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Abstract

In the MULTIWAY CUT problem, we are given an undirected edge-weighted gtaph(V, E)
with ¢, denoting the cost (weight) of edge We are also given a subs8tof V, of sizek, called
theterminals The objective is to find a minimum cost set of edges whose removal ensures that the
terminals are disconnected.

In this paper, we studylgidirectedlinear programming relaxation of WL.TIWAY CUT. We resolve
an open problem posed by Vazirani [Approximation Algorithms, firsted., Springer, Berlin, Heidelberg,
2001], and show that the integrality gap of this relaxation is not better than that for a geometric linear
programming relaxation given byalinescu et al. [J. Comput. System Sci. 60(3) (2000) 564-574],
and may be strictly worse on some instances.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The MuLTiway CuT problem is the following: we are given an undirected edge-weighted
graphG = (V, E) with ¢, denoting the cost (weight) of edgeWe are also given a subset
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SofV, of sizek, called theterminals The objective is to find a minimum cost set of edges
whose removal ensures that the terminals are disconnected. This fundamental cut problem
has applications to parallel and distributed compuf8jgVLSI chip design, and computer
vision[1].

The MuLTiway CuT problem is NP-hard even fdr= 3, and in fact is also Max-SNP
hard[3]. Note that the case= 2 is the classica-t cut problem of Ford and Fulkersg].

In [3], a simple 2- 2/ k approximation is presented vigolating cutsi.e., by considering,

for each terminak, the cheapest cut separating it fradfj{s}, and then taking thé — 1
cheapest cuts among these. The same bound can also be achieved via the following natural
linear programming relaxation. For each edgaere is a variable, < [0, 1], and the LP
minimizes) _, c. i, subject to the constraint that for any two distinct terminalands;,

u(si, s;)=1. Hereu(s;, s;) is the distance froms; to s; in the graph with edge-lengths

u,. The integrality gap of this relaxation is alsc-22/k, and[7] showed that the LP has
optimum solutions that are half integral (even for the node weighted case). We will refer to
this relaxation a®istLP.

More recently, @linescu et al[2] gave an interesting and new geometric relaxation for
the MuLTIiwAY CuT problem and used it to obtain a5l— 1/ k approximation. The upper
bound on the integrality gap of their LP (henceforth referred to a<CtiB relaxation)
has been improved by Karger et (8] to 1.3438— ¢, whereg, is a constant depending
only onk and tends to zero dstends to infinity. The results if8] provide the current best
approximation ratio for the problem.

In [10, Exercise 19.7Mazirani proposes the followingidirectedrelaxation (henceforth
referred to as thBiDir relaxation). From the given undirected graph= (V, E) a directed
graphH = (V, A) is obtained by replacing each undirected edge{u, v} by two directed
arcs(u, v) and(v, u) with the same cost as Givensy, so, ..., sx, SOme permutation of
the terminals, the relaxation is the following: for each are A, there is a variable (a).
Defining x (1, v) as the distance from nodeto nodev in the bidirected graph with arc-
lengthsr (a), the relaxation minimizey_, c,x (a) subject to the constraint thats;, s;) > 1
forall 1<i < j<«k.

It is simple to see that an optimal solution BaDir is a lower bound on the value of
the multiway cut, and that the integrality gap BiDir is no more than that oDistLP.

In fact, there was some hope that this LP relaxation would yield algorithms compara-
ble to or even better than tHeKR relaxation. In particular, one of the open problems
posed by Vazirani if10, Chapter 30]js whether theCKR relaxation and théiDir re-
laxation are related in some way. Implicit in this open problem is the question about
the integrality gap of théiDir relaxation. In this note we obtain several results about
BiDir, in particular relating it to theCKR relaxation. Our results are summarized
below.

e For any permutation of the terminals, the optimal value of Bilgir relaxation is no
more than that of th€ KR relaxation.

e The value of theBiDir relaxation depends on the permutation on the terminals, even
whenG s a tree.

e There existinstances on which, for every permutation of the terminals, the vaiigiof
is strictly larger than the value of thRistLP relaxation.
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e There are instances on which, farerypermutation of the terminals, the valueRiDir
is strictly smaller than the value of thEKR relaxation, thus showing that the two
formulations arenot equivalent.

e To further disambiguate the two relaxations, we can show thatfod, there exists an
instance and a permutation for which the integrality gap ofBHeir relaxation is 6/5,
which is strictly larger than an upper bound on the integrality gap o€KR relaxation
for k =4 (1.1539), shown if8].

To summarize, we show that for any instance ofiMway Cur, the following holds
true:

DistLP <BiDir< CKR<OPT.

Furthermore, there are instances on which each of the above inequalities is strict. Thus we
have essentially shown that tB&Dir relaxation is unlikely to yield an improved approxi-
mation ratio for the MiLTIwAY CuT problem.

2. Notation and preliminaries

LetG =(V, E) be the undirected graph, andfebe the set of arcs formed by bidirecting
the edges iik. Let H =(V, A) be the resulting directed graph. For anate(u, v) € A, its
reverse will be denoted liy= (v, u). We us€u, v} to denote the edge joiningandv in Gto
distinguish it from the arc&:, v) and(v, u) in H. Letsq, so, . . ., sx be the terminals ordered
in some way. Then thBiDir relaxation with respect to this ordering is the following. For
each ara € A we have a variable(a). Let # denote the set of all directed pathdHrirom
s; to Sjs i< J

min )", cqx(a)
st. Zaepx(a) >1, pe?,
x(a) =0, acA.

The dual of the above is a multicommodity flow problem. For eack 2 we have a
variable f (p) which is the flow orp.

max >, f(p)
st. Zp:paa f(p)<cq, ac€A,
f(p)=0, pe?

Letx* andf* denote optimal solutions to the primal and the dual &ng) = Zaep x*(a)
denote the length of a directed pggthComplementary slackness implies the following:

e if x*(a) > 0, the arais used to capacity irf*.
e if f*(p) >0, thenx*(p) = 1; in other words on a path with non-zero flow, the length
is 1.

3. Properties of the bidirected LP

We begin by showing that the value of the bidirected relaxation depends on the permu-
tation on the terminals. This is contrary to the suggestidqa®j.
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(@ Instance with BiDir < OPT (b Instance with BiDir = OPT

Fig. 1. Basic fractional solutions with different permutations.

Theorem 3.1. The value of the bidirected relaxation for tivuLTiIwAY CuT problem is
permutation-dependent even when the input graph is a tree

Proof. Consider the instance Fig. 1(a), where each edge has cast 1. The solutionc*
assigns each of the arcs labekethroughe a value of% and assigns zero to the rest of the
arcs, giving us a total value of 2.5. To see that this is optimal, we set up a dual multiflow
of value 2.5. The flow-paths are frosm to s3, s1 t0 s2, s2 t0 53, 52 10 54, and fromss to s4,
each carryiné unit of flow. The complementary slackness conditions can also be verified.
In fact, we can also show that this soluti®i is basic. Suppose* can be written as
the convex combination of two solutions, and Xdbe one of these solutions that assigns
valuesa throughe to the arcs shown ifig. 1(a). (Note that the values given to the rest of
the arcs must be 0.) Singemust also be optimal, it satisfies the complementary slackness
conditions with respect to the optimal dual solution given above. Thus, we get a system of
five linear equations, one for each of the five flow paths in the dual solution. (For example,
the path frony; to s3 gives usu 4 ¢ = 1.) Solving this systemyields=b=c=d =e= %
and hence = x*.
If, however, we renumbered the terminals and changed the ordgratlss in Fig. 1(a)
to get the graph ifrig. 1(b), we would change the value of the linear program. A generic
optimal feasible solution is shown; the arrows not shown are set to 0. The value of this
optimal solution is 2+ x" + y’ + z. However, feasibility must ensure that iinx'} + z +
min{y, y’} > 1, which implies that the LP value is at least 3, as opposed to 2.5 earlier. Thus
the LP valuedoesdepend on the permutation used.]

Note that the optimal solution to this instance involves cutting at least 3 edges, and hence
the integrality gap of the LP for the permutationkig. 1(a) is at Ieasé. Note that this is
worse than the integrality gap of theKR relaxation fork = 4 which from[8], is ho worse
than 1.1539.
We also note that the support of a basic solutiofBiDir can havedigons i.e., pairs
of anti-parallel edges. An instance that demonstrates this can be obtained from the one in
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Fig. 1(a) by addingu, s1), (u, s3), (v, s2), and(v, s4) to the edge set and assigning a cost

of 2 to each of these edges. A basic solution to this instance is the following: assign 1 to
the arcgs1, v), (1, s4) and 0.5to arcésy, u), (s2, u), (s2, v), (s3, v), (u, 52), (u, 53), (4, v),

(v, s3), (v, s4), and 0 to the rest. In this solution we have a digen «) and(u, s2).

A worse integrality gapThe dependence of the value of the bidirected LP on the per-
mutation can actually be made worse. We now show that the complete binaB; tneth
t levels, the 2leaves being terminals and each edge costing 1, has an integrality gap
approachin% for a certain permutation of the terminals.

Given a set of terminal name¥ = s;,, si,, ..., s;, and a complete binary tree with
k leaves, the leaves are labeled inductively: the labels are divided into two sets with
L = sy, sis - - ., 8i,_, Deing the names at the “odd” places in the set, &nd N\L be-
ing the rest of the labels. We then recursively label the left subtreeiathd the right one
with R. The base case is when we have a single vertex and a single label, in which case
the labeling is trivial. E.g., giveB, and{s1, s2, 53, s4}, the labeling will bes, 53, s2, s4
from left to right. The reader will notice that this gives an instance isomorphic to the one in
Theorem 3.1.

We now give a feasible fractional solution: consider any two leaf nedasds; (with
i < j) that have a common paremtWe assigne(s;, u) = x(u, s;) = % For each internal
nodeu with left child v and right childv’, we assignx (v, u) = x(u, v') = . It is easy to
check that this is a feasible solution for the bidirected LP. However, the optimal integer
solution to this instance is at least-2 1, since each edge deletion increases the number of
components by 1. However, the fractional solution has vBillEr = 2 - % +2 -1 %1,
and thus the integrality gap is 3.

Labeling the 2 leaves from left to right gives an instance with an integrality gap of 1.
Indeed, a dual multiflow solution with valué 2 1 just sends one unit of flow from each leaf
to the next one along the unique shortest path in the binary tree; this uses each arc exactly
once. This shows that a poor choice of permutation can affect the LP value by as much as
a factor of3.

Optimal solutions to the bidirected LP, irrespective of the permutation, satisfy some useful
inequalities that are given below. We make the input graph complete by adding zero weight
arcs. This does not change the value of either the integral solution or the fractional solution
to BiDir, since we can set(u, v) for any zero-weight arcu, v) to be the length of the
shortestu-v path with respect ta. Whenever we refer to optimal solutions in the sequel,
we will assume these solutions to trenimalin the sense that ne(u, v) can be reduced
without making the solution infeasible.

Lemma 3.2. If x is an optimal solutionthenx (a) + x(a) <1forall a = (u, v) € A.

Proof. Sincex(a) cannot be reduced, there must be termingls, with p < ¢ such that
x(sp, u) + x(a) + x(v, s4) = 1. Similarly, there must bg., s; (with r <) with x(s,, v) +
x(a) + x(u, s;) = 1. However, now at least one pf< ¢ or r < g must hold true. Without
loss of generality, it is the former (the other case is identical) —titep u) +x (u, s;,) > 1,
and hence(a) + x(a) <2 — x(sp, u) — x(u, s;) <1, proving the lemma. [

For anyv € V and any Ki <k, the constraints of the LP imply that thés;, v) +
x(v, si+1) = 1. The lemma below shows equality for an optimal solution.
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Lemma 3.3. Let x be an optimal solution. Then for any V and anyl<i <k, x(s;, v) +
x(v, si+1) = 1.

Proof. Letx(s;, v) = a. Since this is an optimal solution, there must be sédmé such
thatx(v, s;) =1 — a for somel > i, elsex(s;, v) can be decreased. Considet j <!:
by feasibility,x(s;, v) > 1 — x(v, ) >a, andx (v, s;) > 1 — x(s;, v) > 1 — a. However, by
Lemma3.2x(v, s;) + x(s;, v) <1, thus implying thak (v, s;) = 1 — a. Now plugging in
Jj =i+ 1provesthe lemma.]

Let us definey({u, v}) = x(u, v) + x(v, u) for all edges{u, v} € E. From Lemma
3.2, 0< y({u, v})) <1 for all {u, v} € E. Thusy could be interpreted as assigning lengths
to the edges of the undirected gra@hlt is easy to check that is feasible forDistLP
and hencdistLP <BiDir for all instances. The following corollary to Lemma 3.3 shows
that y satisfies a property that is not necessarily satisfied by solutions to
DistLP.

Corollary 3.4. For any feasible solution x tBiDir and for anyv € V,

k

Y yUsivhzk -1 (3.1)

i=1
with equality when x is an optimal solution

Proof. We expandy_*_; y({s;, v}) asx (v, s1) + Y r—1 (x(si, v) + x(v, 5i11)) + x (5%, V).

The two termsc (v, s1) andx (sg, v) are non-negative, and the othier- 1 terms are at least

1 each, since is feasible. Ifx is optimal, then the terms(v, s1) andx (s, v) can be set to

0 since doing so does not violate any of the constraints of the LP. Furthermore, Lemma 3.3
ensures that each of the other terms in the sum is exactly/11.

On some instancelBistLP < BiDir. Consider a star rooted awith unit weight edges
connecting to k leavessy, sz, . . ., sx; the leaves are the terminals. The optimum integral
solution to this instance is— 1. From Corollary 3.4 we see that for any optimum solution
x to BiDir, Zf;ly({r, si}) = k — 1. Since this sum equals the integral optimum for the
graph in question, the cost of ti&Dir optimum isk — 1. On the other hand, the opti-
mulm value ofDistLP for this instance i%/2, obtained by assigning each edge a length
of 5.

'Ighe following lemma characterizes the requirements on a feasible sojutmoDistL P
that corresponds to some feasible solutidor BiDir. It will be useful later in comparing
solutions toBiDir andCKR.

Lemma 3.5. Letd be asemi-metric ovi(G) with0<d (e) < 1which satisfie$ ; d(u, s;)=
k—1forall u € V.Then there is a feasible solution x to the bidirectediRh the identity
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permutation in which y({u, v}) <d(u,v) for all u,v € V if and only if for all
u,veVv

d(u, v)> max {Z(d(v, s;) —du, s,-))= + max{ > @, sj) —d(, sj))} .

Jsi J<i

(3.2)

Proof. (IF) Supposé («, v) satisfies conditions (3.2). Sindés;, sj)=0and}_; d(s;, s;))=
k — 1, it must be the case thdts;,s;) = 1 for alli # j. Let us now definec(s;, u) and
x(u, s;) for all u ands;.

Forallu € V andi, 1<i <k, we definex(s;, u) = ngid(u,sj) — (i — 1). Since
d(u, sj) <1,the sumis atmostand hence we get(s;, u) <1. Furthermorezj <idu,sj)
=k-1) — Z,/N’ d(u,s;), andd(u, s;) <1implies that the final sumis at most-i. This
ensures that(s;, u) = ngid(u, s )—(G-D>2k—-1D —(k—i)— (G —1=0.

Note that (1)x(s;, s;) = 1if i < j and O otherwise, (2)(s;, u) 2 x (s, u) if i < j, and
(3) x(sx, u) = 0 for all u. Now definex(u, s;) =1 — x(s;—1, u) for all uandi > 1, and
x(u, s1) = 0 for all u. Clearly, x(u, s;) also lies between 0 and 1. (Also note that this
definition is consistent with the previous one wheis a terminal node.)

Finally, we define for alki, v € V, x(u, v) = max{x(s;, v) — x(s;, u)}. It is easy to
see that this is an identity if we replaceor v by a terminal node;, and hence this
definition is consistent with the previous one as well. Also note tiaf v) >0 because
x(u, v) > x (s, v)—x(sg, u)=0. Tofinish the proof of the feasibility ofiwe need to establish
thatx satisfies the triangle inequality(u, v) + x (v, w) > x(u, w) for all triples (u, v, w).
From the definition okit follows that for 1<i <k, x(u, v) +x (v, w) > x(s;, v) —x(s;, u) +
x(si, w) — x(s;, v) = x(s;, w) — x(s;, u). Thereforex (u, v) + x(v, w) >=max {x(s;, w) —
x(s;, u)} = x(u, w). Now, definingy ({u, v}) asx(u, v) + x(v, u), we see thay({u, v}) is
exactly same as the right-hand side of (3.2), and hence atdtost).

(Only IF) We know that (s;, u) +x (u, s;+1) =1 for alli, 1<i < k. Adding these inequal-
ities and using the faot(u, s1) = x(sg, u) =0, we geth.‘:1 (xGsi,u) +x(u,s;) >k — 1.
But, x(s;, ) +x(u, 5;) = y({u, s;}) <d(u, s;) and we know thap _; d(u, s;) =k — 1. This
implies thatx (s;, u) + x(u, s;+1) = L foralli, 1<i <k, andx(s;, u) + x(u, s;) =d(u, s;)
for all i.

Solving these equations, we gets;, u) = ngid(u,sj) — (=1 andx(u, s;) =
1 — x(s;—1,u). Also, sincex can be assumed to satisfy the triangle inequality, we must
have x (u, v) >max{x(s;, v) — x(s;, u)}. Now using the fact thak (u, v) + x(v,u) =
y({u, v}) <d(u, v), we get inequality (3.2). [

4. Relationship to the CKR relaxation

Calinescu, Karloff and Rabaifi2] gave the following simplex-based relaxation for the
MuLTIwAY CuT problem: each verten is mapped to a point in thk-simplex with the
terminals mapped to the vertices of the simplex. Each edgédu, v} gets lengthu, that
is half the¢, distance between the points corresponding &mdwv. In the integral setting
the mapping can be thought of as assigning for each varteron-negative values(u, i)
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such thaf) ", z(u, i) = 1. For each termina, exactly oné is chosen and(s, i) is set to 1.
Note that the relaxation does not depend on how the terminals are mapped to the vertices
of the simplex. Then for an edge= {u, v},

b= 33 I ) — 2w, )l

The relaxation finds the mapping that minimiZes_ . ce . .
The main result of this section is the following:

Theorem 4.1. For any orderingzn on the terminalsthe value of theCKR relaxation is
at least as large as that of th@iDir relaxation. Hencethe integrality gap of théBiDir
relaxation is at least as that of large as tR&R relaxation

We present two proofs for this theorem, one more visual, the other more algebraic.

4.1. Proof I: by picture

Proof. Letss, s2, ..., s; be the ordering of the terminals for the bidirected relaxation. We
will setz(s;, i) =1 in theCKR relaxation. From the symmetry argument it suffices to argue
that the value of the bidirected relaxation with this ordering is no more than the value of
the CKR relaxation with the corresponding assignment.

Let (z, u) be some feasible solution to tleKR relaxation. As shown iffi2], we can
assume w.l.0.g. that the solutiaris alignedwith respect to the simplex. This means that for
each edge = {u, v}, the coordinates af andv differ in at most two coordinates. The edge
eisij aligned, < j, if uandv differ in theith andjth coordinates. Givemwe construct a
feasible solutiorx to the bidirected relaxation as follows.ufandv are mapped to the same
point in the simplex, then they do not differ in any coordinate and we @gt= 0 for both
the arcqu, v) and(v, u). Otherwise let = {u, v} beij aligned, < j. Forthe are: = (u, v),
we setx(a) = max{0, z(u, i) — z(v, i)}. In other wordsy(a) = y, if z(u, i) — z(v,i) >0
and 0 otherwise. Similarly for the afc= (v, u) we setx(a) = max0, z(v, i) — z(u, i)}.
Note thatz(u, i) — z(v,i) = z(v, j) — z(u, j) sinceeis ij aligned. Hence for each edge
{u, v}, exactly one of the arcé&:, v) and (v, u) gets lengthu, the other gets length 0.
From this, it is obvious that the value of the constructed solution to the bidirected re-
laxation is exactly the same as that of t6KR relaxation. In other words each edge is
oriented from the lower indexed terminal to the higher indexed terminalFe& for an
example.

Now we argue that the above assignment is feasible for the bidirected relaxatidh. Let
be a directed path from terminglto s; in the bidirected graph, wheie< j. Letx(P) =
> _acp X(a) denote the length ¢t according tox. For a verte, leto(u, h) =3, <, z(u, ).

We have the following lemma.

Lemma 4.2. For any directed path P from u toand for1l<i <k, x(P) > max0, o(u, i) —
a(v,i)}.
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Fig. 2. How to orient aligned edges: the 3-terminal case.

Proof. We fix an index¢, 1< ¢ <k and show thak(P)> maxO0, o(u, i) — o(v,i)}. The
proof is by induction on the number of arcs The base case is whéhconsists of a
single arc(u, v). The edgee = {u, v} is ij aligned for somé < j. Then it follows that
o(u, h) —a(v,h) =0forallh <i andh > j anda(u, h) — a(v, h) = z(u,i) — z(v, i) for
i <h < j.Furtheru, = %(Iz(u, i)—z(, )| +1z(u, j)—z, j))=Iz(u,i) —z(v, i)|. From
the construction of, x (u, v)=max_0, z(u, i) —z(v,i)}. If L <ioré > j,o(u, £)—o(v, £)=0
and hence triviallye (P) > maxo, o(u, £) — a(v, £)}. If i <€ < j, thenx(P) = x(u, v) =
max0, z(u, i) — z(v, i)} = max{0, o(u, £) — a(v, £)}.

Suppose the induction hypothesis is true for all paths of length up fioand letP = P,
be a path of length Let (u, w) be the first arc if? and letP,,, be the restriction dP from w
tov. Since the number of edgeshy,, ist — 1 we can apply the induction hypothesisig,
and hence (Py,,,) > max0, a(w, £) —a(v, £)}. If a(w, £) >o(u, £) we are done. Hence we
can restrict ourselves to the case in whigh, ¢£) > o(w, £). In this case it must be that the
edge{u, w} is ij aligned such that<¢ < j andz(u,i) — z(w, i) = o(u, £) — a(w, £). It
follows thatx (u, w) = a(u, £) — w(w, £). Therefore,

x(P) =x(u, w) + x(Pyy)
=oa(u, ) — o(w, £) + x(Pyy)
>o(u, £) — o(w, £) + maxo, a(w, £) — a(v, £)}
> max{0, a(u, £) — (v, £)} (sincew(u, £) — a(w, £) >0)

which finishes the induction step]

An immediate corollary to the above is the following.

Corollary 4.3. For terminalss; and s; such thati < j, the shortest sdistance in the
bidirected graph is at least.
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This shows thax is a valid solution for the bidirected LP, and hence proves the theorem.
O

A concise and direct proof of Corollary 4.3 was suggested by an anonymous referee and
we present it below.

Lemma 4.4. Let P be a directed path from terminaltos;, i < j. Thenx(P) >1.

Proof. For a vertexu, definedr(u) = Zt’;lz(u, t) (the half¢q distance between and
F whereF is the simplex facet containing, s;+1. ..., sx). Consider how/r changes as
we traverseP from s; to s;. Initially we havedr(s;) = 1 and at the endr(s;) = 0. For
an arca = (u, v), let 4, = dr(u) — dr(v) denote the change i value as we traverse
the arca. Let a be hl aligned forh <. Recall thatz(u, h) — z(v, h) = z(v, ) — z(u, 1).
Thereforedr(u) — drp(v) =0if h>j orl < j.If h<j<lthend, = dp(u) — dr(v) =
z(u, h) —z(v, h) and hencel, <x(a) =maxO0, z(u, h) — z(v, h)}. From this we obtain the
following:

dp(si) —dp(sp))=1=)_ 4,< Y x(@=x(P). O

aeP aeP

4.2. Proof IlI: by algebra

Proof. Since theCKR relaxation does not depend on any ordering on the vertices, we can
assume that is the identity permutation, else we can permute the names of the vertices to
get this. Our proof shows that the optimal mefrigiven by theCKR LP can be massaged
into a feasible solution to the bidirected LP with the same cost. The crucial fact we will
use is that solutions to theKR relaxation satisfy two useful inequalities, as pointed out
in[2]:

Y u.s)=k—1 foraluev, (4.3)

i

wu, v) = Z max{u(u, s;) — u(v, s;),0} forallu,veV. (4.4)

1

In fact, these two inequalities, along with the constraint thatrestricted to being a metric,
areequivalento the CKR relaxation[2, Proposition 1]

Since this metriq: satisfies (4.3), it satisfies the conditions of Lemma 3.5, and we can
get a solution withy(e) <u(e) (and hence with total cost at most that of t6KR re-
laxation) if 4 satisfies (3.2); we now show this. Consider the two maxima in (3.2), and
let them be attained di andip, respectively, withi1 >i, (the other case is symmetric).
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Then
D (s sp) =, s) + Y (v, 5j) — plu, 57)
J<i1 J<i2
= Y (max{u(u, s) — p(v, 5), 0} — maxu(u, ;) — p(v, s;), 0
j<ii
+ > (max(u(v, s;) — u(u, s;). 0} — max{u(u, s;) — u(v,s;).0)  (4.5)
J<i2
< ) max{u(u, s;) — (v, s)), 0}
J<i1
— Y max{u(v,s;) — uu,5;), 0+ Y maxu(v,s;) — pu.s;). 0} (4.6)
Jj<i1 Jj<i2
< Z max{u(u, sj) — u(v, s;), 0y < Z max{u(u, s;) — u(v, s;), O}
J<i1 J<k
<uu, v).

The first manipulations above ensure that all terms within the summations are positive.
Then, in (4.5), we drop the final summation that was being subtracted off; in (4.6), we drop
two summations, since one of them subtracts more than the other one adds. Finally, we use
(4.4) for the last inequality, which finishes the proof of the theoremm.

We can also show that the bidirected LP has a value tsitietly lowerthan theCKR
relaxation forany permutation.

Theorem 4.5. There exists a graph for which the optimal valueBiDir is 8.5 for any
permutationrz on the terminalswhereas the value of theKR relaxation(as well as the
optimal cuj is 9.

Proof. Consider the graph ifig. 3. It is constructed by taking three copies of the tree

in Fig. 1(a), and identifying the terminals. (The different trees are indicated by different
patterns on the edges.) This has been done in such a way that for any labeling of the resulting
terminals, at least one of the three trees is isomorphic to the instakdg. if(a), i.e., for

any assignment of labels1, s», s3, s4} to the terminal nodes (the figure shows one such
assignment), at least one of the trees will have a common parentoids,.

We first observe that for any setting of the arc lengththe solution is feasible for the
bidirected relaxation o if and only if it is feasible for each of the three trees. Itis clearly
feasible for each of the trees if it is feasible f&r Conversely, supposeis feasible for the
trees but not foG. Then there exist terminalg ands;, i < j, and a directed patR from
s; t0 s; such thatv(P) < 1. Clearly, we can break this path into sub-paths such that each
sub-path connects two terminals and stays inside one of the three treesi Sipcthere
must exist such a sub-path which connects two terminalads,,, wherel < p. But then,
the length of this path is at least 1, a contradiction.

If we restrict attention to one of the three trees, there is an integral solution of value 3
(cut the edges incident with three of the four terminals). Sd3tigr relaxation must have
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Fig. 3. Three trees glued together at the terminals.

value at most 3 on any of the three trees. Further, we know that at least one of the three
trees has an instance isomorphic to the instandégn1(a)—and in this case, thBiDir
relaxation has value at most 2.5. Thus, the optiBi&lir value is at most 8.5.
On the other hand, a similar argument shows thist a solution to theCKR relaxation
on G if and only if u restricted to each of the trees is a solution to@#eR LP on the tree.
Now we know that there exists a permutation for whigibir is 3 on the trees, and hence,
by Theorem 4.1, the value of tlie&KR formulation is at least 3. Hence the solution value of
the CKR relaxation orG is at most 9. Since there is an integral solution of value 9 as well,
it must be the case that the optimal solution to@R relaxation has value 9. This proves
the theorem. [

5. Discussion

In a paper by Erds et al.[4], another lower bound for MLTIwAY CuT was proposed.
Let G be some orientation of the edges@fand let/. (s) be the min-cut in this directed
graph between a termingandS — s. Let us define =maxz{} . Az (s)}. The following
theorem is proved in that paper:

seS

Theorem 5.1 (Erd6s et al). The quantity is a lower bound on thuLTiway CuT, and
is exact wherG — S is a tree

This implies that example iRig. 1(a) must have = 3, and sinc&iDir = 2.5, this shows
thatv > BiDir; conversely, it can be shown for that the graplFig. 4, v =7 (se€[4]) is
less thanBiDir = 7.5 (see[10, Exercise 19.7] showing that the two lower bounds are
incomparable.
We can show that th€KR relaxation is also exact whe@ — S is a tree. The proof
is technical and we do not include it in this paper. Even though we have shown that the
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S

S

Fig. 4. Example fok = 3 from [4] and[6]. The numbers indicate edge costs.

BiDir relaxation is weaker than tHeKR relaxation, there are interesting questions about
the relaxation that we have not answered. Is the integrality gap oBiBé& relaxation
strictly smaller than 2 for all permutations? If so, what is the exact integrality gap? Can the
permutation that yields the largest value for BiBir relaxation be computed in polynomial
time?
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