⊆ V for which |A ∩ Pi| ≤ bi for every i ∈ [t].179

The proof of our lower bound will use the following theorem showing the existence of180

cut-sparsifiers.181

▶ Theorem 6. [4] For every positive constant ϵ and for every weighted n-vertex hypergraph182

H, there exists another weighted hypergraph H ′ (called a cut-sparsifier) on the same vertex183

set with Õ(n/ϵ2) hyperedges such that the cut function of H ′ (1 + ϵ)-approximates the cut184

function of H.185

1.3 Proof of Proposition 2186

In this section, we prove Proposition 2. We need the notion of contraction of set functions and187

hypergraphs. For a set function f : 2V → R≥0 and a subset A, the function g : 2V −A+a → R≥0188

obtained by contracting f with respect to A is defined as189

g(S) :=
{

f(S) if a ̸∈ S,

f(S − a + A) if a ∈ S.
190

If f : 2V → R≥0 is a symmetric submodular function and A ⊆ V , then the function obtained191

by contracting f with respect to A is also symmetric submodular. Let H = (V, E) be192

a hypergraph with hyperedge weights w : E → R≥0 and A ⊆ V . Then, the hypergraph193

obtained by contracting H with respect to A is defined as H ′ = (V − A + a, E′) where a is a194

new vertex not present in V and195

E′ := {e − A + a : e ∈ E, e ∩ A ̸= ∅} ∪ {e : e ∈ E, e ∩ A = ∅}.196

We note that E′ could have self-loops and that there is a surjection ϕ : E → E′ mapping each197

hyperedge to the hyperedge it is contracted into (which could be the same as the original198

hyperedge). We use this surjection to define the weight w′ : E′ → R≥0 of hyperedges in E′ as199

w′(e′) =
∑

e∈E : ϕ(e)=e′ w(e). We note that if f is the cut function of a weighted hypergraph200

H = (V, E) with hyperedge weights w : E → R≥0 and A ⊆ V , then the contraction of f with201

respect to A corresponds to the cut function of the weighted hypergraph (H ′, w′) obtained202

by contracting H with respect to A. This leads to the following observation:203

▶ Observation 7. The contraction of a α-hypergraph-approximable function f : 2V → R≥0204

with respect to a subset A ⊆ V is also α-hypergraph-approximable.205

▶ Proposition 2. If the symmetrization of every matroid rank function is α-hypergraph-206

approximable, then every rational-valued symmetric submodular function is α-hypergraph-207

approximable.208

Proof. It suffices to consider integer-valued symmetric submodular functions (multiply all209

function values by the product of the denominators of their rational expressions). Hence, we210

will focus on approximating integer-valued symmetric submodular functions.211



20:6 Approx Representation of Sym Submodular Functions

Let f : 2V → Z≥0 be an integer-valued symmetric submodular function. It is known that212

there exists a vector w ∈ RV such that the function g : 2V → R≥0 defined by213

g(S) := f(S) +
∑
u∈S

wu ∀ S ⊆ V214

is integer-valued, monotone, and submodular [7, Section 3.3] (e.g., for our purposes, we215

can simply choose wu := max{f(S) : S ⊆ V } for every u ∈ V ). Since f(V ) = 0, we216

have that g(V ) =
∑

u∈V wu. Consequently, (1/2)gsym(S) = (1/2)(g(S) + g(V − S) −217

g(V )) = (1/2)(f(S) + f(V − S)) = f(S) for every S ⊆ V since f is symmetric. Thus,218

f(S) = (1/2)gsym(S) for every S ⊆ V .219

Next, consider the integer-valued monotone submodular function g : 2V → Z≥0 obtained220

as above. Helgason [9] showed that there exists a matroid on a ground set U with rank221

function r : 2U → Z≥0 and a partition (Uv : v ∈ V ) of U such that g(S) = r(∪v∈SUv) for222

every S ⊆ V . Equivalently, the function g is obtained from the rank function r by repeatedly223

contracting with respect to Uv for each v ∈ V (the order of processing v ∈ V is irrelevant).224

Moreover, f(S) = (1/2)gsym(S) = (1/2)rsym(∪v∈SUv) for every S ⊆ V . Hence, the function225

f is half times the contraction of a symmetrized matroid rank function. Thus, if every226

symmetrized matroid rank function is α-hypergraph-approximable, then by Observation 7,227

the function f is also α-hypergraph-approximable. ◀228

2 Lower Bound229

In this section, we prove Theorem 3. In our first lemma, we show that it suffices to consider230

only hypergraphs with Õ(n) hyperedges if we are willing to tolerate a constant loss in the231

approximation factor.232

▶ Lemma 8 (Few hyperedges suffice). Let f : 2[n] → R≥0 be a symmetric submodular function233

and β ≥ 1 be a positive real number. Suppose that there exists a weighted hypergraph H234

whose cut function β-approximates f . Then, there exists a weighted hypergraph H ′ with Õ(n)235

hyperedges whose cut function 2β-approximates f .236

Proof. Applying Theorem 6 to H with ϵ = 1 gives us that there exists a weighted hypergraph237

H ′ with Õ(n) hyperedges whose cut function 2-approximates the cut function of H. Since the238

cut function of H β-approximates f , this means that the cut function of H ′ 2β-approximates239

f . ◀240

Next we show that it suffices to restrict our attention to hypergraphs with rational241

hyperedge weights while again losing only a constant in the approximation factor (since we242

will be considering only hypergraphs with O(n) hyperedges).243

▶ Lemma 9 (Bounded rational weights suffice). Let r : 2V → R+ be a matroid rank function244

on ground set V = [n]. Suppose that there exists a hypergraph H = (V, E) with hyperedge245

weights w : E → R+ with |E| = Õ(n) whose cut function d : 2[n] → R≥0 β-approximates rsym246

for some β = o(n). Then, there exist hyperedge weights w′ : E → Q+ which assign to each247

hyperedge of H a positive rational weight p/q where p, q ≤ n3 such that d′ 2β-approximates248

rsym, where d′ : 2[n] → R≥0 is the cut function induced by the weight function w′.249

Proof. Since r is the rank function of a matroid on ground set V = [n], we have that250

r(S) ≤ n for all S ⊆ [n], and therefore rsym(S) ≤ n for all S ⊆ [n]. Consequently, if w(e) > n251

for some e ∈ E then we have d(S) > n ≥ rsym(S) for some S ⊆ [n], a contradiction. Thus,252

we conclude that w(e) ≤ n for every e ∈ E.253
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We define the new weight function w′ : E → R≥0 by254

w′(e) := ⌊n2w(e)⌋
n2 ∀ e ∈ E.255

For every e ∈ E, the weight w′(e) is a rational number p/q with q = n2 and p ≤ n2w(e) ≤ n3.256

Next, we show that the cut function d′ : 2[n] → R≥0 induced by this weight function w′
257

satisfies the required bounds for every subset S ⊆ [n].258

For every e ∈ E, we have that w′(e) ≤ w(e). Thus, for every S ⊆ [n], we have that259

d′(S) ≤ d(S) ≤ rsym(S). Moreover, for every e ∈ E, we have that w′(e) ≥ w(e) − 1/n2.260

Therefore, for every S ⊆ [n], we have that261

d′(S) ≥ d(S) − |E|/n2. (1)262

Let S ⊆ [n]. If rsym(S) = 0, then d′(S) ≤ d(S) = 0, and so rsym(S) ≤ 2βd′(S). Suppose263

rsym(S) > 0. Since rsym(S) is an integer, this means that rsym(S) ≥ 1, and therefore264

1/β ≤ rsym(S)/β ≤ d(S). Since |E| = Õ(n), we have that |E|/n2 = Õ( 1
n ), and since265

β = o(n), we conclude that |E|/n2 < 1/2β ≤ d(S)/2. Hence, Inequality (1) gives us that266

d′(S) ≥ d(S)/2, and therefore, rsym(S) ≤ βd(S) ≤ 2βd′(S).267

◀268

We will show the existence of our desired matroid rank function using the following269

theorem of Balcan and Harvey [3].270

▶ Theorem 10. [3] For every positive integer n and k ≥ 8 with k = 2o(n1/3), there exists a271

family of sets A ⊆ 2[n] and a family of matroids M = {MB : B ⊆ A} on the ground set [n]272

with the following properties:273

1. |A| = k and |A| = ⌊n1/3⌋ for every A ∈ A.274

2. For every B ⊆ A and every A ∈ A, we have275

rankMB (A) =
{

8⌊log k⌋ (if A ∈ B)
|A| = ⌊n1/3⌋ (if A ∈ A \ B)

.276

3. For every A1, A2 ∈ A with A1 ̸= A2, we have |A1 ∩ A2| ≤ 4 log k.277

4. For every B ⊊ A, we have rankMB ([n]) = ⌊n1/3⌋.278

We note that the version of the theorem given in [3] does not include the third and fourth279

properties. However, the proof for the variant of Theorem 10 with the first two properties280

given in [3] shows that the third and fourth properties also hold. We are now ready to prove281

Theorem 3. The following is a restatement of Theorem 3.282

▶ Theorem 11. For every sufficiently large positive integer n, there exists a symmetrized283

matroid rank function rsym : 2[n] → Z≥0 on ground set [n] such that rsym is not α-hypergraph-284

approximable for α = o(n1/3/ log2 n).285

Proof. For simplicity, we will assume that n = 8x for some positive integer x, so that log n286

and n1/3 are both integers. If the theorem holds for n of this form, it holds for all sufficiently287

large n, since for any 8x ≤ n < 8x+1 we can extend a matroid M on ground set [8x] to a288

matroid M ′ on ground set [n] which has the same independent sets.289

For k = nlog n, let A be a collection of subsets of [n] and M = {MB : B ⊆ A} be the290

family of matroids on ground set [n] with the properties guaranteed by Theorem 10. We note291

that |M| = 2nlog n . For each B ⊆ A, let rB
sym be the symmetrized rank function of MB and let292
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F := {rB
sym : MB ∈ M} be the family of symmetrized rank functions of matroids in the family293

M. We note that F is a family of 2nlog n symmetrized matroid rank functions over the ground294

set [n]. We will prove that there exists rB
sym ∈ F which is not α-hypergraph-approximable.295

Suppose for contradiction that for every function rB
sym ∈ F there exists a hypergraph HB296

such that the cut function dB of HB satisfies dB(S) ≤ rB
sym(S) ≤ α(n)dB(S) for all S ⊆ [n].297

Let rB
sym ∈ F . By Lemma 8, there exists a weighted hypergraph H ′

B with Õ(n) hyperedges298

such that its cut function d′ : 2[n] → R≥0 satisfies299

d′(S) ≤ rB
sym(S) ≤ 2αd′(S) ∀ S ⊆ [n].300

Applying Lemma 9 to the rank function rankB : 2[n] → Z≥0 of the matroid MB and the301

hypergraph H ′
B gives a hypergraph H ′′

B with Õ(n) hyperedges all of whose weights are rational302

values p/q with p, q ≤ n3 such that the cut function d′′ : 2[n] → R≥0 of H ′′
B satisfies303

d′′(S) ≤ rB
sym(S) ≤ 4αd′′(S) ∀ S ⊆ [n].304

Let H be the family of weighted hypergraphs {H ′′
B : rB

sym ∈ F}.305

We now count the number of weighted hypergraphs in H. Each hypergraph in H has Õ(n)306

hyperedges with each hyperedge having rational weight p/q where p, q ≤ n3. The number of307

potential hyperedges in a n-vertex hypergraph is 2n − 1, so for every m ∈ Z+ the number308

of simple n-vertex hypergraphs with m hyperedges is
(2n−1

m

)
= O(2nm). Consequently, the309

number of possible simple hypergraphs with Õ(n) hyperedges is 2Õ(n2). The number of310

positive rational numbers p/q with p, q ∈ [n3] is at most n6, so the number of ways to311

assign a weight of this kind to each hyperedge of a hypergraph with Õ(n) hyperedges is312

nÕ(n). Therefore the number of hypergraphs with Õ(n) hyperedges each of which has a313

positive rational weight p/q where p, q ∈ [n3] is 2Õ(n2)nÕ(n) = 2Õ(n2) = 2o(nlog n). Hence,314

|H| = 2o(nlog n).315

Let F ′ := {rB
sym ∈ F : |B| ≤ |A| − 2}. Since |F| = 2nlog n and |A| = nlog n, we have that316

|F ′| = Ω(2nlog n). Since |F ′| = Ω(2nlog n) while |H| = 2o(nlog n), there must exist two distinct317

functions rB1
sym, rB2

sym ∈ F ′ such that there is a single weighted hypergraph H ∈ H whose cut318

function d : 2[n] → R≥0 satisfies319

d(S) ≤ rB1
sym(S) ≤ 8αd(S) ∀ S ⊆ [n] and (2)320

d(S) ≤ rB2
sym(S) ≤ 8αd(S) ∀ S ⊆ [n]. (3)321

322

Since B1 ̸= B2, at least one of B1 \ B2 and B2 \ B1 must be non-empty. We assume323

without loss of generality that B1 \ B2 ̸= ∅. Let S ∈ B1 \ B2. By Theorem 10, we have324

that rankMB1
(S) = 8 log2 n and rankMB2

(S) = n1/3. Since rB1
sym, rB2

sym ∈ F ′, we have that325

|B1|, |B2| ≤ |A| − 2, and thus |B1 ∪ {S}|, |B2 ∪ {S}| ≤ |A| − 1. Therefore A \ (B1 ∪ {S}), A \326

(B2 ∪ {S}) ̸= ∅, so there exist sets T1 ∈ A \ (B1 ∪ {S}), T2 ∈ A \ (B2 ∪ {S}). By Theorem 10,327

we have that rankMB1
(T1), rankMB2

(T2) = n1/3 and |S ∩ T1|, |S ∩ T2| ≤ 4 log2 n. Therefore,328

rankMB1
(T1\S), rankMB2

(T2\S) ≥ n1/3−4 log2 n, and so rankMB1
([n]\S), rankMB2

([n]\S) ≥329

n1/3 − 4 log2 n. Furthermore, since T1, T2 ⊆ [n] we have that rankMB1
([n]), rankMB2

([n]) ≥330

n1/3, and so by Theorem 10, we have rankMB1
([n]), rankMB2

([n]) = n1/3. Thus, we have that331

rB1
sym(S) = rankMB1

(S) + rankMB1
([n] \ S) − rankMB1

([n])332

≤ 8 log2 n + n1/3 − n1/3 = 8 log2 n and333

rB2
sym(S) = rankMB2

(S) + rankMB2
([n] \ S) − rankMB2

([n])334

≥ n1/3 + (n1/3 − 4 log2 n) − n1/3 = n1/3 − 4 log2 n.335
336
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Therefore, by inequalities (2) and (3), we have that d(S) ≤ rB1
sym(S) ≤ 8 log2 n, and 8αd(S) ≥337

rB2
sym(S) ≥ n1/3 − 4 log2 n. Hence, α = Ω(n1/3/ log2 n). This contradicts the assumption that338

α = o(n1/3/ log2 n). ◀339

3 Upper Bounds340

In this section, we show that certain subfamilies of symmetric submodular functions are341

constant-hypergraph-approximable. In particular, we show how to approximate concave342

linear functions and symmetrized rank functions of uniform and partition matroids using343

hypergraph cut functions.344

3.1 Concave Functions345

In this section, we prove Theorem 4. We recall that a set function f : 2V → R≥0 is a concave346

linear function if there exist weights w : V → R≥0 and an increasing concave function347

h : R≥0 → R≥0 such that f(S) = h(
∑

v∈S wv). If all weights are one , then fsym is symmetric348

submodular and moreover, the precise value of f(S) depends only on the size |S| and does not349

depend on the precise identify of the elements in S, so we call such functions f as anonymized350

concave linear functions. In Section 3.1.1, we consider the special case of anonymized351

concave linear functions and show that these are constant-hypergraph-approximable. We352

extend these ideas in Section 3.1.2 to show that symmetrized concave linear functions are353

constant-hypergraph-approximable.354

3.1.1 Anonymized Concave Linear Functions355

The following lemma is useful for proving the main theorem of this section. Its proof is given356

in the appendix.357

▶ Lemma 12. For every integer n ≥ 2, r ∈ {2, . . . , n}, and X ⊆ [n] with 1 ≤ |X| ≤ n
2 , the358

set of hyperedges δ(X) that cross X in a complete r-uniform n-vertex hypergraph has the359

following size bound:360

1
4 min

{
|X|r

n
, 1
}

≤ |δ(X)|(
n
r

) ≤ 4 min
{

|X|r
n

, 1
}

.361

The following is the main theorem of this section.362

▶ Theorem 13. Let n be a positive real number and h : R≥0 → R≥0 be a function such that h363

is concave on [0, n] and h(x) = h(n−x) for every x ∈ [0, n]. Then, the symmetric submodular364

function f : 2V → R≥0 over the ground set V = [n] defined by f(S) := h(|S|) ∀ S ⊆ V is365

64-hypergraph-approximable.366

Proof. To simplify our notation, we define ax := h(x) − h(x − 1) for x ∈ {1, . . . , ⌈n/2⌉}. A367

hypergraph is uniform if all its hyperedges have the same size and a complete t-uniform368

hypergraph consists of all hyperedges of size t. We define H as the union of ⌈n/2⌉ different369

hypergraphs, G0, . . . , G⌈n/2⌉, each of which is a uniform hypergraph over the vertex set V370

and each of whose hyperedges are weighted uniformly. Formally, H is the union of:371

1. A complete ⌈ n
x ⌉-uniform hypergraph Gx, with a total weight of (ax − ax+1)(x/8) equally372

distributed among its hyperedges for each x ∈ {1, . . . , ⌈n/2⌉ − 1}, i.e., w(e) = (ax −373

ax+1)(x/8)/
(

n
⌈ n

x ⌉
)

for every hyperedge e ∈ E(Gx) (we note that ax − ax+1 ≥ 0 since h is374

concave).375
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2. A complete 2-uniform hypergraph G⌈n/2⌉, with a total weight of a⌈n/2⌉(n/32) equally376

distributed among its hyperedges.377

3. A hypergraph G0 consisting of a single n-vertex hyperedge of weight h(0)/64.378

Let d be the cut function of the hypergraph H we have just defined. In order to show379

that d 64-approximates f , we will consider an arbitrary subset C of size k and bound its380

cut value in H. Since we know that d and f are both symmetric, we assume without loss of381

generality that 1 ≤ k ≤ n/2.382

We now compute the weight of hyperedges crossing C in H. We recall that |C| = k ≤ n/2.383

We begin with the easy cases. δ(C) will certainly cut the single hyperedge of G0 for a weight384

of exactly h(0)/64. The hyperedges in G⌈n/2⌉ have rank 2. Therefore, by Lemma 12, the385

number of hyperedges crossing C in G⌈n/2⌉ is at least a k
2n fraction and at most a 8k

n fraction386

of the hyperedges in G⌈n/2⌉, for a total weight between a⌈n/2⌉k/64 and a⌈n/2⌉k/4.387

Next, we compute the weight of hyperedges crossing C in G1, . . . , Gk. Let us consider Gx388

for a fixed x ∈ {1, . . . , k}. Let r := ⌈ n
x ⌉. We have that r ≥ n

x ≥ n
k , so kr

n ≥ 1. Therefore, by389

Lemma 12, the number of hyperedges crossing C in Gx is at least a quarter of the hyperedges390

of Gx. We also know that even if all hyperedges in Gx cross C, the weight of those hyperedges391

is only (ax − ax+1)(x/8). Therefore, the weight of hyperedges crossing C in Gx is between392

(ax − ax+1)(x/32) and (ax − ax+1)(x/8).393

Next, we compute the weight of hyperedges crossing C in Gk+1, . . . , G⌈n/2⌉−1. Let us394

consider Gx for a fixed x ∈ {k + 1, . . . , ⌈ n
2 ⌉ − 1}. Let r := ⌈ n

x ⌉. Then, 2 ≤ r ≤ 2n
x < 2n

k .395

Therefore, kr
n ≤ 2, and hence,396

k

2x
≤ kr

2n
≤ min

(
kr

n
, 1
)

≤ kr

n
≤ 2k

x
.397

From these inequalities and Lemma 12, we conclude that the number of hyperedges crossing398

C in Gx is at least a k
8x fraction and at most a 8k

x fraction of hyperedges of Gx. Therefore, the399

weight of hyperedges crossing C in Gx is at least (ax − ax+1)k/64 and at most (ax − ax+1)k.400

Therefore, if d(C) is the weight of hyperedges crossing C in H, then401

1
64

h(0) + a⌈n/2⌉k +
k∑

x=1
(ax − ax+1)x +

⌈n/2⌉−1∑
x=k+1

(ax − ax+1)k

 (4)402

≤ 1
64

h(0) + a⌈n/2⌉k +
k∑

x=1
2(ax − ax+1)x +

⌈n/2⌉−1∑
x=k+1

(ax − ax+1)k

 (5)403

≤ d(C) (6)404

≤ h(0)
64 + a⌈n/2⌉

k

4 +
k∑

x=1
(ax − ax+1)x

8 +
⌈n/2⌉−1∑
x=k+1

(ax − ax+1)k (7)405

≤ h(0) + a⌈n/2⌉k +
k∑

x=1
(ax − ax+1)x +

⌈n/2⌉−1∑
x=k+1

(ax − ax+1)k. (8)406

407

Here, expression (8) is 64 times expression (4), so our proof is complete if we can show that408

expression (8) evaluates to h(k) (recall that h(k) = f(C). The next claim completes the409

proof by showing this. ◀410
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▷ Claim 14. For every k ∈ {0, 1, 2, . . . , ⌈n/2⌉}, we have that411

h(k) = h(0) + a⌈n/2⌉k +
k∑

x=1
(ax − ax+1)x +

⌈n/2⌉−1∑
x=k+1

(ax − ax+1)k412

Proof. To show this, we simplify the two summations appearing on the RHS. The second413

summation telescopes to yield (ak+1 − a⌈n/2⌉)k. To simplify the first summation, we note414

that
∑j

x=1(ax − ax+1)x =
∑j

x=1(2h(x) − h(x + 1) − h(x − 1))x. For every x from 1 to j − 1,415

h(x) is added 2x times and subtracted 2x times in this summation, so it does not contribute416

at all. Therefore, we conclude that
∑j

x=1(ax − ax+1)x = (j + 1)h(x) − jh(x + 1) − h(0).417

Using the simplifications we have derived for each of the summations on the RHS, we418

find that the RHS is419

h(0) + a⌈n/2⌉k + ((k + 1)h(k) − kh(k + 1) − h(0)) + (ak+1 − a⌈n/2⌉)k420

= kak+1 + (k + 1)h(k) − kh(k + 1)421

= k(h(k + 1) − h(k)) + (k + 1)h(k) − kh(k + 1)422

= h(k).423
424

◀425

3.1.2 Symmetrized Concave Linear Functions426

In this section, we prove Theorem 4—i.e., symmetrized concave linear functions are constant-427

hypergraph-approximable. Our approach is to first construct a hypergraph on a much larger428

vertex set than the ground set V , using the result of Theorem 13, and then contract subsets429

of the vertices of this hypergraph to obtain a hypergraph on the vertex set V with the desired430

property.431

▶ Theorem 15. Let V be a ground set, w : V → R+, and h : R≥0 → R≥0 be an increasing432

concave function. Then, the symmetric submodular function f : 2V → R+ defined by433

f(S) := h

(∑
v∈S

w(v)
)

+ h

 ∑
v∈V \S

w(v)

− h

(∑
v∈V

w(v)
)

− h(0) ∀ S ⊆ V434

is 128-hypergraph-approximable.435

Proof. Let n := |V |. For ease of notation, we will use w(S) :=
∑

v∈S w(v) for all S ⊆ V . Let436

g : R≥0 → R≥0 be defined by g(x) := h(x)+h(w(V )−x)−h(w(V ))−h(0) for all x ≥ 0. Then437

f(S) = g(w(S)). Since h is concave, and h(w(V ) − x) is h(x) reflected over a vertical line at438

x = w(V )/2, the function h(w(V ) − x) is also concave. We also note that −h(w(V )) − h(0)439

is a constant, and constant functions are concave. Therefore, g is a sum of concave functions,440

and hence, g is concave as well. Since g is concave, it is also continuous. Therefore, for441

every x ∈ R+ such that g(x) ̸= 0, there exists a positive real number εx such that for442

every real number y with x − εx < y < x + εx, we have g(x)/
√

2 ≤ g(y) ≤
√

2g(x). Let443

εmin = min{εw(S) : ∅ ≠ S ⊂ V }. Let q := ⌈2nw(V )/εmin⌉. We note that w(V )/q ≤ εw(S)/2n444

for every S ⊂ V .445

▷ Claim 16. There exist positive integers pv for each v ∈ V such that:446

1. For every v ∈ V , we have that w(v) − εmin

n < pvw(V )
q < w(v) + εmin

n .447

2.
∑

v∈V pv = q.448
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Proof. By our choice of q, for every v ∈ V , we have that w(v) − w(V )/q > w(v) − εmin

n .449

Therefore, for each v ∈ V we can choose a positive integer pv such that w(v) − εmin

n <450

pvw(V )/q ≤ w(v), and thus we can choose a collection of integers pv which satisfies the first451

condition of the claim as well as
∑

v∈V pv ≤ q.452

Consider a collection of positive integers pv for each v ∈ V which maximizes
∑

v∈V pv453

subject to satisfying the first condition of the claim and the inequality
∑

v∈V pv ≤ q. Suppose454

for contradiction that these integers do not satisfy the second condition of the claim. Then,455 ∑
v∈V pv < q, so

∑
v∈V pvw(V )/q < w(V ), so there must exist some u ∈ V for which456

puw(V )/q < w(u). By our choice of q, we have that457

(pu + 1)w(V )
q

= puw(V )
q

+ w(V )
q

< w(u) + w(V )
q

≤ w(u) + εmin

2n
< w(u) + εmin

n
.458

Thus, we can increase pu by 1 while still satisfying the first condition of the claim. Also, since459 ∑
v∈V pv < q, we have that 1 +

∑
v∈V pv ≤ q, so we can increase pu by 1 while maintaining460

that the sum of all the integers pv is at most q. This contradicts our assumption that the461

integers pv maximized
∑

v∈V pv subject to satisfying the first constraint of the claim and the462

inequality
∑

v∈V pv ≤ q. Thus, a collection of positive integers satisfying the conditions of463

the claim exists. ◀464

Choose a positive integer pv for each v ∈ V such that the chosen integers satisfy the465

conditions of Claim 16. For each v ∈ V , we create a set Uv containing pv new vertices,466

and we define U :=
⋃

v∈V

Uv. We note that |U | =
∑

v∈V pv = q. We define functions467

h1 : R≥0 → R≥0, f1 : [0, q] → R+, and f2 : [0, q] → R+ by h1(x) = h(xw(V )/q), f1(x) =468

h1(x) + h1(q − x) − h1(q) − h1(0), and f2(x) = f1(x)/
√

2. We note that h1 is concave since469

it is a rescaling of h by a constant factor, and h1(q − x) is concave, since it is h1 reflected470

over the vertical line at x = q/2. Thus, f1 is the sum of concave functions, and hence, f1 is471

concave. Finally, f2 is a constant multiple of a concave function, so f2 is concave as well.472

Furthermore, by definition, f2(q −x) = f2(x). Applying Theorem 13 to q and f2, we conclude473

that there exists a hypergraph H ′ with vertex set U whose cut function d′ satisfies474

d′(S) ≤ f1(|S|)/
√

2 ≤ 64d′(S) ∀ S ⊆ U,475

Let H be the hypergraph obtained from H ′ by contracting each set Uv of vertices into476

a vertex v ∈ V . Let d be the cut function of H. To complete the proof, we will show that477

d(S) ≤ f(S) ≤ 128d(S) for every S ⊆ V . We first consider the special cases of S = ∅ and478

S = V . For both these cases, we have that f(S) = 0 = d(S) by definition. Next, let us479

consider an arbitrary non-empty set S ⊂ V . Let US :=
⋃

v∈S

Uv be the corresponding set of480

vertices in H ′. We note that by construction of H, we have that d(S) = d′(US). Therefore,481

d(S) ≤ f1(|US |)/
√

2 ≤ 64d(S). (9)482

We note that483

|US | =
∑
v∈S

|Uv| =
∑
v∈S

pv.484
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Therefore, by definition,485

f1 (|US |) = f1

(∑
v∈S

pv

)
486

= h1

(∑
v∈S

pv

)
+ h1

(
q −

∑
v∈S

pv

)
− h1(q) − h1(0)487

= h

(∑
v∈S

pvw(V )
q

)
+ h

(
w(V ) −

∑
v∈S

pvw(V )
q

)
− h(w(V )) − h(0)488

= g

(∑
v∈S

pvw(V )
q

)
.489

490

For each v ∈ S, we have that w(v) − εmin/n < pvw(V )/q < w(v) + εmin/n. We also have491

that |S| ≤ n . Therefore,492

w(S) − εw(S) ≤ w(S) − εmin493

≤ w(S) − |S|εmin

n
494

<
∑
v∈S

pvw(V )
q

495

< w(S) + |S|εmin

n
496

≤ w(S) + εmin497

≤ w(S) + εw(S).498
499

So by definition of εw(S), we have that500

f(S)√
2

= g(w(S))√
2

≤ g

(∑
v∈S

pvw(V )
q

)
≤

√
2g(w(S)) =

√
2f(S).501

Thus f(S)/
√

2 ≤ f1(|US |) ≤
√

2f(S), and so by inequality (9) we have that502

d(S) ≤ f1(|US |)/
√

2 ≤ f(S) ≤
√

2f1(|US |) ≤ 128d(S).503

◀504

3.2 Symmetrized Matroid Rank Functions505

In this section, we prove Theorem 5 which states that symmetrized rank function of uniform506

and partition matroids are constant-hypergraph-approximable (see Section 1.2 for definitions507

of uniform and partition matroids). We begin with uniform matroids.508

▶ Lemma 17. The symmetrized rank function of a uniform matroid is 64-hypergraph-509

approximable.510

Proof. Let r : 2V → R≥0 be the rank function of the uniform matroid on ground set V511

with budget k and rsym : 2V → R≥0 be the symmetrized rank function. We note that512

r(S) = min{|S|, k} for every S ⊆ V . If k > |V |, then rsym(S) = 0 for every S ⊆ V and513
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hence, rsym is 1-hypergraph-approximable using the empty hypergraph. So, we may assume514

that k ≤ |V |. Then, for every S ⊆ V , we have that515

rsym(S) = r(S) + r(V \ S) − r(V )516

= min{|S|, k} + min{|V \ S|, k} − min{|V |, k}517

= min{|S|, |V \ S|, k, |V | − k}.518
519

Let n := |V | and consider the function h : R≥0 → R≥0 defined by520

h(x) = min{x, n − x, k, n − k}.521

Then, h is concave on [0, n] and h(x) = h(n − x) for every x ∈ [0, n] and rsym(S) =522

h(|S|) for every S ⊆ V . Therefore, by Theorem 13, we have that rsym is 64-hypergraph-523

approximable. ◀524

Next, we show that symmetrized rank functions of partition matroids are constant-525

hypergraph-approximable.526

▶ Theorem 18. The symmetrized rank function of a partition matroid is 64-hypergraph-527

approximable.528

Proof. Let M = (V, I) be a partition matroid on ground set V with rank function r :529

2V → Z≥0 that is associated with the partition V1, . . . , Vt of the ground set V and budgets530

b1, . . . , bt ∈ Z≥0. For i ∈ [t], we define a function fi : 2Vi → Z≥0 by fi(S) := ri(S) + ri(Vi \531

S)− ri(Vi) where ri is the rank function of the uniform matroid on ground set Vi with budget532

bi. Then, the symmetrized rank function of the partition matroid M can be written as533

rsym(S) =
∑t

i=1 fi(S ∩ Vi). Moreover, each fi is the symmetrized rank function of a uniform534

matroid. By Lemma 17, for each i ∈ [t], there exists a weighted hypergraph Gi with cut535

function di such that536

di(S) ≤ fi(S) ≤ 64di(S) ∀ S ⊆ Pi.537

Let G be the hypergraph on V formed by taking the union of the hypergraphs Gi for each538

i ∈ [t]. Since the vertex sets of the hypergraphs Gi are pairwise disjoint, the cut function539

d : 2V → R≥0 of G satisfies d(S) =
∑t

i=1 di(S ∩Vi), and therefore G is a weighted hypergraph540

which fulfills the requirements of the theorem. ◀541

4 Conclusion542

In this work, we investigated the approximability of symmetric submodular functions using543

hypergraph cut functions. We proved that it suffices to understand the approximability of544

symmetrized matroid rank functions. On the upper bound side, we showed that symmetrized545

concave linear functions and symmetrized rank functions of uniform and partition matroids546

are constant-approximable using hypergraph cut functions. Our upper bounds for uniform547

and partition matroids raise the question of whether symmetrized rank functions of constant-548

depth laminar matroids are constant-approximable using hypergraph cut functions. On549

the lower bound side, we showed that there exist symmetrized matroid rank functions on550

n-element ground sets that cannot be o(n1/3/ log2 n)-approximated using hypergraph cut551

functions, thus ruling out constant-approximability of symmetric submodular functions using552

hypergraph cut functions. Our results raise the natural open question of whether every553

symmetric submodular function on n-element ground set is O(
√

n)-hypergraph approximable.554
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Our strong lower bound also raises the question of whether we could trade off approximability555

against the number of vertices in the hypergraph. In particular, for every symmetric556

submodular function f : 2V → R+ defined over a n-element ground set V , does there557

exist a hypergraph over a vertex set V ′ ⊇ V with cut function d : 2V ′ → R≥0 such that558

d(A) ≤ f(A) ≤ αd(A) for every A ⊆ V , where α = O(1) and |V ′| = O(2n)?559
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A Proof of Lemma 12585

We first show a few combinatorial inequalities that will be useful for our proof.586

▷ Claim 19. For every integer n ≥ 2, k ∈ {1, . . . , n
2 }, and r ∈ {2, . . . , n − k}, we have that587

1.
(

1 − r
n−k

)k

≤ (n−k
r )

(n
r) ≤

(
1 − r

n

)k
.588

2.
(

1 − k
n−r

)r

≤ (n−k
r )

(n
r)589

Proof. 1. We note that590 (
n−k

r

)(
n
r

) = (n − k)!/(r!(n − k − r!))
n!/(r!(n − r)!)591

= (n − k)!
n! · (n − r)!

(n − k − r)!592

=
k−1∏
i=0

n − r − i

n − i
.593

594
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We get the upper bound on
(

n−k
r

)
/
(

n
r

)
by upper bounding every element of this product595

with n−r
n , and the lower bound by lower bounding every term of the product with n−k−r

n−k .596

2. We note that597 (
n−k

r

)(
n
r

) = (n − k)!/(r!(n − k − r!))
n!/(r!(n − r)!)598

= (n − k)!
(n − k − r)! · (n − r)!

n!599

=
r−1∏
i=0

n − k − i

n − i
.600

601

We obtain the lower bound by lower bounding every term of the product with n−k−r
n−r .602

◀603

▷ Claim 20. For every integer n ≥ 2, k ∈ {1, . . . , n
2 }, and r ∈ {2, . . . , n}, we have that604 (

k
r

)(
n
r

) ≤
(

k

n

)r

.605

Proof. If k < r, the bound trivially holds, because
(

k
r

)
= 0. Otherwise, we have606 (

k
r

)(
n
r

) = k!/(r!(k − r)!)
n!/(r!(n − r)!)607

= k!
(k − r)! · (n − r)!

n!608

=
r−1∏
i=0

k − i

n − i
.609

610

Upper bounding every term in the product with k
n gives the desired bound. ◀611

We now restate and prove Lemma 12.612

▶ Lemma 12. For every integer n ≥ 2, r ∈ {2, . . . , n}, and X ⊆ [n] with 1 ≤ |X| ≤ n
2 , the613

set of hyperedges δ(X) that cross X in a complete r-uniform n-vertex hypergraph has the614

following size bound:615

1
4 min

{
|X|r

n
, 1
}

≤ |δ(X)|(
n
r

) ≤ 4 min
{

|X|r
n

, 1
}

.616

Proof. Let k := |X|. We note that the hyperedges which cross X are exactly those which617

are neither fully contained in X, nor fully contained in V \ X. Thus, the number of rank r618

hyperedges in δ(X) is exactly
(

n
r

)
−
(

n−k
r

)
−
(

k
r

)
.619

Suppose r > n − k. Then, since k ≤ n/2, we have that r > k as well, so |δ(X)| =620 (
n
r

)
−
(

n−k
r

)
−
(

k
r

)
=
(

n
r

)
, and so we have |δ(X)|

(n
r) = 1. Thus, we immediately have that621

1
4 min

{
|X|r

n , 1
}

≤ |δ(X)|
(n

r) . Furthermore, we have that kr > k(n − k) = kn − k2, so kr
n >622

kn−k2

n = k − k2

n ≥ k − k
2 = k

2 , so we have that |δ(X)|
(n

r) ≤ 4 min
{

|X|r
n , 1

}
. Henceforth we623

assume r ≤ n − k.624

We case on the value of k.625
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Case 1: k ≥ n/r. Then min
{

|X|r
n , 1

}
= 1. Since |δ(X)|

(n
r) is the fraction of the hyperedges626

which are in δ(X), it is trivially upper bounded by 1, and thus by 4 min
{

kr
n , 1

}
. Therefore,627

it remains to show the lower bound. We have that628

|δ(X)|(
n
r

) =
(

n
r

)
−
(

n−k
r

)
−
(

k
r

)(
n
r

)629

≥ 1 −
(

1 − r

n

)k

−
(

k

n

)r

630

≥ 1 − e−kr/n −
(

k

n

)r

631

≥ 1 − 1
e

− 1
4632

≥ 1
4633

= 0.25 min
{

kr

n
, 1
}

.634

635

Here the second line follows from the upper bound in the first conclusion of Claim 19636

and the upper bound in Claim 20, and the fourth follows from our assumptions that637

n/r ≤ k ≤ n/2 and r ≥ 2.638

Case 2: k < n/r. Then min
{

|X|r
n , 1

}
= kr

n . Once again, we need to show a lower bound639

and an upper bound. We begin with the lower bound:640

|δ(X)|(
n
r

) =
(

n
r

)
−
(

n−k
r

)
−
(

k
r

)(
n
r

)641

≥ 1 −
(

1 − r

n

)k

−
(

k

n

)r

642

≥ 1 − e−kr/n −
(

k

n

)r

643

≥ 1 −
(

1 − kr

2n

)
−
(

k

n

)r

644

= kr

2n
−
(

k

n

)r

645

≥ kr

2n
−
(

kr

2n

)2
646

= kr

2n

(
1 − kr

2n

)
647

≥ kr

4n
.648

649

Here the second line follows from the upper bound in the first conclusion of Claim 19650

and the upper bound in Claim 20, the fourth from the Taylor expansion of ex, the sixth651

from the fact that r ≥ 2, and the last line from the assumption that k < n/r.652

Now we show the upper bound. Since the total number of hyperedges in the graph653

is
(

n
r

)
, we have that |δ(X)| ≤

(
n
r

)
. Hence, |δ(X)|/

(
n
r

)
≤ 1. It remains to show that654

|δ(X)|/
(

n
r

)
≤ 4|X|r/n = 4rk/n. We consider 3 subcases based on the values of r and k:655

Subcase 1: r ≥ n/4. Since r ≥ n/4 and |X| ≥ 1, we have that |X|r
n ≥ 1

4 . Therefore656

|δ(X)|(
n
r

) ≤ 1 ≤ 4 |X|r
n

657
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Subcase 2: r < n/4 and k < r. In this case, we have that
(

k
r

)
= 0. Therefore,658

|δ(X)|(
n
r

) =
(

n
r

)
−
(

n−k
r

)
−
(

k
r

)(
n
r

)659

=
(

n
r

)
−
(

n−k
r

)(
n
r

)660

= 1 −
(

n−k
r

)(
n
r

)661

≤ 1 −
(

1 − r

n − k

)k

662

≤ 1 − e−2rk/(n−k)
663

≤ 1 −
(

1 − 2rk

n − k

)
664

= 2rk

n − k
665

≤ 4rk

n
.666

667

The fourth line follows from the lower bound in the first conclusion of Claim 19. The668

fifth line follows from observing that 0 < k/(n − r) ≤ 2/3 (since k ≤ n/2 and r ≤ n/4)669

and ln(1 − x) ≥ −2x for every x ∈ (0, 2/3]. The sixth line follows from the Taylor670

expansion of ex, and the last line follows from the fact that k ≤ n/2.671

Subcase 3: r < n/4 and k ≥ r. In this case we have that672

|δ(X)|(
n
r

) =
(

n
r

)
−
(

n−k
r

)
−
(

k
r

)(
n
r

)673

≤
(

n
r

)
−
(

n−k
r

)(
n
r

)674

= 1 −
(

n−k
r

)(
n
r

)675

≤ 1 −
(

1 − k

n − r

)r

676

≤ 1 − e−2rk/(n−r)
677

≤ 1 −
(

1 − 2rk

n − r

)
678

= 2rk

n − r
679

≤ 2rk

3n/4680

≤ 4rk

n
.681

682

The fourth line follows from the lower bound in the second conclusion of Claim 19.683

The fifth line follows from observing that 0 < k/(n − r) ≤ 2/3 (since k ≤ n/2 and684

r ≤ n/4) and ln(1 − x) ≥ −2x for every x ∈ (0, 2/3]. The sixth line follows from the685

Taylor expansion of ex. The second to last line follows from the fact that r < n/4.686

◀687
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