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Abstract. We consider requests for capacity in a given tree network 7 = (V, E) where each edge e
of the tree has some integer capacity u,. Each request f is a node pair with an integer demand d; and
a profit w ; which is obtained if the request is satisfied. The objective is to find a set of demands that
can be feasibly routed in the tree and which provides a maximum profit. This generalizes well-known
problems, including the knapsack and b-matching problems.

When all demands are 1, we have the integer multicommodity flow problem. Garg et al. [1997]
had shown that this problem is NP-hard and gave a 2-approximation algorithm for the cardinality case
(all profits are 1) via a primal-dual algorithm. Our main result establishes that the integrality gap of
the natural linear programming relaxation is at most 4 for the case of arbitrary profits. Our proof is
based on coloring paths on trees and this has other applications for wavelength assignment in optical
network routing.

We then consider the problem with arbitrary demands. When the maximum demand d,y,y is at
most the minimum edge capacity u,;,,, we show that the integrality gap of the LP is at most 48. This
result is obtained by showing that the integrality gap for the demand version of such a problem is at
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most 11.542 times that for the unit-demand case. We use techniques of Kolliopoulos and Stein [2004,
2001] to obtain this. We also obtain, via this method, improved algorithms for line and ring networks.
Applications and connections to other combinatorial problems are discussed.
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1. Introduction

Let T = (V, E, u) be a capacitated tree network, where each edge capacity u, is
an integer. T is termed the supply graph and throughout we let n denote |V |. We
are also given a collection of demands which is encoded as a multigraph H =
(V, F,d,w), where each demand edge f € F has an associated integer value dy
and a nonnegative rational profit w . H is termed the demand graph.

A subset S C F is routable (in T) if the demands can be simultaneously routed
without violating any edge capacity of the tree. The demand flow problem (DFP) is
to find a routable subset S which maximizes w(S). The term “demand flow” refers
to the presence of the demand values d ; which must be fully satisfied to obtain the
corresponding profit w ¢. Our focus is the all-or-nothing aspect of obtaining profit,
rather than, for example, unsplittability of the flows. On a tree, of course, demand
flows and unsplittable flows coincide, since there is a unique path between every
pair of nodes. In general graphs, we may or may not require extra properties on
our flows such as unsplittability. As an example, we do not know the status (with
respect to approximability) of the maximum demand flow problem, where demands
can be satisfied by fractional flows. We discuss this in some detail at the end of this
section.

A natural linear programming, or LP, relaxation for the demand flow problem on
atree is given next and denoted by (LP). Here x ; denotes the percentage of demand
f being satisfied, and Path( f) denotes the unique path in T joining the endpoints

of f.

max Z WrX such that (D)
feF

> dexy < oue Vee E 2)
f:ecPath(f)

xp <1 VfeF 3)

xp >0 VfeF 4

Obviously, the demand flow problem is modeled by adding the constraint x; €
{0, 1} for each demand edge f. Our main focus is the integrality gap of this linear
program. We establish, for the first time, that it has an O(1) (approximately 48)
factor gap if we assume that each demand is bounded above by the minimum
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FIG. 1. Integrality gap of 2.5 on a line and 3 on a star. Demand graph is shown by dashed lines; all
profits are 1.

capacity of an edge in the tree. A trivial lower bound of 3 on the gap is obtained by
considering a star with three edges; see Figure 1.

We now review some of the well-known combinatorial optimization problems
that arise as restricted versions of the demand flow problem on the tree. We first
discuss the case where all demands are 1, that is, the integer multicommodity flow
problem.

Unit Demands.

(1) Tree is a path; unit capacities: Suppose that the tree is just a path and each
of its edges has unit capacity. We are then essentially looking for a maximum
weight stable set in an interval graph. Specifically, the graph contains a node for
each demand f, and two nodes are adjacent if their corresponding paths on the line
intersect. It is well known that such graphs are perfect. The maximum weight stable
set is then equal to a minimum cost clique cover, and both objects may be found
efficiently by means of dynamic programming.

(2) Tree is a path; arbitrary capacities: In this case, note that the LP formulation
given previously is defined by a constraint matrix where each column has its 1’s
appearing contiguously. Such matrices are totally unimodular and hence every basic
solution is integral [Schrijver 1986]. Thus, the problem can be solved in polynomial
time by linear programming. It can also be solved combinatorially as a minimum
cost circulation problem [Calinescu et al. 2002].

(3) Tree is a star; unit capacities: Next suppose that the tree is a star. In other
words, there are nodes v,vy,...,v,_iand E = {vv; | i = 1,2,...,n — 1}
Consider the graph G obtained from H by deleting v and replacing any edge
e = vv; € F by a leaf edge v;v,., where v, is a new node. Then a set of demand
edges is routable in 7 if and only if they form a matching in the graph G.

(4) Tree is a star; arbitrary capacities: Similar to the arguments for the unit-
capacity star, a set of edges is feasible if and only if they form a b-matching in G,
where b(v;) = u,,,. Thus, we may solve all problems on the star in polynomial
time via matching algorithms.

(5) Arbitrary tree: This case is a maximum profit integer multicommodity flow
problem. The special case where all profits are 1 was studied in Garg et al. [1997]
where a primal-dual algorithm with an approximation ratio of 2 was given. Further,
they gave a polynomial-time algorithm if all capacities are 1 and showed that the
problem is APX-hard, even for instances with capacities 1 and 2 and trees of depth 3.
For the problem with general profit weights, there seems to have been no previous
constant bound known, although Cheriyan et al. [1999] show that any half-integral
solution to (LP) is at most a factor of % times the optimal integral solution. In fact,
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they conjecture that the integrality gap for (LP) is % for the unit-demand case. We

remark that the integrality gap for (LP) is lower bounded by % for the unit-profit
case, even when the tree is a star [Garg et al. 1997].

General Demands. We now consider what happens as we introduce demands to
the problem, that is, when we shift from integer multicommodity flows to multi-
commodity demand flows.

(6) Treeis an edge: If the tree is itself a single edge, then the demand flow problem
is precisely the knapsack problem. The relaxation (LP) is then well known to have
an integrality gap of 2. A fully polynomial-time approximation scheme is also well
known for the knapsack problem. The knapsack problem is at the core of exact
methods for solving integer programming, since the feasible region is contained
in the intersection of multiple knapsack polytopes. It is then important to establish
forcing relationships on variables and cutting planes for knapsack problems as part
of these methodologies. These tasks have normally been carried out on individual
knapsacks separately. The demand flow problem can be seen as a collection of
knapsack problems (one for each edge of the tree T') which share many variables.
The study of demand flows in a tree is then a partial response to a longstanding
call for more study on the interaction of several knapsacks simultaneously [Wolsey
2002].

(7) Tree is a star: In this case, we have the demand matching problem where one
is given a graph with capacities b, for each node, and demands d, for each edge. A
set of edges M is a demand matching if for each node v, > y1ns(,) de < by (3(v)
denotes the edges of G incident to v) Shepherd and Vetta [2007] show that this
problem is APX-hard and that the integrality gap for (LP) is between 3 and 3.264
(2.5 and 2.764 for bipartite graphs).

(8) Tree is a path: In Chakrabarti et al. [2002] an example is given where the
supply graph is a path, but the gap between (LP) and the optimum demand flow
is ©2(n). They are able to establish, however, that if we restrict to instances where
dmax < Umin, then the integrality gap is O(1). In Figure 1, it is shown that the
integrality gap is at least 2.5, even with the restriction.

Contribution of this Article. Our main result establishes that the natural LP for-
mulation for integer multicommodity flow has a constant factor integrality gap in
the case of a tree, that is, for the demand flow problem where all demands are 1
(see the setting (5)). As mentioned earlier, a factor of 2 was already shown for
the cardinality case in Garg et al. [1997]. In particular, in Section 2 we prove the
following.

THEOREM 1.1. LetT = (V,E,u)and H = (V, F,d, w) describe an instance
of the maximum profit integer multicommodity flow problem on a tree. Then if (LP)
has a feasible solution x of value O, then it has a feasible integral solution z of
vqlue at least % Moreover, given such an x, we may compute such a z in polynomial
time.

In fact, we show the following stronger result. Let J be any multiset of de-
mands, and k£ an integer such that for any edge e € T, at most ku, of the paths
{Path(f): f € J} contain e. Then J can be partitioned into 4k routable demand
sets. We remark that in the case where all capacities are equal, finding such colorings
is substantially simpler. For instance, in the case where all capacities are 1, there
is a %k coloring, as proved in Raghavan and Upfal [1994]. Our result is inspired
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by ideas in Cheriyan et al. [1999] for the half-integral case. The stronger coloring
result also implies a 4-approximation algorithm on tree networks for a wavelength
assignment problem in optical networks. See Erlebach et al. [2003] and [Andrews
and Zhang 2005a, 2006] for details on the application of this result. We discuss
extensions to a directed setting where each edge of T is replaced by a pair of op-
positely directed arcs (with potentially different capacities). We then briefly sketch
arandomized algorithm that yields a constant factor approximation; this algorithm
and its analysis are straightforward generalizations of algorithms for unsplittable
flow on the line [Calinescu et al. 2002; Chakrabarti et al. 2002]. The constant that we
can guarantee from this approach is quite large and hence we do not give a formal
analysis.

Theorem 1.1 shows that (LP) has integrality gap of at most 4 for unit demands.
What can we say about the integrality gap for arbitrary demands? As mentioned,
Chakrabarti et al. [2002] show that the integrality gap can be €2(n) even if the
tree is a path. However, if dpax < Umin, they obtain an O(1) gap for the path.
Kolliopoulos and Stein [2004] studied the issue of relating the integrality gap of
unit-demand problems to that of arbitrary-demand problems in the context of a
large class of packing problems. Their results are obtained by invoking their group-
ing and scaling technique, introduced in Kolliopoulos and Stein [2001] for the
single-source unsplittable flow problem. Since the results of Kolliopoulos and Stein
[2004] are presented for general and arbitrary packing problems, the bounds stated
in Kolliopoulos and Stein [2004] are weak (e.g., yielding integrality gaps on the
order of ,/m). However, their technique applies equally to specific classes of pack-
ing problems where the unit-demand relaxation has a better integrality gap. One
such example is the single-source unsplittable flow problem which spawned the
essential elements in these arguments [Kolliopoulos and Stein 2001]. In Section 3,
we develop some formalisms so we can invoke grouping and scaling techniques
to state tight bounds for other specific classes of combinatorial packing problems,
where the unit-demand relaxations have strong integrality gaps. Although our proofs
essentially mimic those in Kolliopoulos and Stein [2001, 2004], we nevertheless
believe that the statements of the theorems as well as the extensions we develop are
convenient and useful for future work. Based on the results of Section 3, we obtain
a 48-approximate algorithm for the demand flow problem on the tree with d. <
Umin-

Another contribution of this article is to apply the aforementioned framework to
match or improve known results for several other natural combinatorial applications.
This connection between {0, 1} packing problems and their demand versions has
been missed in recent work [Bar-Noy et al. 2001; Calinescu et al. 2002; Chakrabarti
et al. 2002] on these problems. In order to do so, in Section 3, we also formalize
results for certain “integrality gaps with congestion.” In Section 4, we apply these
ideas to line and ring networks and obtain (2 + €)-approximation algorithms, sub-
stantially improving the ratios provided in Chakrabarti et al. [2002], for instance.
All of these results stem from unit-demand relaxations that are based on {0, 1}
constraint matrices.

Demand Flows in General Graphs. Before we proceed with our results, we make
some remarks about the demand flow problem DFP in general graphs. Here we are
given a supply graph G = (V, E) (we may assume all capacities are 1), as well
as a demand graph H = (V, F, d) where for each edge f € F, there is a demand
with an integer requirement dy. We are seeking a maximum cardinality (profit)
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subset F' C F such that the multicommodity flow problem in G for the demands
of F’ is feasible. We restrict ourselves to the unit-demand case, that is, all dy are
1, denoted by UNIT-DFP . A closely related problem is the maximum edge-disjoint
paths problem (EDP) where the flow is required to be integral (since dy = 1, this
corresponds to the flow being routed on a single path). We can check in polynomial
time, via linear programming, whether a given set of demands can be feasibly
routed if the flow is allowed to be fractional. On the other hand, this same problem
is NP-hard if the flow is required to be integral. EDP has been studied extensively in
the literature (compare with Kleinberg [1996]), whereas UNIT-DFP does not seem
to have been considered before. It is known that the integrality gap for the natural
LP for EDP is (/) [Garg et al. 1997], which has recently been shown to be tight
[Chekuri et al. 2006b]. For directed graphs, Guruswami et al. [20013] have shown
that EDP is NP-hard to approximate to within a factor better than 2(n27¢). However,
for undirected graphs the problem was known only to be APX-hard [Garg et al.
1997] until recently; the same reduction applies to UNIT-DFP as well, since the APX-
hardness is shown on a tree. We remark that the standard instances (where there is
a gap for the natural linear relaxation) essentially arise from a grid where for any
pair of commodity paths that cross, there is a unit capacity arc in their intersection
[Garg et al. 1997; Guruswami et al. 2003]. Thus, the LP has a solution of value k /2
(where k£ is the number of commodities), while at most one demand can be satisfied
integrally. However, for such instances of UNIT-DFP, there is a routable subset of
size Q2(k); thus the gap between optimum values for EDP and UNIT-DFP on the same
instance can be large. UNIT-DFP is an interesting problem in its own right and we
believe understanding its complexity would also shed light on the complexity of
EDP . In some subsequent work that was motivated by the definition of UNIT-DFP in
this article, Chekuri et al. [2004] give a polylogarithmic approximation for UNIT-
DFP (in Chekuri et al. [2004] UNIT-DFP is called the all-or-nothing multicommodity
flow problem). Further, for both EDP and UNIT-DFP a superconstant hardness was
shown in Andrews and Zhang [2005b]; the current best inagproximability result
is that unless NP C ZPTIME(n*°Y'°2™) there is no O (log!/*~¢ n)-approximation
[Andrews et al. 2005]. We remark that results for UNIT-DFP extend to DFP .

2. Unit Demands: Integer Multicommodity Flow on a Tree

In this section we prove Theorem 1.1; that is, for any feasible x to (LP) there is
an integral solution achieving at least le of x’s profit. Coincidentally, we prove the
following related decomposition result for multicommodity flows on a tree.!

THEOREM 2.1. Let x be a feasible solution to (LP) where all d¢’s are 1 and
suppose k is an integer such that kx is an integral vector. Then there exist feasible
integral solutions 2V 22, 0, 2% such that kx < Zi zh.

We now give a proof of Theorem 2.1. For the rest of the section, we assume
without loss of generality, by introducing supply edges if necessary, that demand
edges are incident only to leaves of the tree. Let k£ be an integer and x a feasible

!'This is inspired by the integer decomposition property of a polyhedron introduced in Baum and
Trotter Jr. [1978].
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solution to (LP) where all demands are 1. Furthermore, suppose kx is integral, and
let J be a multiset which, for each demand edge f, contains kx copies of f. We
give an algorithm which partitions J into 4k routable subsets Ry, R3, ... , R4;. Note
that we do not know a priori that & is polynomially bounded,? and so this need not
give rise to a polynomial-time 4-approximate algorithm. However, we may adapt
the arguments to find, in polynomial time, a %-optimal integral solution to (LP) for
an arbitrary unit-demand instance; we describe this at the end of the section. Our
algorithm is based on the tree coloring problem that is next described.

Binned Tree Coloring. An instance consists of an integer k, a capacitated tree
(T, u) rooted at a fixed leaf node v*, and a multiset of undirected demand edges J .
Foreachedge e € T, the number of edges of J which lie in e’s fundamental cut is at
most ku,. (The fundamental cut of e consists of all edges with endpoints in each of
the two connected components of T —e.) In addition, each leaf v # v* has a partition
of the edges of J incident to v, denoted by §,;(v), into “bins” B;(v), ... , By, (v)
such that |B;(v)| € [1, 2k) for each i, and n, < u,,(,), where p(v) is the parent of
v in the rooted tree. Our objective is to find a coloring of the edges of J such that
each color class J; is a routable subset and for each leaf v and each bin i, the edges
of B;(v) all have different colors. We call such a coloring a bin coloring for the
instance T, u, J, {B;(v)}i.,.

We now prove the following theorem which essentially implies Theorem 2.1 (we
wrap up the loose details afterwards).

THEOREM 2.2. Each instance of the binned coloring problem is 4k-colorable.

PROOF. Consider the tree T as “hanging down” from the root v*. We prove the
result by induction on the size of T. If T consists of a single edge vv*, then we
may color J as follows. For each bin B;(v), with edges ey, e, . .. , es say, we color
each edge e; with color j. Clearly, this uses at most 2k colors. Moreover, any color
J can occur at most once in each bin, and hence the number of edges of color j is
at most the number of bins »,. Since n, < u,,+, we are done.

So suppose that T has a remote node v # v*, that is, a node which is not a leaf
node and is adjacent to at most one nonleaf node. Let v, v5, ..., v; be the leaf
nodes which are adjacent to v. We create a new instance as follows. Our new tree
T’ is obtained by contracting {vy, v», ..., v;, v} to a single node which we shall
refer to by v'. The set J' is obtained by the same contraction and then dropping
any loop edges incident to v'. Finally, we must create the bins for our new leaf v'.
Let By, Ba, ..., B; be the subpartition of §,.(v’), obtained from the bins of v;’s by
taking their intersections with the cut §;(v’) in the shrunken graph (throwing out
any empty sets). We create the bins for v’ greedily as follows. First, make any of
the bins of size at least k new bins also for v'. Now for the remaining bins, start
packing them together one-by-one until a bin of size at least £ is obtained; it is
designated a new bin for v (its size is clearly less than 2k). Let x be the parent of
v in T. Since we shrunk the children of v to create v’, the parent of v/ in T’ is x.
Each new bin we create for v/, except perhaps the last, has size at least k. Hence it
follows that n,y < u,, = Uyy.

2 Using simple rounding and scaling ideas, for any fixed € > 0, one could alter x to another feasible
vector x” such that: (i) kx’ is integral; (ii) & is polynomially bounded; and (iii)) wx’ > (1 — e)wx.
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Now, by the induction hypothesis, we may find a bin coloring for the smaller
instance obtained by the aforementioned process. We show that this induces a partial
coloring of J which can be extended to a bin coloring for our original instance.
First, consider some original leaf v; and the edges L; = §;(v;) N §,/(v') (which are
now all colored). Recall that these edges were originally partitioned into at most
u,,, bins, and each of these bins was included in some bin of v. Thus, any color
could have been assigned to at most u,,, of the edges in L;. In particular, this shows
that our partial coloring does not violate any of the edge capacity constraints u,,,.

It remains to complete the coloring on the edges amongst the v;’s. We now
greedily extend the coloring. Suppose that e is an edge joining v; and v; which lies
in a bin B; for v;, and bin B; for v;. Call a color used at B; if some edge in B; has
already been assigned this color. There are at most 2k — 2 such colors used, since
|B;| < 2k. It follows that there are at least 4 colors which are not used in either
B; or B;. Assign e one of these colors. After we complete this process we obtain a
coloring which satisfies all of the bin constraints. Each color class is a routable set
of demands, since by induction, the load on any nonleaf edge is at most its capacity.
Moreover, for any leaf node, say v;, the number of edges of one color, is at most
the number of bins it has, which is at most u,,,, by assumption. []

We may apply this theorem to obtain Theorem 2.1 as follows. The only minor
point that we must address is to make sure that none of the 4k routable sets contains
any demand edge more than once (since (LP) has an upper bound constraint for
each demand). One easily adapts the induction hypothesis to make sure this is the
case. In particular, we restrict our leaf bins so that for any demand edge f = uv,
all copies of f occur in the same bin at u, and in the same bin at v. Since there are
at most k copies of any such f, one sees that this is always possible.

We mention that the binned tree coloring problem could also be defined for
bidirected trees. These arise in directed multicommodity flow problems, where the
supply graph is obtained from a tree by replacing each edge e by a pair of oppositely
directed arcs, each with its own capacity. The (directed) demand graph then consists
of arcs f = (u, v) where there is a request for a single unit of flow to be sent along
the unique directed path P(f) from u to v. The load of a set of demands J on an
arc a in a bidirected tree T is |{ f € J : a € P(f)}|. A set of demands J is feasible
for a bidirected tree T with arc capacities u if for each arc a, u, is at least the load
of J on a. Here again, one may use the same induction procedure from the proof
of Theorem 2.2 to show the following.

THEOREM 2.3. Let T be a bidirected tree with integer capacities on the arcs
and let u, denote the capacity of arc a. If J is a set of directed “demand” arcs
which imposes a load of at most ku, on each arc of T, then J may be partitioned
into 4k subsets, each of which is routable on T .

We now return to the proof of the final claim in Theorem 1.1 so as to find a
polynomial-time 4-approximate algorithm. We give the argument next. To this end,
suppose that x is a basic feasible solution for (LP). We process x in a manner
similar to the proof of Theorem 2.1 in order to create a routable set with at least ‘—ll
the profit of x. As in Theorem 2.2, we prove something stronger. Specifically, we
again root the tree at a leaf node and think of the tree as dangling downwards. In
addition, each leaf has its incident demand edges partitioned into bins. Note that

bins in this context do not contain multiple copies of a demand edge, as in the proof
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of Theorem 2.2. Each bin B has the property that x(B) = ), g X, < 2; further, the
number of bins at each leaf is at most the capacity of the edge incident to the leaf.
Clearly, we may always create such a “binning” at the leaves. We prove inductively
that there exist integral feasible solutions 7’ to (LP) such that:

(1) r'(B) < 1 for each bin B, that is, r} = 1 for at most one e¢; € B (we say that
at most one edge in B is “in” r'); and
(2) x =Y, A;r" for some choice of nonnegative A;’s with >, 1; = 4.

In fact, we show that if the size of the support of x is ¢, then we need at most
(g + 1) r’s. In particular, if x is a basic solution, we need at most 7 + 1 to obtain
our convex combination of the vector 7. In this case, the combination is produced
in time polynomial in #.

The base case is similar to before, we have a tree with a single edge vv*. Sup-
pose there are ¢ demand edges ey, e, ... , e,, and suppose that the bins for v
are By, By, ..., B, with t < u,,~. We construct the integral solutions greedily
as follows. For i = 1,2,... perform the following to create a solution . For
J=1,2,...,tif B; is nonempty, then add exactly one edge ¢; € B}, chosen ar-
bitrarily, to 7/, that is, set 7, = 1. Once we have looked at all 7 bins, we set k to be
min,. ri=1 Xe,. We then reduce the fractional value of each edge assigned to 7 by the
amount A;. Any edge whose x value is reduced to 0 is deleted from consideration.
We repeat this process until all bins are empty. We may obviously associate each r*
to a unique demand edge which was deleted upon construction of 7. Thus, the total
number of 7'’s constructed in this process is at most g. Also note that Y, A; < 2,
since at each stage i, the “size” of a maximum bin (i.e., x(B) for a bin B) is reduced
by A;. Finally, we may add a last solution r9*!, say, corresponding to the empty
routable set, and assign this a value 4 — ) ", A;.

The induction step is also similar to before. We consider the contraction of a
remote node which gives rise to a new leaf v'. The bins at v’ are constructed from
the partial bins from its descendant leaves. By induction, we obtain vectors r’ and
multipliers A; in the smaller tree. A simple argument shows that each ' is a feasible
integral solution for the original instance as well.

We now extend this combination back to the original graph. In so doing, we
must account for the demand edges joining two of the original leaves missing in
the shrunken graph. In other words, we must extend the combination to satisfy the
bin constraints at these leaves. We can incorporate these demands one-at-a-time,
increasing the number of 7/ ’s by at most one each time. So let ¢, = a8 be a demand
edge between two leaves o and B which were shrunk in the reduction. Let B, Bg
be the two bins which contained the edge e;. We may scan the solutions 7!, 72, . ..
in order. Each time, if in adding e, to the solution ' destroys the bin condition
(i.e.,r'(By) = 1 or ri(Bﬁ) = 1), we move on. Otherwise, ¢; can be added to 7. So
we set ré = 1 (add ¢, to that solution). Now if x,, > A;, then set x,, = x,, — A;
(reduce e;’s demand in our “running” fractional solution). Otherwise, divide r' into
two solutions: the first 7! with A; ; = x,,, and the second copy with 1’2’2 =0, and
Ai2 = Aj — X,,. Note that this procedure can only increase the number of ri’s once
per each demand edge e, on the iteration where x,, is finally reduced to 0. The last
question is whether we could process all the r;’s without fully covering an x,,. Note
that e, cannot be added to some 7/ only if 7/(B) = 1 for B = B, or B = Bg; in this
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case we call i bad for e;. But we have that x(B,) + x(Bg) < 4, by choice. Also,
Y i paa M < x(By) + x(Bg) — X, < 4 — x,,. In other words, ) ., .. Ai = X,
and hence we have enough room to add e, to the convex combination.

2.1. A SIMPLE RANDOMIZED ALGORITHM. We now describe a randomized
rounding algorithm that also yields a constant factor approximation. While the
approximation bound is quite large, we believe its simplicity makes it of interest.

Let x be a feasible solution to (LP). We root the tree T arbitrarily and this nat-
urally defines an ancestor-descendant relationship on the nodes of the tree. The
depth of a node is its distance from the root. For a demand edge f = uv, let £(f)
denote the depth of the least common ancestor of u# and v. We refer to £( f) as the
depth of f. The algorithm has two stages. In the first, we pick a set of demand
edges using randomized rounding: For some sufficiently large constant o > 1,
edge f is picked independently with probability x/a. Let A be the collection
of chosen edges. In the second stage we pick a set B C A such that B is fea-
sible. This is done as follows. We sort the demand edges in A in nondecreasing
order of depth. We start with B as the empty set. We sequentially process the
edges of A in sorted order. When considering f, we add it to B if adding f to
B does not violate the feasibility of the current set of edges in B. Otherwise we
discard f. At the end of the algorithm, it is clear that the set of edges in B is
feasible.

The preceding algorithm is a generalization of the one for the line where demands
are sorted by their left endpoint. Calinescu et al. [2002] developed and analyzed this
algorithm for the line in the context of unsplittable flow with uniform capacities. In
particular, they applied this algorithm for small demands: A demand f is small if
dy is sufficiently small compared to that of the capacity of the line. In Chakrabarti
et al. [2002] the analysis was extended to the case of nonuniform capacities, which
requires some additional ideas. Here we observe that the analysis in Chakrabarti
et al. [2002] can be adapted to prove a constant factor bound on the algorithm
presented earlier for trees, provided that we restrict ourselves to unit demands and
integer capacities. The analysis requires a large value for « and this yields a poor
approximation ratio. We refer the interested reader to Chakrabarti et al. [2002] for
details of the analysis.

3. General Packing Problems

In this section we develop the appropriate notation so as to assert that the inte-
grality gap for a general “demand” problem is related by a constant factor to the
unit-demand version of the problem. We also extend this to certain “c-relaxed” ver-
sions which we use later to obtain improvements for some combinatorial packing
problems considered in the literature.

3.1. COLUMN-RESTRICTED PACKING INTEGER PROGRAMS. We now consider
certain classes of packing problems that arise from {0, 1} matrices. In the following,
let A be a {0, 1} matrix with m rows and n columns (generalizations to nonnegative
matrices are discussed at the end of the section). For a vector d € R”, we denote
by A[d] the matrix obtained from A by multiplying each entry in column i by d;.
We restrict our attention to column-restricted packing integer programs (CPIP),
introduced in Kolliopoulos and Stein [2004]. Each such problem is of the form
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max{wx : A[d]x < b, x € {0, 1}"} for some choice of rational vectors w, d, b. We
generally assume w, d, b to be integral. 3

These column-restricted PIPs model the outcome of altering the original packing
problem max{wx : Ax < b,x € {0, 1}"}, by adding demand values d; to the
items (columns) being packed. Kolliopoulos and Stein [2004] devise a grouping
and scaling technique by generalizing their own techniques from Kolliopoulos and
Stein [2001], to show that the integrality gap for such CPIPs are “of similar quality
to those” for {0, 1} problems. Their main objective is to establish bounds for general
column-restricted packing problems. In contrast, our thrust is to examine special
classes of CPIPs. As such, we first use their ideas to explicitly relate the integrality
gap of column-restricted PIPs as a function of the gap for the underlying {0, 1} PIP
problems; our goal here is to obtain theorem statements that are convenient and
useful in applications, although the proofs essentially mimic those in [Kolliopoulos
and Stein 2001, 2004]. We then indicate more general scenarios where these ideas
hold. We apply these ideas to concrete packing problems: These applications have
been missed by several recent papers [Bar-Noy et al. 2001; Calinescu et al. 2002;
Chakrabarti et al. 2002; Shepherd and Vetta 2007].

We now formalize some of the concepts required. For a convex body P over
R” and objective vector w € R”, the integrality gap for the optimization problem
y = max{wx : x € P} is the ratio between the fractional optimum y and the
optimal value of an integral solution, that is, m Here P; denotes the
integer hull of P, that is, the convex hull of all integer vectors in P.

We are interested in bounding the integrality gap for classes of integer programs.
Each class P consists of problems induced by pairs P, w, where P, w lie in some
fixed space R”. The integrality gap for such a class is simply the supremum of the
integrality gaps for individual problems in P.

A collection of vectors W C Z" is closed if for any vector w € W, the vector w’
(obtained by setting some w; = 0) is also in W. In the following, for a matrix A
and closed collection W, we denote by P(A, W) the class of problems of the form
max{wx : Ax < b,x € [0, 1]"} for some w € W and vector b € Z/. We then
denote by Pdem(A, W) the class of problems of the form max{wx : A[d]x < b, x €
[0, 1]"} for some w € W, and vectors b € Z",d € Z, with dyqx < bpin. The
notion of closedness is motivated by the fact that the integrality gap for a restricted
class of weight vectors can be superior to that for the class of all weight vectors.
In order to apply the grouping and scaling techniques of [Kolliopoulos and Stein
2001, 2004], the only requirement on the class of weight vectors is that it be closed.

We then have the following result whose proof follows precisely the lines of
analysis used by the aforementioned authors in their study of single-source un-
splittable flow [Kolliopoulos and Stein 2001] and CPIPs [Kolliopoulos and Stein
2004]. We obtain a slightly better constant than the factor of 1/0.075 ~ 13.333
reported in Kolliopoulos and Stein [2001] due to a small error in their final
calculation.

THEOREM 3.1. Let A bea{0, 1} matrixand W be a closed collection of vectors.
If the integrality gap for the collection of problems P(A, W) is at most T, then the

3 We can convert rational valued w into integer valued w by scaling. We will also often scale d, b
simultaneously.
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integrality gap for the collection of problems PY“"(A, W) is at most 11.542" <
12T,

One may note that with suitable definitions, a variant of the preceding result can
be shown for general nonnegative integer matrices A. We discuss this at the end of
this section.

To prove Theorem 3.1 we set-up some notation. Let I1(A, b, w) denote the
packing problem max{wx : Ax < b,x € [0, 1]"} from for some w, b and let
[1(A, b,d,w) be a problem of the form max{wx : A[d]x < b,x € [0, 1]"} for
some d. (While we donotrequire d, b to be an integer valued in these definitions, this
only arises in uniform-demand instances where the vector b is an integer multiple of
d.)Givenasubset S of {1, 2, ..., n}, we denote by AS the matrix A restricted to the
columns in S. Given S, we have two naturally defined new problems T1(AS, b, wS)
and T1(AS, b, d5, w®). Given a fractional solution x for TT1(A, b, w), its restriction
to S is denoted by x5,

In the following we use two positive parameters «, B € (0, 1). We optimize
these parameters at the end to obtain the best ratio. It is useful to have the setting
a = B = 1/3 in mind to follow the proof. We call a demand f largeif d; > Bdmax,
otherwise we call it small. We show how to obtain two types of integral solutions:
one obtained only using large demands, and the other by selecting only from small.

The better of these two solutions will give the desired approximation. We first work

with the large demands, where we may obtain at least £ times the fractional profit

¢
(under x) of these demands.

LEMMA 3.2. Let S be the set of large demands. Given a fractional solution x
to T1(A, b, d, w), there is an integral solution to T1(AS, b, d5, w®) of value at least

5
I 2 fes WrX S

PROOF. Givenx, S, and TT1(AS, b, d5, w$), we create as follows a new instance
[1(AS, ¢, d, w®) and a feasible fractional solution y$ to it. First, d denotes the vec-
tor in RS with each component equal to d,;,.,; thus we are setting all the demands
to be dmax. We set yS = gxs. For 1 < j < m, weset ¢c; = |b;/dmax]dmax, In
other words, we set ¢; to be the largest integer multiple of dpax not exceeding

b;. We observe two easy facts. First, the solution yS is feasible for the instance
[1(AS%, ¢, d, w®). Here we use the fact that the demands are large; we increase all
demands to dp,x, which requires that we multiply the fractional solution by a factor
of B to maintain feasibility. The additional factor of 1/2 is to ensure that the frac-
tional solution is feasible even after we reduce the capacities to be integer multiples
of dpax. Second, any feasible integral solution to TI(AS, c, d,ws ) translates into a
feasible solution to TT(AS, b, d5, w¥) of the same value. These two observations,
combined with the fact that IT(A%, c, d , w3) is a uniform-demand instance with ¢
as an integer multiple of d (and hence has an integrality gap of at most I'), yields the
lemma. [

It is the previous lemma where we need the stronger condition that d,,ox < byin,
as opposed to the weaker, natural condition of A;;d; < b;. This is because we have
no control over which columns may end up receiving demands of size Bd,,,, and
such demands need to be rounded up to d,,-

Now we address the small demands.
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LEMMA 3.3. Let S be the set of small demands. Given a fractional solution x
to TI(A, b, d, w), there is an integral solution to TI(AS, b, d®, wS) of value at least

1
a(l = 2 E X jegwixy

PROOF. For ¢t > 0, let S; be the subset of small demands f such that d; €
(o't Bdmax, o' Bdmax]. For each ¢ we construct a new instance IT(A%, ¢!, d', wS)
and a feasible fractional solution y’ in S,-space, as follows. For f € §,, we set
y}- =a(l — %)xf and we set d’f = o' Bdyax. We define the load (under x) on
constraint / from the demands in S; in x, denoted by ¢!, as ) fFes, Ajrdrxy. We
set ¢! to be the smallest integer multiple of o’ Bdmax larger than (1 — %)Z;. In
particular, ¢} < (1 — %)Eﬁ + o' Bdmax.

By construction TT1(A%, ¢/, d’, w) is a uniform-demand problem. It is easily
verified that y’ is a feasible solution for this instance. Hence, by our assumption
on the integrality gap of the {0, 1} instances, there exists an integral solution z’ to
(A%, ¢!, d', w) of value at least £ 3" ¢ Wy = Fa(l — £0) 3 ,og WXy

We now argue that combining the solutions z’ into a single solution z gives a feasi-
ble integral solution to T1(A%, b, d5, w¥) of value at least %a(l — %) ZfeS Wrxy.
From the analysis in the previous paragraph, the value of z is at least as much as we
claim. We show that z is feasible. Consider an arbitrary constraint i: Since z' is fea-
sible for TT(A%, ¢!, d', wS), it follows that ZfeS, A,-fd’fz’f < ci. By construction,
for f € §;,dy < d; = a' Bdpax, therefore we have that

D Aypdsry <) < (1 - L) O+ ' Bl

i, l—«

Hence, the load on constraint i in the combined solution z is at most tho((l —
200 + o Bdmay), which is at most (1 — 1£-) 3, € + L= dnax. By the feasibility

—o

of x, Y, £i < b;. We also have that dn,x < b;, therefore, the load on constraint i
due to z is at most b;. This shows that z is a feasible integral solution. []

In the proof of Lemma 3.3, we scale down the fractional solution x by (1 — % ).
The factor o accounts for rounding up the demands in S, to ' Bdmax. The factor
(1— %) is to make room for the additional capacity to the tune of o’ Sd .« that we
add to each instance TT1(A%, ¢!, d’, wS) to make the capacities integral multiples

of o Bdmax.

PROOF OF THEOREM 3.1. Let L denote the set of large demands and S the set
of small demands. From Lemma 3.2 we obtain an integer solution of value at

least % > fer WX r. From Lemma 3.3 we obtain an integer solution of value least
a(l — %)% > jesWrXy. For a given B it is easy to verify that the expression
a(l — %) is maximized when o = 1 — /B, hence, for small demands we obtain
an integer solution of value at least (1 — 2,/8 + ;3)% Zfe SWrXy.

Let € € [0, 1] be defined by the equation ), ¢w Xy = €}, wsxy, in other
words, € is the fraction of the total weight of small demands in the fractional

solution. From the preceding analysis, we are guaranteed an integral solution of
value max{e(1 —2/B+B), (1 — E)ﬁ/Z}% Zf w ¢x s. The algorithm can choose f
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14 C. CHEKURI ET AL.

to maximize this expression, but has no control over the distribution of €. Hence, we
can bound the integrality gap by the expression maxg.; minp<.< {%e(l —2J/B +
,3), F(1 — €)B/2}. Numerical computation shows that this expression is at least

G 42F Hence the integrality gap is at most 11.542I". Setting « = 8 = 1/3 yields
a simple analysis showing that the integrality gap is at most 12I". []

We now give useful corollaries to Theorem 3.1. First, we justify the natural
expectation that the integrality gap should tend to 1 as diax/bmin — 0 . We denote
by Pedem(A W) the class of column-restricted packing problems such that d,,x <
€bmin- In the corollaries to follow, we choose € sufficiently small to obtain a clean
expression for the dependence of the integrality gap as a function of €.

COROLLARY 3.4. Let A be a {0, 1} matrix and W be a closed collection of
vectors. If the integrality gap for the collection of problems P(A, W) is at most
T, then the integrality gap for the collection of problems P<" (A, W) for € <

3 - \/3)/2 is at most llJ:/‘g/iF (upper bounded by (1 + O(1)/€)T"). This holds
even under the weaker condition that max; A;;d; < €b;, foreachi =1,2,... ,m.

PROOF. This follows from Lemma 3.3 with = € and o = ; T [ Examina-

tion of the proof of Lemma 3.3 shows that the lemma holds, even if we are only
guaranteed that max; A;;d; < Bb;,foreachi =1,2,... ,m. [

There are examples of packing problems (e.g., ring routing [Shepherd and Zhang
2001]) for which relaxing the capacity constraints by an additive constant inde-
pendent of the input parameters yields an improved integrality gap. For a {0, 1}
packing problem max{wx : Ax < b,x € {0, 1}"} and constant c, the c-relaxed
integrality gap is I" if the value of the optimum solution to the relaxed problem
max{wx : Ax < b+ ¢,x € {0,1}"} is at least 1/I" times the value of the (frac-
tional) solution to max{wx : Ax < b, x € [0, 1]"}, where ¢ denotes the m-vector
with all components equal to c.

COROLLARY 3.5. Let A be a {0, 1} matrix and W be a closed collection of
vectors. If the c-relaxed integrality gap for the collection of problems P(A, W) is
at most T, then the integrality gap for the collection of problems P<™(A, W) for

€ < m is at most legi)fﬁmf‘ (upper bounded by (1 + O(1)(1 + ¢)/€)T).

This holds even under the weaker condition that max; A;;d; < €b;, for each i =
1,2,...,m

PROOF. The proof follows closely the proof of Lemma 3.3. In Lemma 3.3 the
fractional solutlon is scaled down by a factor of a(1 — i) As we remarked, the
factor (1 — ;= ) is to make room for the extra capacity we add to the subproblems
generated by demands in S;. Since we work with a c-relaxed integrality gap, we
need to add an additional capacity of ca’Bdnax to the subproblem 7. Hence, we
need a scaling factor of a(1 — %) to accommodate this extra space. By choosing
o= +1 7 and 8 = € we get the desired result. [

In the next corollary, we show that one may dispense with the condition d,;;4, <
bmin by explicitly allowing some congestion in each constraint.
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COROLLARY 3.6. Let A be a {0, 1} matrix and W be a closed collection of
vectors. If the integrality gap for the collection of problems P(A, W) is at most I,
then for every b and w € W, and for every B > 1, there is an integral solution to
max{wx : Ald]lx < Bb + %dmax} of value at least 1/ " times the value of the

optimum fractional solution to max{wx : Ald]x < b}.

PROOF. The proof follows the lines of that for Lemma 3.3. However, we allow
the capacities to be violated, but do not scale down the solution x. Letov = 1/8. For
t > 0, let S; be the set of demands f such thatd; € (o' ldmax, @' dmax . We create
a new instance IT(A%, ¢/, d', w%) as follows. For f € S,, we set d’f = a'dpax.

We define the load on constraint i from the demands in S; in x, denoted by El’-, as
> res, Airdyxy. We set ¢} to be the smallest integer multiple of o' dinax larger than
¢! /a. Note that ¢! < €!/a + o' diax. We observe that the fractional solution x5 is
feasible for [T(A%, ¢!, d*, wS).

As before, we obtain integral solutions z’ for each of the aforementioned instances
and combine them to obtain a solution z. Since we did not scale down the fractional
solution and the integrality gap of each of the subproblems is at most I', the value
of z is at least 1/ " times the value of s WyXy. It remains to show that for

Pe€1,2,...,m, Y Aydyzy < Bbi + rdma.

The solution z’ satisfies the capacity constraints for I1(A%, ¢/, d’, wS). Hence,
it follows that z satisfies the capacity constraints defined by ) _, ¢/, which by con-
struction is dominated by 8b + %dmax. (]

Algorithmic aspects. Theorem 3.1 and its corollaries have been phrased in terms
of integrality gaps. However, it is straightforward to see that one can obtain algo-
rithmic versions of the theorems. We give an informal description of the algorithmic
version using the notation developed earlier. Given a fractional solution y for a prob-
lem {maxwux : A[d]x < b} where w belongs to a closed collection of vectors W,
we can find in polynomial time an integer solution y” such that wy’ > wy/11.542T
and A[d]y’ < b, provided that we have access to the following oracle: Given a
fractional solution z to {maxw’x : Ax < b’} forany w’ € W and integer vector »’,
the oracle outputs an integer solution z’ such that wz’ > wz/T" and Az’ < b’. We
note that in some cases the number of columns of A might be exponential in the size
of an underlying problem. This happens naturally in the setting of routing problems
when one uses a path formulation. It might be possible to obtain, in polynomial
time, a fractional solution to the problem in which the number of nonzero variables
is polynomially bounded. We can still apply the grouping and scaling ideas in this
setting, so long as we have the desired oracle mentioned before.

Nonnegative matrices. Our focus so far has been on packing problems induced
by {0, 1} matrices. We now consider arbitrary nonnegative integral matrices and
discuss the extent to which the grouping and scaling ideas and Theorem 3.1 can
be generalized. As before, for a given nonnegative matrix A we are interested in
packing problems of the form max{wx : x € P(A, b)}. Here P(A, b) = conv{x €
{0, 1}" : Ax < b}. For a matrix A, let A; = max’_; A;; denote the maximum
entry in row i of A. For a given matrix A and a closed collection of vectors W, we
define, as before, two classes of problems P(A, W) and plem(A W). Specifically,
P(A, W) is the class of problems of the form max{wx : Ax < b, x € [0, 1]"} for
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some w € W and vector b € Z7] such that A; < b; for 1 < i < m. This added
restriction on the set of b’s that we allow is necessary to avoid an integrality gap of oo
(when A is {0, 1} this is enforced implicitly by requiring b to be an integer vector).
Further, P9“" (A, W) denotes the class of problems of the form max{wx : A[d]x <
b, x € [0, 1]"} for some w € W, and vectors b € Z",d € 7!, with A;dn. < b;
for 1 <i < m. Note that for {0, 1} matrices this amounts to our requirement that

dmax < bmin. With the preceding notation in place we can state the following.

THEOREM 3.7. Let A be anonnegative integer matrix and W be a closed collec-
tion of integer vectors. If the integrality gap for the collection of problems P(A, W)
is at most T, then the integrality gap for the collection of problems P4 (A, W) is
at most 11.542T.

The proof of the previous theorem follows by adapting the proof of Theorem 3.1.
The essential difference is in the proof of Lemma 3.3. When considering demands
in S;, we set ¢! to be the smallest integer multiple of A;a’ Bdmax larger than (1 —
& )¢i. The extra factor of A; ensures that in the resulting uniform-demand instance
TI(A%, ¢!, d", wS), we have the property Al-s’all’mlx < c!; this allows us to bound its
integrality gap by I'.

4. Applications to Combinatorial Demand Problems

We now discuss some applications of results in the previous section to combinatorial
problems.

4.1. DEMAND FLOW IN A TREE. Our original task was to show that the nat-
ural LP formulation for the multicommodity demand flow problem has an O(1)
integrality gap for instances where d,,x < U, and the supply graph is a tree.
Theorems 1.1 and 3.1 now imply that the integrality gap is indeed at most 48.
Moreover, we find, in polynomial time, an integral solution delivering at least %
times the profit of the optimal fractional solution.

4.1.1. Demand Flow in a Line. When the supply graph is a line (path), the de-
mand problem has been studied for its application to resource allocation [Bar-Noy et
al. 2001; Calinescu et al. 2002; Chakrabarti et al. 2002]. In Calinescu et al. [2002]
a 2 + e-approximation is provided for the uniform capacity problem improving
upon the 3-approximation in Bar-Noy et al. [2001]. The main observation in
Calinescu et al. [2002] is that when d,,x < €U, where U is the common ca-
pacity of the edges, the integrality gap of the LP is 1/(1 — O(J/€ In1/¢)): This is
proved by an interesting use of randomized rounding with alteration. In Chakrabarti
etal. [2002] this approach is extended to the nonuniform capacity case and an O (1)-
approximation is presented. We improve the approximation ratio for the nonuniform
capacity case to (2 + ¢€) as follows.

We follow the broad outline developed in Chakrabarti et al. [2002]. For a given
demand f, we define its bottleneck capacity b( f) as the smallest capacity edge on
Path(f). We call a demand f §-large if d(f) > & - b(f), otherwise it is -small.
We make use of the following lemma from Chakrabarti et al. [2002].

LEMMA 4.1 ([CHAKRABARTI ET AL. 2002]). If dnax < Umin, in a feasible in-
tegral solution, the number of §-large demands that cross any edge is at most

211/8%].
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Using the previous lemma it is shown in Chakrabarti et al. [2002] that an op-
timal solution to an instance in which all demands are §-large can be found via
dynamic programming in O (n%!/ 82)) time. For §-small demands, using random-
ized rounding with alteration, an O (1)-approximation was shown. We can improve
this substantially by applying Corollary 3.4. Note that the underlying {0, 1} packing
problem has a totally unimodular matrix and hence its integrality gap is 1. There-
fore, from Corollary 3.4, the integrality gap of the LP for the problem on §-small

demands when § < %g is at most 1i?£a’ which is (1 + O(1)+/8). To obtain a
(2 + e)-approximation we partition the demands into §-large and §-small demands,
for a choice of § specified later. We obtain an optimal solution to the instance
with only §-large demands in O (n?!/ 32)) time. For é-small demands we solve the
linear programming relaxation and use Corollary 3.4 to obtain a (1 + 0 (1)V/5)-
approximation. (In contrast the bound shown in Calinescu et al. [2002] for §-small
demands is (1 + O(1)4/d6 log 1/3), even for the uniform capacity case.) We then
choose the better of the two solutions. Itis easy to see that this yields a (2+ O ( l)\/g )-
approximation, since either the §-large demands or the §-small demands have at
least half the value of an optimal solution. By choosing § to be O (e?) we obtain the
desired (2 + €)-approximation. The running time of the algorithm is dominated by
the time to solve the §-large demands.

THEOREM 4.2. For the demand flow problem on the line with dmax < Umin,
there is a (2 + €)-approximation algorithm that runs in time O (n°"/ 64>).

We close this subsection by mentioning that the problem on the line is a special
case of directed path packing in oriented trees. Here we have a tree T = (V, A)
where each arc has an integer capacity u,. We also have some “demand” arcs F
suchthateacha = (u, v) € F creates a directed cycle when added to T'. Each a also
has a weight w,. A subset S C F is a path packing if for each arc a € T, at most
u, of the arcs of S have ends in distinct components of T — a. Finding a maximum
weight path packing problem has a natural formulation given by a network matrix
(hence is totally unimodular). Therefore this formulation has an integrality gap of
1. The demand version of the path packing problem thus has a 12-approximation
via Theorem 3.1. Note that flows on the line arise by taking T to be a directed
path.

4.2. UNSPLITTABLE DEMAND FLOW IN A RING. We now consider the demand
flow problem in a ring. The ring is the simplest network where, in addition to
deciding which demands to route, we also need to specify the route. We restrict
ourselves to the unsplittable flow problem on the ring, that is, if we satisfy a demand
f, we route the entire demand d; along one of the two paths available for f. It
is shown in Chakrabarti et al. [2002] that an «-approximation for the demand
flow problem on the line can be used to obtain an (o + 1)-approximation for the
unsplittable flow problem on the ring. From the (2 4 €)-approximation for the line
that we described before, we obtain a (3 + €)-approximation for the ring. Next we
describe an improved (2 + €)-approximation.

As in the case of the line, we would like to classify demands as §-large and
d-small. We say that a demand f is §-large for an edge eif dy > du,, otherwise it is
5-small for e. However, since each demand has a choice of two routes, it is possible
that a demand is large on one of the routes and small on the other. For a demand f
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let R{(f) and R,(f) denote the two possible routings. We say a demand is routed
as 8-large if f is routed along R;(f) for i € {1,2} and dy > 6 mineeg,(s) Ue.
Otherwise it is routed as §-small. Consider a fixed optimal solution OPT, let L be
the set of demands in OPT that are routed as §-large and S be the set of demands
that are routed as §-small. We find two solutions L’ and S’ such that w(L’) > w(L)
and w(S") > (1 — ¢/4)w(S) and take the better of the two to obtain the desired
approximation ratio.

Let a be a minimum capacity edge on the ring, that is, u, = up;,. We first guess
the set of demands in L that use a in OPT. Since every demand in L is routed as
8-large, there are at most | 1/6] demands in L that use a. Hence there are at most
O (nl1/%)) guesses. Let L, be the right guess. If f ¢ L,, then in subsequent steps
of the algorithm, we prohibit f from being routed on a as §-large. We remove a
from the ring to obtain a line network where the capacities of edges are reduced
by the amounts used up by L,. It is easy to see that every demand in L — L, is
routed as §-large in the resulting line network. We can use dynamic programming,
as we did in Section 4.1.1, to obtain an optimal solution to the problem of finding
the largest weight subset of §-large demands that can be routed in the line network
obtained as previously. Note that L — L, is a feasible solution to this problem.
It follows that L’ = L, U A, (where A is the solution obtained by the dynamic
programming) satisfies the property that w(L’) > w(L). Given L,, the running

time for the dynamic programming, as we saw earlier, is O (n?(!/ ).

max Z WXy such that

fES”
x}+xj% = Xf VfeS”
Z dfx} < U, Ve e E
fieeR(f)
Z dfx]% < U, Ve e E
fieeR(f)
x:} =0 VfeS”, fmedium,i € {1,2},a € R;(f)
xpoxpx; € {01} Vfes”

Now we describe how to find §’, given L,. Let S” be the set of demands such
that f is §-small on the route for f that does not use a. Clearly, every demand
in S belongs to S” \ L,. We classify S” into two types of demands: tiny and
medium. A demand f is tiny if dy < Sup;n, otherwise it is medium. Note that tiny
demands can be routed as §-small in either direction, while medium demands can
be routed as §-small only on the route that does not use a. We consider an integer
program for demands in S” as shown earlier. For each demand f there are two
variables x} and x]%, corresponding to the two possible routings R{(f) and R,(f).
In the integer program we prohibit medium demands from using the route that
contains a.

The integer program models a slightly restricted version of the following con-
strained demand flow problem on rings. We are given a capacitated ring network
and demands that need to be routed unsplittably. In addition, for each demand f, it
is specified whether it can routed on R{(f), R»2(f), or on either. The goal is to find
the largest profit subset of demands that can be routed feasibly.
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Clearly, S identifies a feasible solution to the preceding integer program. We
now solve the linear relaxation for this problem. We then round the LP to obtain an
integral solution that is within (1 — O(\/S)) of the LP value using Corollary 3.5.
However, we need to establish that the problem modeled by the aforementioned
integer program has a c-relaxed integrality gap for some small fixed constant c. We
do so now.

LEMMA 4.3. For the {0, 1} version of the constrained demand flow problem in
rings, the 5.5-relaxed integrality gap of the natural linear relaxation is 1.

PROOF. Consider a solution x to the linear program. We say that a demand f
is integrally routed if x 7, x, x7 € {0, 1}. We can ignore integrally routed demands
by removing them from the demand set and reducing the capacities of edges appro-
priately. We call a demand split if it has a positive amount of flow in both clockwise
and counterclockwise directions on the ring. Note that only tiny demands can be
split. Let S be the set of split demands in the solution x. We first show that if we in-
crease each edge capacity by 2.5, we may find a solution of equal or greater value
in which each demand in S is integrally routed. We accomplish this as follows.
First suppose there are two split demand edges i j, k/ that do not cross, namely, the
nodes appear in clockwise order as i, j, k, [, say. Then we may decrease flow onij’s
(respectively, kl’s) clockwise path starting from j (respectively, /), and increase it
on its clockwise path starting from i (respectively, k). This does not increase the
load on any edge. Thus, we may assume that any pair of split demand edges are
crossing. We say that a demand f is fulfilled if x; = 1. We claim that at most
one split demand is not fulfilled; for otherwise, we may transfer some € amount
of flow for the less profitable demand to the more profitable one. If there is a split
unfulfilled demand, we may fulfil it by increasing the load of all edges by at most
1/2. Let x;(e) be the load on e by the split demands. Thus, these demands can be
fractionally routed on the ring with capacities [xs(e)]. Thus, by a result from Shep-
herd and Zhang [2001] we may route all split demands (note that all are fulfilled)
integrally by increasing the load of each edge by at most 1. The total increase in
edge capacities is at most 2.5, that is, 1/2 for making one demand fulfilled, 1 for
making the capacities x,(e) integral, and 1 to apply the result from Shepherd and
Zhang [2001]. We can now ignore these integrally routed demands.

Note that for the remaining demands, either x } = 0or x% = 0. Consider an
arbitrary edge « of the ring and partition the set of flow paths for x into two classes
Y1, Y,, where Y| is the set of paths that do not contain « and Y> is the rest. Consider
our fractional solution x to the problem. Let x;(e) denote the capacity of edge e that
is used up by demands in Y;. We first define a capacity function u;(e) = [xy(e)].
Call I, the instance obtained by restricting to paths of Y| and capacity vector u; on
the line obtained by deleting «. Since the natural linear formulation for this instance
is given by a totally unimodular matrix, we may obtain an integral solution yielding
at least as much profit as x when restricted to Y.

Now consider a demand f € Y, and let Q denote the path on which f routes its
flow. We may traverse Q in the clockwise direction to yield a decomposition of the
form Q = L, o, R. We call L and R the left and right parts of Q. For each e # «,
we think of two copies: one for carrying flow from left parts, and one for carrying
flow for right parts. For each e we define x;(e) and x,(e) to be the load induced on
e by the left and right paths, respectively. We then define u,() = [x2(«)] and for
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FIG. 2. Splitting a ring into a line for demands using the edge o.

e # o, we define uy(e) = [x;(e)]+ [x,(e)] < x2(e)+2. By considering two copies
of each e, we can essentially split the ring into a path, and so may solve an instance
I, of maximum integer flow on the line again, using capacities [x;(e)], [x,(e)].
See Figure 2 for an illustration of splitting the ring into a path. Hence, we find an
integral packing of paths in Y, that gives as much profit as x restricted to ¥,. One
sees that these paths now pack into the original ring with capacities u,.

Combining the solutions for /;, I, we obtain an integral solution with as much
profit as x. Moreover, the paths pack into capacity vector u;(e) + us(e) < xi(e) +
Xx(e)+3. For getting rid of the split demands, for edge e we used capacity x;(e)+2.5.
Hence the solution packs into a ring with capacities u(e) + 5.5. Therefore, the 5.5-
relaxed integrality gap for the problemis 1. [

From Lemma4.3 and Corollary 3.5, it follows that the integrality gap for the linear
relaxation for tiny and medium demands is (1 + O(HV9). Choosing § = O(€?)
yields a solution S’ such that w(S") > (1 — €/4)w(S). Combining this with the
optimal algorithm for L yields the following theorem.

THEOREM 4.4. Thereis a (2+ €)-approximation algorithm for the unsplittable

flow problem on the ring for instances with dyax < Umin that runs in omou/ 64))
time.

4.3. GENERAL UNSPLITTABLE FLOWS. Inapplications to unsplittable flows, one
needs a minor refinement of Theorem 3.1. Let A be a {0, 1} matrix. Let YV = V; U
Vo U. ..V, be a partition of the n column variables and let w € Z'. We consider the
{0, 1} packing problem {max Y i_, w; - min(1, Zje\/i xj): Ax < b, x € {0, 1}"}.
We consider a closed collection of vectors W C Z!. Given a {0, 1} matrix A, a
partition V of the column variables, and a closed collection of vectors W C Z, we
obtain the class of problems P(A, V, W). We denote by P4 (A, V, W) the class of
column-restricted packing problems in P (A, W) arising from demand vectors
d with the property thatd; = d; if i, j € V,, for some g. The previous proofs extend
in a straightforward fashion to yield the following theorem.

THEOREM 4.5. Let A be a {0, 1} matrix, V a t-partition of its columns, and W
a closed collection of vectors L' . If the integrality gap for the collection of problems
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P(A,V, W) is at most I, then the integrality gap for the collection of problems
Pdem(A, V, W) is at most 11.542T.

We note that Corollaries 3.4 and 3.5 also generalize to the setting of
Theorem 4.5. In the preceding formulation, let z; denote the sum jevi Xi An
integral solution corresponds to x € {0, 1}". The objective function ensures that
attention can be restricted to solutions where, in addition, z € {0, 1}'. Motivated by
applications to DFP , we also consider a relaxed problem by asking for solutions that
allow x € [0, 11" while requiring that z € {0, 1}’. Once again, it is straightforward
to extend the gap results to this setting.

In applications to unsplittable flow, we may choose to associate each V; with
the flow path variables for a fixed commodity i. The objective function ensures
that solutions do not route a commodity multiple times. In applications to DFP , we
require that z € {0, 1}’ but allow x € [0, 1]".

We mention that the best approximation ratio known for the maximum edge-
disjoint paths problem in general undirected graphs is O (/n) [Chekuri et al. 2006b].
For directed graphs it is known to be Q(n!/2~¢)-hard, for any € > 0. However, there
are several classes of graphs for which better approximation ratios are known for
EDP , and so grouping and scaling leads to improved bounds for the associated
unsplittable flow problem as well. One notable case is the single-source problem
for which the maxflow-mincut theorem characterizes solvability, and hence an
integrality gap of 1 for the natural path formulation for EDP . In this case, one
obtains the result of Kolliopoulos and Stein [2004]: It establishes a gap of 11.542
for the single-source unsplittable flow, subsequently improved [Dinitz et al. 1999]
to 4.425 using different techniques. Another case where an O(1)-approximation
is possible is when G is planar. In Chekuri et al. [2006a], it is shown that given a
feasible fractional routing for an instance of integer multicommodity flow where
each edge has capacity at least 4, one may obtain a set of integrally routable demands
whose size is a constant fraction of the original total fractional flow. Using this,
one may also obtain a constant fraction of the total possible unsplittable flow if, in
addition, we can increase each edge capacity by O(dy,,.). In a similar fashion, the
polylogarithmic bounds for UNIT-DFP [Chekuri et al. 2004] extend to DFP .

5. Conclusions

We conclude with several open problems. For the tree with unit demands, the main
open problem is resolving the 3/2-conjecture of Cheriyan et al. [1999]. Indeed,
this may be provable by showing that an approximate 3/2-integer decomposition
property holds, just as we showed a 4-approximate decomposition in Section 2.
Interestingly, this would be a generalization of Shannon’s edge coloring theorem for
multigraphs (by considering the restriction to the star). It would also be interesting
to obtain the smallest ¢ such that the c-relaxed integrality gap for the problem
is 1. We are unable to prove this for any constant c. A better understanding of
basic solutions seems necessary for answering the preceding two questions. For
arbitrary demands, we believe that a direct approach to the tree problem will enable
the ratio of 48 to be improved substantially. In some recent work [Bansal et al.
2006] a quasipolynomial-time approximation scheme is obtained for the demand
flow problem on the line and ring, even when the condition dpax < Umin 1S NOt
satisfied.
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Another direction of interest is the following. Theorem 3.1 shows that the in-
tegrality gaps for (suitably constrained) demand packing problems are within a
constant factor of the gap for corresponding relaxation for their unit-demand ver-
sions. We have not offered advice on what to do if the original formulation for the
unit-demand version suffers from a large integrality gap. One natural approach is to
work on tightening the original formulation for the unit-demand problem by adding
new valid inequalities, or cutting planes. In so doing, however, even if the matrix
A was originally {0, 1}, the new inequalities may not be. Thus, we must work in
the setting where we have a general nonnegative integer matrix A. In this context,
can we show that the cutting planes, derived for the unit-demand matrix A, could
be extended in a natural fashion to corresponding demand packing problems? The
hope is that this would enable us to prove a theorem akin to Theorem 3.1, where
the integrality gap I" is now for the strengthened (with cutting planes) unit-demand
problem.
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