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Feedback Vertex Set (FVS)

Graph G = (V, E) with vertex weights w(v), v € V

S c V 1s a feedback vertex set if G — S has no cycles. In
other words, S 1s a hitting set for all cycles in G

Goal: given G find FVS of min cardinality/weight




Feedback Vertex Set (FVS)

Graph G = (V, E) with vertex weights w(v), v € V

S c V 1s a feedback vertex set if G — S has no cycles. In
other words, S 1s a hitting set for all cycles in G

Goal: given G find FVS of min cardinality/weight

=y




Subset Feedback Vertex Set (SFVS)

Graph G = (V, E) with vertex weights w(v), v € V
T € V 1s a set of terminals

Goal: find min cardinality/weight set S that hits all
cycles that contain a terminal

A




Motivation

Applications: various, Bayesian inference in Al

Graph theory: connection to Erdos-Posa theorem,
graph minor theory, ...

Algorithms: approximation, fixed parameter
tractability, canonical vertex deletion problem, ...

 NP-Hard from Karp’s paper

Remark: Directed graph FVS 1s very interesting. This
talk 1s about undirected graphs




Cycle cover LP for FVS

mj‘n Zu Wu xu
Yuec Xy =1 forall cycles C

X, =0 forallu eV




Cycle cover LP for FVS

mj‘n Zu Wu xu
Yuec Xy =1 forall cycles C

X, =0 forallu eV

Integrality gap is ©(log n) [Bar-Yehuda-Geiger-Naor-Roth’98]

Lower bound via Q(log n) girth O(1) degree graphs

« OPT = Q(n)
* Fractional solution x,, = ¢/logn for each u.

Dual is fractional cycle packing LP.

Gap i1s related to Erdos-Posa theorem in graph theory




Approximability of FVS

a-approx. for FVS implies a-approx. for Vertex Cover
* no (2 — €) approx. under UGC [Khot-Regev’08]
* no 1.3606 approx. under P # NP [Dinur-Safra’05]

2-approx. via “combinatorial” local-ratio method [Bafna-
Berman-Fujito’95, Becker-Geiger’96]

2-approx. via primal-dual [Chudak-Goemans-Hochbaum-
Williamson’98] interpreting local-ratio methods




Approximability of SFVS

* 8-approx. [Even-Naor-Zosin’96] complicated and
based on mix of combinatorial and LP ideas




[CGHW’98] LP Relaxation

SD-LP (strong density LP)
min ), Wy, Xy,
Yues ds(u) — Dxy, = |ES)| —|S|+1 forall SSVs.t E[S]|+0

X, =0 forallueVv

Notation: d¢(u) is degree of u in induced graph GJ[S]
Exponential sized LP but not known to be solvable in P

Integrality gap at most 2 via primal-dual algorithm




Motivating Questions

Is there a (compact) poly-time solvable LP relaxation for
FVS that has an integrality gap of 27

* Is there a primal rounding to give factor of 27?
Is there a 2-approx. for SFVS? Lower bound 1s 2.

Is there a (compact) poly-time solvable LLP relaxation for
SFVS with O(1) factor integrality gap?




LLP Formulation for SFVS

|[C-Madan’16]

* An explicit poly-time solvable LP formulation for
SFVS (and hence also for FVS)

Integrality gap of LP for SFVS, and hence also for
FVS, 1s at most 13. Proof based on a primal rounding
algorithm

Conjecture/Question: Is the integrality gap of CM-LP
at most 2 for SFVS?




Sam Fiorini’s Conjecture
2021 Oberwolfach Workshop]

LP of [Chudak-Goemans-Hochbaum-Williamson’98]
for FVS has an extreme point property:

Every basic feasible soln has a coordinate at least

The polytope 1s not half-integral, easy examples




Sam Fiorini’s Conjecture
2021 Oberwolfach Workshop]

The LP of [Chudak-Goemans-Hochbaum-Williamson’98§]
for FVS has an extreme point property:

Every basic feasible soln has a coordinate at least %
Motivation:
* Primal rounding algorithm for FVS

» Algorithms for other vertex deletion problems (treewidth
deletion)

* LPsbased results have several benefits: practice & theory




Results

[Chandrasekaran-C-Fiorini-Kulkarni-Weltge’23]

* (Compact) poly-time solvable formulation(s) for FVS
with integrality gap at most 2

Connections to pseudo-forest deletion (PFDS) and
Densest-Subgraph (DSGQG)

CM-LP integrality gap 1s at most 2 for FVS




Results

[Chandrasekaran-C-Kulkarni1’26] (with AI help)
* Fiorini’s conjecture 1s true!
* A new iterated rounding 2-approximation for FVS

* Proof 1s nice/interesting




Rest of Talk

* LP formulations for FVS via connections to density
* Some 1deas 1n extreme point proof

 Summary and open problems




[CGHW’98] LP Relaxation

SD-LP (strong density LP)
min ), Wy, Xy,
Yues ds(u) — Dxy, = |ES)|—1S|+1 forall SSVs.tE[S]|+0

X, =0 forallu eV

Notation: d¢(u) is degree of u in induced graph GJ[S]




[CGHW’98] LP Relaxation

Yues (ds(w) — Dx, = |E(S)| —|S|+1 forall Ss.t E[S]# 0

Why are these inequalities valid?




[CGHW’98] LP Relaxation

Yuev (dy (W) — Dxy, 2 [EWV)| = [V] +1

Why is this inequality valid? Let x € {0,1}. Say A c V is an FVS.
G-Ahasnocycle: E[V—A] < |V| — |4] — 1

Yuea dy(w) = |E| —E[V — Al = |E| — V] + |Al + 1
Rearranging, >.,,c, (dy(w) — 1) = |E| — [V]|+ 1

ZuEV (dV(u) —1Dxy = [E| — [V]+ 1




[CGHW’98] LP Relaxation

Yues ds(w) — Dxy, = |ES)| —|S|+1 forall Ss.tE[S] #0

Yuev (dy(w) — Dxy, Z [E(V)| - V] +1

If AisaFVS of G, forany S s.t E[S] # ®, AN S isaFVSof G[S]




[CGHW’98] LP Relaxation

Yues ds(w) — Dxy, = |ES)| —|S|+1 forall Ss.tE[S] #0

Yuey dy(w) — Dxy, = [EV)| = [V]+1

If AisaFVSof G, forany Ss.t E[S] # ®, ANS isaFVSof any
subgraph of G




Stronger LP Relaxation

Edge-SD-LP (edge strong density LP)
min ), Wy Xy,
ZuEV(F) (dp(uw) —Dxy, = |F| = |V(F)|+1 forall @+ F € E

X, =0 forallu eV

dr(u) is deg of u in the edge-induced subgraph
G[F] = (V(F), F)




Edge-SD-LP (edge strong density LP)
min Y, Wy Xy

Yuevry (dr() — Dy, = |F| = [V(F)| +1 forall @ # F C E

x, =0 forallu eV

[Chandrasekaran-C-Kulkarni’26]
* LP is poly-time solvable via Ellipsoid method

* SD-Edge-LP is strictly stronger than SD-LP

* Has a poly-sized extended formulation via ideas from
[Chandrasekaran-C-Fiorini-Kulkarni-Weltge’23]




Edge-SD-LP (edge strong density LP)
min Y, Wy Xy

Yuevry (dr) — Dxy, = |F| = [V(F)| +1 forall@ # F € E

X, =0 forallueVv

> (@) = Dy 2 |F| = V(P +1

UEV (F)

_IF| + z (x, +x,) + [V(F)| — 1> 0

UverF

gx(F) =0




D (@) = Dy = [F| = [V(F) +1

U€eV (F)

—|F| + z (x, +x,)+ |[V(F)|[—1=0

UvVEeF

gx(F) =0

Jy 18 submodular function over 2& for any fixed x

o —|F|+ Y, er (x, + x,) is a modular function
* V(F) 1s number of vertices touched by F (coverage
function)




Separation Oracle

gy 18 submodular function over 2% for any fixed x
 [Use submodular function minimization

e A combinatorial interpretation.

- Foredge e = uvset w(e) = max(0,1 — x,, — x,,)
* Compute fractional arboricity: max w(ELS)

° > 1
g (F) = 0 for all F equivalent to max—

« Combinatorial interpretation can be used to develop a
compact formulation via orientation LP for densest
subgraph




SD-LP (strong density LP)
min ), Wy, Xy,
Yues ds(u) — Dxy, = |ES)|—|S|+1 forall SSVs.tE[S]+ @

X, =0 forallu eV

Edge-SD-LP (edge strong density LP)

min ), Wy, Xy,

ZuEV(F) (dp(uw) — Dx, = |F| = |V(F)|+1 foral.l@ # FCE

X, =0 forallu eV




x 1s feasible for SD-LP but not for Edge-SD-LP

Violating edge setis E \ {(¢,d)}




Extreme Point Property

[Chandrasekaran-C-Kulkarni 26]

Theorem: If G has a cycle then every extreme point of
SD-LP has a vertex u such that x, = 1/2.

Theorem: If G has a cycle then every extreme point of
Edge-SD-LP has a vertex u such that x,, = 1/2.




Extreme Point Property

[Chandrasekaran-C-Kulkarni 26]

Theorem: If G has a cycle then every extreme point of
SD-LP has a vertex u such that x, = 1/2.

Theorem: If G has a cycle then every extreme point of
Edge-SD-LP has a vertex u such that x,, = 1/2.

Proofs are similar but not same since LLPs are different

New 2-approximation for FVS via iterated rounding




Proof Ideas

[Chandrasekaran-C-Kulkarni 26]

Theorem: If G has a cycle then every extreme point of
SD-LP has a vertex u such that x, = 1/2.

Goals:
 Why did we get stuck and how Al helped

* Key high-level ideas




Pipeline following Jain

* Let x be an extreme point. Assume for contradiction
1 : .
that x,, < ;. for all u. Derive contradiction

* Show extreme points have a structured basis. Usually
some form of “laminarity” by using uncrossing

» Use structured basis and a counting argument to
derive contradiction




Conditional supermodularity

SD-LP (strong density LP)
min Y, Wy, Xy,
Yues ds(u) — Dxy, = |E(S)| —|S|+1 forall SCVs.tE[S]+ 0

X, =0 forallueVv

: : : 1
Lemma: Suppose x is a fractional solution s.t x, < > for each vertex u.
Consider f,: 2V —> R where

£8) = |E)] = I8+ 1= ) (ds (@) = D,

UuesS

Then f, is supermodular.




Conditional supermodularity

SD-LP (strong density LP)
min Y, Wy, Xy,
Yues ds(u) — Dxy, = |E(S)| —|S|+1 forall SCVs.tE[S]+ 0

X, =0 forallueVv

: : : 1
Lemma: Suppose x is a fractional solution s.t x, < > for each vertex u.
Consider f,: 2V —> R where

£8) = |E)] = I8+ 1= ) (ds (@) = D,

UuesS

Then f, is supermodular.




Basis

n variables and hence n tight constraints/rows

LetZ = { u| x, = 0}. Wlog these constraints will
be part of basis, z = |Z]

Let A4, A,, ..., A}, be vertex sets whose rows are part
of basis. Hence h =n — z

The n rows of the constraint matrix corresponding
to these are linearly independent in R™




Structured Basis via
Uncrossing

. 1
* xan extreme point and x,, < E for each vertex u.

* Using conditional supermodularity can show that
there exists an almost-laminar basis for x.

e L 1s the collection of non-trivial sets (other than zero
constraints)

- AL B€E L implicssAcBorBc Aor|ANB| <1
+ S € L implies G[S] 1s 2-node-connected
- A B€L,Ac Bimpliesthereisve€ B\ As.tx, >0




.
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Q
)
—
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—
QL
<
3=
/s
=




Almost Laminar Family




Is there structure?




Stuck?

We did not observe that poset under set inclusion of
almost laminar family still yields a forest!

Needs property that each set 1s of size at least two




A, A, As A, As
{5,1,10,11,12} {1,2,20,21,22} {2,3,30,31,32} {3,4,40,41,42} {4,5,50,51,52}
Cz C3 CA CS
{20,21} {2,30} {40,41} {50,51}







Counting Argument

Even with forest structure the counting argument is not easy to see

Unlike most cases in iterated rounding so far, the LP constraint
matrix is not a {0,1} matrix.

Known arguments
Jain’s original argument (somewhat complex)

Simplified mto fractional token counting in several works (see
book of [Lau-Singh-Ravi])

Custom ‘“combinatorial” inductive invariant. For Jain’s SNDP
problem one way [C-Rukkanchanut’16]




Inductive Invariant

For every S € L (node 1n forest),
* NZ(S) =SSNV —Z2Z) non-zero vertices in S

* ks = # of sets 1in tree rooted at S

Invariant: |[NZ(S)| = kg + 2 5 NZ2k+2=5




Inductive Invariant

Invariant: |[NZ(S)| = ks + 2
Base Case: S 1s a leaf in the forest

* Sis 2-node-connected and hence has a cycle

* Y.ec Xy = 1 implied by constraints. Since x,, < 1/2 for all u
by assumption, |[NZ(S)| = 3




Contradiction from Invariant?

Invariant: |[NZ(S)| = kg + 2
51,85, ..., Sy, are roots of the trees 1n the forest
¢ kSl +k52 ~+ "'+kSh = N —Z7

 If h =1 orif the sets are disjoint then easy
contradiction, but S, S,, ..., S, can overlp










Key Lemma

Let Ay, Ay, ..., A, be tight sets s.t [A; NA;| < 1,0 #j
Let U = U; A; be the union of the sets

If r > 2,then Y,;|A;| — U] < 2r —3

Says that overlap at common vertices is controlled




L
AN
5 SV A

4

J

r =4 and overlap = 6. 6 > 2r-3 and hence not feasible according to lemma







Contradiction from Invariant
and Lemma

Invariant: |[NZ(S)| = ks + 2

51,55, ..., Sy, are roots of the trees. U = U; §;.

* Basisi kg + kg, + ..t ks, =n —2z

By invariant, );|NZ(S;)| = Zi(ksi + 2) =n—z+2h

e By Lemma, [NZ(U)| = Y;INZ(S;)| — (2h —3)

n—z>n—z+2h —(2h—-3)>n—2z+3




Remarks

Proof of extreme point property highlights some new
aspects

We had the ingredients but didn’t persist enough and
missed a key but simple observation

Al helped solve it 1n 1nitial weeks of playing before we
were experienced in probing it

We saw the Edge-SD formulation after, not before! Could
have done 1t 1n the earlier paper.

Research 1s non-linear, especially with fallible humans




Open Problems

* Is there a 2-approx. for SFVS?

* What 1s the integrality gap of CM-LP for SFVS? Currently at
most 13

+ Alternative LP relaxations for easier analysis?

* Fast primal-based 2-approximation for FVS and empirical
evaluation (compare to primal-dual)

Original inspiration for Fiorini: Deletion to small
treewidth. Recently a randomized O(1) combinatorial
approximation [Wlodarczyk’25]. Several questions.




Thank You!
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  N Z ( S ) = S ∩ ( V − Z )


   k S =


  S


  | N Z  ( S ) | ≥  k S + 2


  | N Z  ( S ) | ≥  k S + 2


   ∑  u ∈ C     x u ≥ 1  


   x u < 1 / 2


  | N Z  ( S ) | ≥ 3


  | N Z  ( S ) | ≥  k S + 2


   S 1 ,  S 2 ,   … ,    S h


   k   S 1 +  k   S 2 +   … +  k   S h = n   − z


  h = 1


   S 1 ,  S 2 ,   … ,    S h


   A 1 ,  A 2 , … ,    A r


  . t     | A i ∩  A j | ≤ 1 ,   i ≠ j  


  U =    ∪ i  A i


  r ≥ 2 ,  


     ∑ i   |   A i |   −  | U | ≤ 2 r   − 3


  | N Z  ( S ) | ≥  k S + 2


   S 1 ,  S 2 ,   … ,    S h


  U =    ∪ i  S i


   k   S 1 +  k   S 2 +   … +  k   S h = n   − z


   ∑ i   |  N Z  (   S i ) | ≥  ∑ i   (   k   S i + 2 ) =   n − z + 2 h    


   |  N Z  ( U ) | ≥  ∑ i   |  N Z  (   S i ) |   −  (  2 h − 3 )  


  n − z ≥ n − z + 2 h   −  (  2 h − 3 ) ≥ n − z + 3

