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Abstract
Given an arc-weighted directed graph G = (V, A, `) and
a pair of nodes s, t, we seek to find an s-t walk of length
at most B that maximizes some given function f of the set
of nodes visited by the walk. The simplest case is when
we seek to maximize the number of nodes visited: this is
called the orienteering problem. Our main result is a quasipolynomial time algorithm that yields an O(log OPT) approximation for this problem when f is a given submodular
set function. We then extend it to the case when a node v
is counted as visited only if the walk reaches v in its time
window [R(v), D(v)].
We apply the algorithm to obtain several new results.
First, we obtain an O(log OPT) approximation for a generalization of the orienteering problem in which the profit
for visiting each node may vary arbitrarily with time. This
captures the time window problem considered earlier for
which, even in undirected graphs, the best approximation
ratio known [4] is O(log2 OPT). The second application
is an O(log2 k) approximation for the k-TSP problem in
directed graphs (satisfying asymmetric triangle inequality).
This is the first non-trivial approximation algorithm for this
problem. The third application is an O(log2 k) approximation (in quasi-poly time) for the group Steiner problem in
undirected graphs where k is the number of groups. This
improves earlier ratios [15, 19, 8] by a logarithmic factor and almost matches the inapproximability threshold on
trees [20]. This connection to group Steiner trees also enables us to prove that the problem we consider is hard to
approximate to a ratio better than Ω(log1− OPT), even in
undirected graphs.
Even though our algorithm runs in quasi-poly time, we
believe that the implications for the approximability of several basic optimization problems are interesting.
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Introduction

A number of interesting combinatorial optimization
problems can be cast as a path or tour problem in a graph.
The most well known of these is the classical traveling
salesman problem (TSP) which asks for a shortest tour that
visits all nodes in a graph. Other related problems include
the Chinese postman problem, the minimum latency problem, and the k-TSP problem. In these problems we seek
to minimize the tour length subject to certain constraints on
the nodes visited by the tour. A different class of problems
is motivated by maximizing some function of the nodes visited, subject to a budget on the tour length. The simplest of
these is the orienteering problem in which the goal is to visit
the maximum number of nodes subject to a budget B on the
tour length. In particular we are interested in the rooted version where the tour or path begins at a given start node s. We
are allowed to visit a node multiple times although we obtain a profit only for the first visit. These class of problems
are also sometime referred to as prize-collecting traveling
salesman or repairman problems. These budgeted problems
are of much importance in real world applications such as
vehicle routing and its variants. They arise from operational
issues such as assigning technicians to maintenance jobs or
delivering goods to locations. A substantial amount of work
on heuristics for these problems can be found in operations
research literature. Typically there are several other constraints such as time-windows (each node has an interval
[R(v), D(v)] in which it can be visited) and vehicles with
capacity constraints. These problems are also known to be
difficult to solve (exactly) in practice for even moderately
sized instances. The book [25] provides a recent and comprehensive survey on vehicle routing.
Despite the importance of these types of problems, there
are few positive algorithmic results in the theoretical computer science literature and some of them are quite recent.
One of the difficulties is that the constraints are rigid: budget on the length of the path or time windows or vehicle
capacities. A second difficulty is that these problems combine aspects of scheduling and network design and the algorithmic tools that we have for them do not overlap strongly.
Nevertheless, in some recent work [1, 7, 4, 10], progress has
been made on some fundamental problems. In [7], Blum et

al. gave the first constant factor approximation algorithm
for the orienteering problem and some related problems in
metric spaces (induced by undirected graphs). Surprisingly,
this was the first non-trivial approximation algorithm for
this problem. Prior to this work, a (2 + )-approximation
was known for orienteering in geometric settings [1]. The
current best ratio for orienteering in metric spaces is 3 due
to Bansal et al. [4]. Bansal et al. [4], building upon the algorithm for orienteering, gave algorithms for the time window
version of the problem. They obtain a ratio of O(log2 OPT)
for the time window problem and a ratio of O(log OPT) for
the simpler problem when all release dates are the same.
The main idea in [7] for the orienteering problem is to
transform an approximation algorithm for the rooted k-TSP
problem into an approximation algorithm for the orienteering problem. In the rooted k-TSP problem, the objective is
to find a minimum length tour that visits at least k-nodes
and includes a specified node r. Although the rooted kTSP and orienteering problems are equivalent in the exact sense, an approximation algorithm for k-TSP does not
yield a corresponding approximation algorithm for orienteering. However, in [7], a clever idea is used to combine
dynamic programming with the use of k-TSP to obtain an
algorithm for orienteering. A constant factor approximation
for the rooted k-TSP and related problems such as k-MST
are known in undirected graphs. The algorithms in [4] for
the time window problem rely on the algorithm for orienteering in a black box fashion and also apply to directed
graphs. However, there are no good algorithms known for
k-TSP and related problems in directed graphs.
In this paper we take a different approach to these problems. We give a recursive greedy algorithm with the recursion reminiscent of the well-known algorithm of Savitch for
directed s-t connectivity [24] that relates non-deterministic
and deterministic space complexities. We show that this
surprisingly simple algorithm has an O(log OPT) approximation ratio for a number of walk problems in directed
graphs including the basic orienteering problem. The algorithm works even when we seek to maximize an arbitrary
submodular set function on the set of nodes visited by the
walk. We discuss some interesting consequences of this.
There is however a price to pay for this generality. The algorithm runs in quasi-polynomial time. We nevertheless believe that the results are of interest from both an algorithmic
and complexity theoretic point of view. We obtain the first
non-trivial approximation algorithms for several seemingly
difficult optimization problems. Our algorithmic result also
yields a lower bound on reduction sizes for inapproximability bounds. And our results add to a growing number of
problems for which quasi-polynomial time algorithms yield
reasonable approximation ratios but no polynomial time algorithms achieving comparable ratios are known. We now
formally define the problems that we consider.

Orienteering: The input to an orienteering problem is
given by a directed arc weighted graph G = (V, A, `) with
`(u, v) denoting the length of arc (u, v), two nodes s, t ∈ V ,
not necessarily distinct, and a budget B > 0. Our goal is
to find an s-t walk P of length at most B, to maximize reward collected. The reward is determined by the set V (P )
of nodes visited by the walk P . For plain orienteering, the
reward is simply |V (P )|, the number of distinct nodes visited, but we will be interested in more general rewards.
A reward function f : 2V 7→ Z+ assigns a non-negative
integer reward to every subset of nodes. The function f
is submodular if for all A, B ⊂ V and u ∈ V , f (A ∪
{u}) − f (A) ≥ f (B ∪ {u}) − f (B) whenever A ⊆ B.
An equivalent definition is that for all A, B ⊂ V , f (A) +
f (B) ≥ f (A ∩ B) + f (A ∪ B). We say that f is monotone
if f (A) ≤ f (B) for all A ⊆ B.
Given an arc weighted directed graph G, two nodes s, t,
a budget B and a monotone submodular function f , the submodular orienteering problem (SOP) is to find an s-t walk
P of length at most B that maximizes f (V (P )). We assume that the function f is given by an oracle that returns
f (S) when presented with a set S ⊆ V .
Time windows: In a time window version of SOP (SOPTW), each node v has a time window [R(v), D(v)] during which it can be visited: R(v) and D(v) are the release time and deadline of v. We associate a notion of
time with walks in G. A timed walk P is given by a sequence s = v0 , v1 , . . . , vk = t of nodes together with a sequence T0 , T1 , . . . , Tk of times satisfying T0 = 0, Tk ≤ B
and Ti + `(vi , vi+1 ) ≤ Ti+1 . Intuitively, Ti is the time
at which P visits vi . It takes `(u, v) time to travel from
node u to v, but the walk is allowed to travel slower or stall.
Given a timed walk P , let VT (P ) be the set of nodes vi
such that Ti ∈ [R(vi ), D(vi )]. In SOP with time windows
(SOP-TW), the goal is to find a timed s-t walk maximizing
f (VT (P )) for a given monotone submodular function f .
We note that processing times at nodes can be easily
modeled by adding extra arcs and dummy nodes. This is an
easy and well-known transformation and we omit the details. Throughout, OPT denotes the value of an optimum
solution to the given problem.
Results: Our main result is an algorithm for SOP with time
windows (SOP-TW) that runs in quasi-polynomial time and
provides a solution of value Ω(OPT/ log OPT). More precisely, for any fixed integer h ≥ 2, we obtain an algorithm with a running time of (n log B)O(h log n) that yields
an O(log OPT/ log h) approximation where B is an upper
bound on the length of the tour. Note that this allows us to
obtain a sub-logarithmic approximation in sub-exponential
time. We also prove that SOP is hard to approximate to
within a factor of Ω(log1− OPT) unless NP is contained in
randomized quasi-polynomial time. Several interesting re-

sults follow from the algorithm for SOP-TW. In the following we do not explicitly qualify the approximation bounds
as requiring quasi-polynomial time.
First we discuss applications of the algorithm for SOP
(without time windows). A first and immediate application is an O(log OPT) approximation for orienteering in directed graphs. Another application is an O(log2 k) approximation for the k-TSP problem in directed graphs. These two
results are the first non-trivial approximation algorithms for
these problems. A related but surprising consequence is
an O(log2 k) approximation for the group Steiner problem in undirected graphs [15] where k is the number of
distinct groups. More precisely, an α-approximation for
SOP implies an O(α log k) approximation for the group
Steiner problem. Here we use the submodular property of
the reward function. This improves upon the O(log3 k)
bound achieved in quasi-polynomial time1 in [8] and the
O(log2 k log n) bound achieved in polynomial time2 [19]
(here n is the number of nodes in the graph). The bound
we achieve almost matches the inapproximability bound of
Ω(log2− k) on tree instances established by Halperin and
Krauthgamer [20]. The inapproximability bound is shown
under the assumption that NP has no quasi-polynomial time
Las-Vegas algorithms. In fact, as is typical with several PCP
based reductions, the reduction reduces 3SAT instances to
quasi-polynomial sized instances of the group Steiner problem. It is commonly assumed that with better parameters
and methods, such inapproximability results can be improved to obtain a polynomial sized reduction. A consequence of the our algorithm for SOP is that one can obtain
an O(log1+δ k) approximation for the group Steiner problem for any fixed δ > 0 in sub-exponential time. This
shows that an inapproximability bound of Ω(log1+ k) for
the group Steiner problem for any fixed  > 0 requires a
quasi-polynomial sized reduction from 3SAT (unless NP
has sub-exponential time algorithms).
We now discuss the applications of the algorithm for
SOP-TW. The first application is to the orienteering problem with time windows for which we obtain an O(log OPT)
approximation. This improves upon the approximation ratio of O(log2 OPT) in [4] and works in directed graphs (the
algorithm in [4] works in polynomial time so it is not an
apples to apples comparison). More interestingly, the com[8] an O(log2 k) approximation in quasi-polynomial time is
claimed for the directed Steiner tree problem which implies the same ratio
for the group Steiner tree problem. However, the analysis in [8] is based
on an erroneous lemma of Zelikovsky in [27] and when a correct version
of the lemma (see [21]) is used, the ratio obtained from the analysis in [8]
becomes O(log3 k).
2 The first poly-logarithmic approximation for the group Steiner problem was given by Garg, Konjevod and Ravi [15]. The bound of
O(log2 k log n) is based on subsequent improvements for probabilistic
tree embeddings [12] and a more refined analysis in [19]. These results
also establish an approximation ratio of O(log N log k log n) where N is
the maximum group size. Note that N and k are incomparable.
1 In

bination of single time window and submodularity of the
reward function allows us to handle problems in which each
node may have multiple time windows during which it is active, and we get a reward for that node only if we visit it during an active window. Our algorithm also applies to problems in which the reward for visiting each node is a function of the time of the visit (if a node is visited more than
once, we only get reward for the most profitable visit). An
example problem in which the profit of a node varies with
time is the discounted-reward TSP [7] in which the profit
for visiting a node v at time t is given by πv γ tv . We obtain
a logarithmic approximation for these problems when the
distances are asymmetric.
Related Work: There is a large amount of work on problems related to those that we consider in this paper. Here
we briefly discuss some of the more directly related literature. Most of the work on approximation algorithms for
route traversal problems is on metric spaces induced by
undirected graphs where the distances are symmetric and
satisfy the triangle inequality. We will explicitly mention
results for directed graphs. A basic problem underlying
some of the variants we mentioned is the prize-collecting
traveling salesman problem (PC-TSP) [3]. In this problem,
each node has a a profit for visiting it and a penalty for not
visiting it: the goal is to find a tour that obtains at least a
given profit while minimizing the length of the tour and the
sum of the penalties of the nodes not visited. Goemans and
Williamson [16] gave a primal dual 2-approximation algorithm for a special case of PC-TSP in which there are no
profits. Their algorithm and analysis formed the basis for
subsequent work on related problems such as the k-MST
and k-TSP problems and the minimum latency problem.
For the k-TSP problem the current best ratio is 2 due to
Garg [14]. The orienteering problem [17] is closely related
to PC-TSP. Arkin, Mitchell and Narasimhan gave a (2 + )approximation when points are in the Euclidean plane and
more recently a constant factor approximation was devised
for metric spaces by Blum et al. [7] with an improvement of
the ratio to 3 by Bansal et al. [4]. The time window version
of orienteering has also been studied. Tsitsiklis [26] showed
that the problem is NP-hard even if the metric space is a line.
Bar-Yehuda, Even, and Shahar [6] obtained an O(log OPT)
approximation for the line case. Bansal et al. [4] gave an
O(log2 OPT) approximation for general metric spaces and
an improved O(log OPT) approximation if all release dates
are the same. Chekuri and Kumar [10] gave a constant factor approximation if the number of distinct time windows
is a fixed constant independent of the input size. These two
latter results use an algorithm for orienteering in a black box
fashion.
The time window problem is related to the problem of
scheduling jobs with interval constraints. In this setting,
each job has a processing time and can be scheduled in one

of several disjoint time windows. Given some number of
machines, each of which can process only one job at a time,
the goal is to find a non-preemptive schedule to maximize
the profit of jobs that are completed. We can also allow
the processing times and profits to vary with the interval in
which the job is scheduled. A constant factor approximation
for this general problem can be found in [5]. We remark that
SOP-TW generalizes this scheduling problem in a straight
forward way.
The approximability of TSP and related problems have
been much less understood in directed graphs. AsymmetricTSP has an O(log n) approximation [13, 22] and it is a
major open problem to decide whether there is a constant
factor approximation. The directed Steiner tree problem
with k terminals and the k-MST problem have an O(i3 k 1/i )
approximation in nO(i) time [8]. Thus we can obtain an
O(log3 k) approximation in quasi-polynomial time. The related group Steiner problem [15] in undirected graphs has
had more success. An O(min{log k, log N } log n log k)
approximation is known [15, 19] where k is the number of
groups, N is the maximum group size, and n is the number
of nodes in the graph. It is also known that this problem is
hard to approximate to within a factor of Ω(log2− k) unless NP is contained in randomized quasi-polynomial time
[20]. We refer the reader to [15, 8, 23, 9, 19, 20] for more
details on these problems.
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Preliminaries

We are interested in walks in directed graphs and the reward function is a monotone submodular function. This allows us to assume without loss of generality that the arc
lengths of the given directed graph satisfy the asymmetric
triangle inequality; that is, for all triples u, v, w of nodes,
`(u, v) + `(v, w) ≥ `(u, w). With this assumption, we can
restrict attention to paths and cycles instead of walks and
in particular we can assume that each node is visited only
once. We will also assume that all arc lengths are integers.
For simplicity, we will assume that f is an integer valued
submodular function. Given a submodular function f on V
and a subset X ⊆ V we define a new submodular function
fX on V as fX (S) = f (S ∪ X) − f (X). The following
fact will be useful in the analysis.
Fact 2.1 Let f be a monotone submodular set function on
V . Then for any A ⊆ B ⊆ V , fA (S) ≥ fB (S) for all
S ∈ 2V .
In the SOP-TW problem, we are interested in a timed
walk. However, given a path P = v0 , v1 , . . . , vk , we can
check in polynomial time if the nodes can be visited in their
time windows while respecting the sequence imposed by P .
Therefore, it is sufficient to output a path instead of a timed
walk.

Polynomially Bounded Rewards: For computational purpose, given an arbitrary instance of SOP-TW, we transform
into an instance in which f (V ) and OPT are poly-bounded
in n, the number of nodes in the graph. For any given  > 0,
we can ensure that this transformation loses only a (1 + )
factor in the approximation ratio. The basic idea is to guess
the node v with largest profit that an optimum tour visits
and restrict attention to nodes u ∈ V such that f ({u}) ≤
f ({v}). Once we do this, if f is modular, we can use standard scaling and rounding ideas to ensure that all values are
integers and polynomially bounded. However, for submodular f we cannot do this directly but we can still work with
scaling and rounding in an implicit fashion. We define a
new function f 0 where f 0 (S) = bn2 f (S)/(f ({v})c and
use f 0 (S) in place of f (S). We observe that f 0 need not be
submodular, however we can argue that using f 0 in place of
f does not affect the approximation ratio of our algorithms
by more than a factor of (1 + O()). In this version of the
paper, we omit the details and for simplicity assume that f
is integer valued and poly-bounded when necessary.
All logarithms in the paper are to base 2.

3

The Recursive Greedy Algorithm

In this section we describe and analyze the algorithm
for SOP. Generalization to SOP-TW is relatively straight
forward. We first discuss an algorithm that achieves an
O(log OPT) approximation and defer the improvement to
a ratio of O(log OPT/ log h) to Section 3.3. The algorithm
is simple and we describe it at a high level before formalizing it. In the following, it is useful to think of f as the
simple function f (S) = |S| which captures the orienteering
problem. Let P ∗ = s = v0 , v1 , . . . , vk = t be an optimal
walk. We refer to vk/2 as the middle node. The algorithm
guesses the middle node and the length B 0 to reach the middle node and recursively calls itself two times. Informally,
the algorithm is as follows.
• guess the middle node v and the length B 0 to reach v
from s.
• recursively find a walk P1 from s to v with budget B 0 .
• recursively find a walk P2 from v to t with budget B −
B 0 to augment the nodes visited by P1 .
• output the walk obtained by the concatenation of P1
and P2 .
We note that the second recursive call depends on the first
in an essential way since it requires knowledge of which
nodes have already been visited by P1 . This is the greedy
aspect of the algorithm and is critical to the analysis of its
performance. The algorithm implements the guessing step
by enumerating all possibilities for the middle node v as
well as the length B 0 . In the above description we did not

specify a stopping condition for the recursion. The intuition
is that we are breaking the optimum walk into two pieces
with roughly equal number of nodes, and hence the recursion should have depth log k. As stated, the running time
of the algorithm will be O((2nB)log k ) which need not be
quasi-polynomial if B is super-polynomial. To facilitate the
analysis and later present a modified algorithm with an improved running time, we now give a detailed and formal
description of the above informal algorithm.
We define a procedure RG(s, t, B, X, i) that implements
the algorithm. We first explain the parameters. The parameters s, t and B indicate that we seek an s-t walk of length
at most B. The parameter X indicates that we seek to find a
path P so as to maximize fX (P ) = f (V (P ) ∪ X) − f (X);
that is we seek to find a path that augments a set X. The
parameter i indicates the depth of the recursion allowed.
Algorithm: RG(s, t, B, X, i)

s to v and v to t respectively. Let B1 = `(P1∗ ) and B2 =
`(P2∗ ). Consider the procedure RG(s, t, B, X, i) with i ≥
d1 + log ke. From the description of the algorithm, we see
that RG(s, t, B, X, i) calls P1 = RG(s, v, B1 , X, i − 1)
and P2 = RG(v, t, B2 , X ∪ V (P1 ), i − 1). We argue now,
using induction, that the path P = P1 · P2 has the property
that fX (P ) ≥ fX (P ∗ )/d1 + log ke. This will establish the
lemma.
Note that P1∗ and P2∗ have dk/2e and bk/2c edges respectively, and that d1 + logdk/2ee = dlog ke ≤ i − 1.
Since P1∗ is a candidate for path from s to v of length at
most B1 , by induction we have
fX (P1 ) ≥

3. Base case: i = 0. return P

fX 0 (P2 ) ≥

fX 0 (P2∗ )

Using this in (2), we obtain that

i. P1 ← RG(s, v, B1 , X, i − 1)
ii. P2 ← RG(v, t, B − B1 , X ∪ V (P1 ), i − 1)
iii. If (fX (P1 · P2 ) > m)
P ← P1 · P2
m ← fX (P )

Proposition 3.1 The running time of RG(s, t, B, X, i) is
O((2nB)i · Tf ) where Tf is the maximum time to compute
f on a given set.
The heart of the paper is in the analysis of the lemma below. Recall that all logarithms are to base 2. Let P(s, t, B)
denote the set of all s-t paths of length at most B.
Lemma 3.2 Let P ∗ ∈ P(s, t, B) such that P ∗ = (s =
v0 , v1 , . . . , vk = t). Let P be the path returned by
RG(s, t, B, X, i). If i ≥ d1 + log ke, then fX (P ) ≥
fX (P ∗ )/d1 + log ke.
Proof. The proof is by induction on k. The base case is
when k = 1 in which case P ∗ = s, t. It is easy to see
that the algorithm checks the path s, t and hence fX (P ) ≥
fX (P ∗ ).
Now suppose k > 1. Let v = vdk/2e be the middle
node in P ∗ and let P1∗ and P2∗ be the subpaths of P ∗ from

(2)

= f (P2∗ ∪ (P1 ∪ X)) − f (P1 ∪ X)
≥ fX (P2∗ ∪ P1 ) − fX (P1 ).

5. For each v ∈ V do

6. return P

1
fX 0 (P2∗ ).
dlog ke

We observe that

4. m ← fX (P )
(a) For 1 ≤ B1 ≤ B do

(1)

Let X 0 = X ∪ V (P1 ). Since P2∗ is a candidate path from v
to t of length at most B2 , again by induction we have

1. If (`(s, t) > B) return Infeasible
2. P ← s, t

1
fX (P1∗ )
dlog ke

fX 0 (P2 ) ≥
≥

1
(fX (P2∗ ∪ P1 ) − fX (P1 ))
dlog ke
1
(fX (P2∗ ) − fX (P )).
(3)
dlog ke

The inequality above follows from monotonicity of f .
Adding (1) and (3) and using submodularity of fX , we get
fX (P ) ≥
≥

1
(fX (P1∗ ) + fX (P2∗ ) − fX (P ))
dlog ke
1
(fX (P ∗ ) − fX (P )).
dlog ke

Rearranging terms, we obtain that
fX (P ) ≥

1
fX (P ∗ ).
1 + dlog ke

2
The above lemma is essentially inspired by the algorithm
and analysis in [10] for a fixed number of time windows
coupled with the idea of recursion.

3.1

Quasi-Polynomial Time Algorithm

To obtain a logarithmic approximation, the algorithm described in the previous section takes O((2nB)log k ) time

where k is the length of the path of an optimum path.
If B is large (super-polynomial in n), the running time
need not be quasi-polynomial in the input size. Here we
modify the algorithm to obtain an algorithm with a running time of O((n · OPT · log B)log k ). More precisely,
if there is a path P ∗ with k nodes then the algorithm runs
in O((n · f (P ∗ ) · log B))log k ) and yields an O(log k) approximation. As we mentioned in Section 2, we can assume
that f (P ∗ ) is poly-bounded in n. This allows us to obtain
a quasi-polynomial time algorithm. We now describe the
modified algorithm. The basic idea is to use binary search
to guess B1 instead of enumerating all possible values. The
algorithm assumes an upper bound A on the value of f (P ∗ ).
Algorithm: RG-QP(s, t, B, X, i)
1. If (`(s, t) > B) return Infeasible

Theorem 3.5 For the submodular orienteering problem (SOP) there is an algorithm with running time
(n log B)O(log n) that yields an O(log OPT) approximation.

3.2

Time Windows

We now generalize the recursive greedy algorithm to
handle time windows on the nodes. Recall that each node
v has a time window [R(v), D(v)] during which it can be
visited. To make the description of the recursive algorithm
cleaner we will now require that the walk starts at s at time
σ and has to reach t by time τ . In the algorithm for SOP, σ
was 0 and τ was B. The modification to the basic algorithm
is simple: we need to ensure that the middle node is visited during its time window. We describe the time window
version of RG-QP below.

2. P ← s, t
3. Base case: i = 0. return P
4. m ← fX (P )
5. For each v ∈ V do
(a) For 1 ≤ a ≤ A do
B1 ← minb (RG-QP(s, v, b, X, i − 1) ≥ a)
If B1 = ∞, continue
P1 ← RG-QP(s, v, B1 , X, i − 1)
P2 ← RG-QP(v, t, B − B1 , X ∪ V (P1 ), i −
1)
v. If (fX (P1 · P2 ) > m)
P ← P1 · P2
m ← fX (P )

i.
ii.
iii.
iv.

Algorithm: RG-QP-TW(s, t, σ, τ, X, i)
1. If (τ < R(t) or `(s, t) + σ > D(t)) return Infeasible
2. P ← s, t
3. Base case: i = 0. return P
4. m ← fX (P )
5. For each v ∈ V do
(a) For 1 ≤ a ≤ A do
i.
ii.
iii.
iv.
v.

6. return P
The step B1 = minb (RG-QP(s, v, b, X, i − 1) ≥
a) in the above algorithm is implemented as a binary
search over [1, B] and hence takes log B recursive calls to
RG-QP(s, v, , X, i − 1). The running time analysis is
straight forward.
Proposition 3.3 The running time of RG-QP(s, t, B, X, i)
is O((2 + nA log B)i · Tf ) where Tf is the maximum time
to compute f on a given set.
The proof of the following lemma is very similar to that
of Lemma 3.2 and hence we omit it in this version.
Lemma 3.4 Let P ∗ ∈ P(s, t, B) and let k be the number of edges in P ∗ . Let P be the path returned by
RG-QP(s, t, B, X, i). If i ≥ d1 + log ke and A ≥ fX (P ∗ ),
then fX (P ) ≥ fX (P ∗ )/d1 + log ke.
Proposition 3.3, the poly-boundedness of fX (P ∗ ), and
Lemma 3.4 yield the theorem below.

µ ← minb (RG-QP(s, v, σ, b, X, i−1) ≥ a)
If µ = ∞, continue
P1 ← RG-QP(s, v, σ, µ, X, i − 1)
P2 ← RG-QP(v, t, µ, τ, X ∪ V (P1 ), i − 1)
If (fX (P1 · P2 ) > m)
P ← P1 · P2
m ← fX (P )

6. return P
The proof of the following theorem is based on similar
ideas to those presented earlier for the case without time
windows.
Theorem 3.6 For the submodular orienteering problem
with time windows (SOP-TW), there is an algorithm
with running time (n log B)O(log n) that provides an
O(log OPT) approximation where B is an upper bound on
the tour length.

3.3

Improved Approximation Ratio

We outline how to improve the approximation ratio to
O(log OPT/ log h) while increasing the running time to
(n log B)O(h log n/ log h) . In the algorithm RG for SOP, we

guessed the middle node vk/2 of an optimum path P ∗ =
s = v0 , v1 , . . . , vk = t and recursed twice in a greedy sequential fashion on subpaths P1∗ and P2∗ . Given an integer parameter h ≥ 2, to improve the approximation ratio,
we guess several nodes on P ∗ , namely vi1 , vi2 , . . . , vih−1
where i1 = k/h, i2 = 2k/h and more generally for
1 ≤ j < h, ij = jk/h. These nodes break up the path
P ∗ into h subpaths P1∗ , P2∗ , . . . , Ph∗ and we also guess the
budget used by P ∗ in each of these subpaths. Then we recurse sequentially in a greedy fashion on each of these subpaths. Now the depth of the recursion is O(log k/ log h).
We can prove that the approximation ratio is proportional to
the depth which yields the desired result. Since we guess
h nodes and their budgets at each level of the recursion,
the running time goes up to (nB)O(h log k/ log h) . We improve this to (n log B)O(h log k/ log h) using the idea from
Section 3.1.

4

Applications

We discuss some applications of the algorithms for SOP
and SOP-TW. We omit some details in this version.

4.1

Orienteering with Multiple Disjoint Time
Windows

Orienteering with time windows is a special case of
SOP-TW. We demonstrate that a more general version can
also be cast as a special case of SOP-TW. Consider the
following problem. As in orienteering, we are given an
arc weighted graph G and we are interested in an s-t
walk of maximum profit. The profit function is defined
as follows. Each node v has ` disjoint time windows
[R1 (v), D1 (v)], [R2 (v), D2 (v)], . . . , [R` (v), D` (v)] and
corresponding profit values p1 (v), p2 (v), . . . , p` (v). Visiting v in its ith time window yields a profit of pi (v) and
if v is visited multiple times, only the most profitable visit
is retained. We are assuming that all nodes have the same
number of time windows for simplicity - the case where
they have different numbers is easily captured by the uniform case by adding dummy time windows. It is relatively
easy to show that this version of the orienteering problem
with multiple disjoint time windows for each node is a special case of SOP-TW and hence we obtain a logarithmic
approximation for this as well. By choosing the number
of time windows appropriately, we can closely approximate
any arbitrary time varying profit function for each node.
Most common profit functions can be approximated by a
polynomial number of time windows. The most general
case is when the profit for visiting v at time t, p(v, t) is
given as an oracle. For this case we can obtain a running time quasi-polynomial in nB. Using a stronger oracle,
that for a given a time interval [t1 , t2 ] and vertex v, returns

the value maxt∈[t1 ,t2 ] p(v, t), we again obtain running time
quasi-polynomial in n log B.

4.2

Rooted k-TSP in Directed Graphs

In the rooted k-TSP problem, we are given an arc
weighted graph G = (V, A, `) and a specified root node
r. The goal is to find a tour of minimum length starting at
r that contains at least k nodes. Let OPT be the length of
such a tour. Suppose we have an upper bound B for OPT.
Using the algorithm for SOP with a budget of B, we can
find a tour of length B that contains Ω(k/ log k) nodes. We
can remove the nodes visited by the tour and run the algorithm again to cover more nodes. Using standard analysis
for covering problems, after O(log2 k) iterations, the algorithm will cover k nodes. We can stitch the tours together to
obtain a tour of length O(log2 k · B) that contains k nodes.
We can use binary search to guess B to within a constant
factor of OPT. This yields an O(log2 k) approximation for
k-TSP in directed graphs.

4.3

Group Steiner and Covering Steiner Problems

We consider two network design problems in undirected
graphs. The input to the group Steiner problem consists of
an edge weighted graph G = (V, E, `) and a k subsets of
nodes g1 , g2 , . . . , gk called groups. The goal is to find a
minimum weight tree T = (V (T ), E(T )) in G such that
V (T ) ∩ gi 6= ∅ for 1 ≤ i ≤ k. We focus on the rooted
version of the problem: we are given a special root node r
and we require that r ∈ V (T ). The covering Steiner problem generalizes the group Steiner problem. In this problem
each group gi has a positive integer coverage requirement
di . Now the goal is to find a minimum cost tree T such that
|V (T ) ∩ gi | ≥ di .
In this section we obtain algorithm for the above two
problems via an algorithm for SOP. We discuss the covering Steiner problem since it captures the group Steiner
problem as a special case. From the given problem instance we define a monotone submodular set function f
.
as follows: for each set S ⊆ V (G), we define f (S) =
Pk
i=1 min(di , |S ∩ gi |). The quantity f (S) is the covering
requirement that is satisfied by S. It is easy to verify that
f is indeed a monotone submodular set function. Further,
given S, f (S) can be computed in polynomial time.
Given an instance of the covering Steiner problem, consider an optimum solution T ∗ of cost OPT. Since the graph
is undirected, by taking an Euler tour of T ∗ we obtain a
tour from r of length at most 2OPT that covers all groups.
Suppose we have an upper bound B for OPT. By using
SOP with function f defined as above we obtain a tour P
of length at most 2B thatP
covers f (V (T ∗ ))/ log f (V (T ∗ )).
∗
Note that f (V (T )) = i di . We can remove the nodes

in P , reduce the requirements of the groups that are already
partially covered and repeat the above procedure.
P Using
standard set cover style arguments, in O(log2 ( i di ) iterations, all the groups will be covered to their requisite
amount.PPutting together the tours yields tree of length
O(log2 i di )B that is a feasible solution. We can use binary search to find a B that is within aPconstant factor of
OPT and hence we obtain an O(log2 i di ) approximation. When specialized to the group Steiner problem the
ratio becomes O(log2 k) where k is the number of groups.
The above discussion implies that an α-approximation
for SOP in undirected graphs implies an O(α log k) approximation for the group Steiner problem in undirected
graphs. Halperin and Krauthgamer [20] have shown that
the group Steiner problem is hard to approximate to within
an Ω(log2− k) factor unless NP has quasi-polynomial time
Las-Vegas algorithms. Under the same assumption, they
also establish an inapproximability bound of Ω(log2− n)
where n is the number of nodes in the group Steiner instance. Using this and the above lemma, we obtain the following.
Theorem 4.1 The submodular orienteering problem (SOP)
in undirected graphs is hard to approximate to within a factor of Ω(log1− OPT) unless NP ⊆ ZTIME(npolylog(n) ).
Note that, using the algorithm in Section 3.3, we can
obtain an O(log1−δ OPT) approximation for SOP in time
δ
exp(O(log2 n · 2log n )) which is sub-exponential for any
fixed δ < 1. Combined with Theorem 4.1, this might appear
to imply that NP is contained in sub-exponential time. This
is not the case since the hardness in Theorem 4.1 relies on
a quasi-polynomial size reduction. However, it shows that
the reduction size in [20] cannot be improved to polynomial,
unless NP has sub-exponential time algorithms. Indeed, assuming NP is not contained in sub-exponential time, any
reduction showing that the group Steiner problem is hard
to approximate within Ω(log2− n) for some  < 1, must
necessarily have superpolynomial size. We formalize this
in the theorem below.
Theorem 4.2 For some 0 < δ < 1, suppose there is a
reduction g that maps 3SAT instances of size n to group
Steiner instances of size N = exp(o(log1/δ n)) such that
an O(log2−δ N ) approximation for the group Steiner problem would decide the satisfiability of 3SAT. In addition suppose g runs in sub-exponential time as a function of n. Then
3SAT has a sub-exponential time algorithm.
For the covering Steiner problem, an approximation ratio of O(min{N, log n log N log k}) is known from prior
work [18, 23, 11]. Here n is the number of nodes in the
given graph and N is the maximum size of a group. Thus
the ratio improves with decreasing N . We comment that the

dependence on N stems from the LP relaxation on which
the algorithms are based. The integrality gap of the LP
improves as N decreases because the graph is undirected
(when N = 1 the problem becomes a Steiner tree problem).
P
In contrast, our algorithm yields a ratio of O(log2 i di )
irrespective of N since it does not distinguish between directed and undirected instances. We note that, on trees,
the known approximation ratio for covering Steiner tree is
O(log N log k) and the additional log n factor for general
graphs is the result of approximating a graph by a tree.
It is an open problem whether this extra factor is necessary. The worst integrality gap for the natural relaxation
is Ω(log N log k/ log log N ) and it applies to trees [19] and
no worse gap is known for graphs. Our results indicate that
an O(log N log k) approximation ratio is possible even in
graphs.

5

Conclusions

The most interesting open problem resulting from our
work is to obtain polynomial time algorithms for SOP and
SOP-TW that have a poly-logarithmic approximation ratio. The hardness of approximation for SOP is based on
the hardness of the group Steiner problem. The hardness
applies also to undirected graphs because we allow a submodular reward function - otherwise the basic orienteering
problem has a constant factor approximation in undirected
graphs [7]. An interesting question is whether the basic
orienteering problem in directed graphs has a constant factor approximation. The approximability of the orienteering
problem with time windows is open in both undirected and
directed graphs. In fact the problem is open even on the line
where the best approximation ratio known is O(log OPT)
[6] while we know only NP-hardness [26]. For the group
Steiner and covering Steiner problems, our results present
good evidence that the extra log n factor lost in approximating a graph by a tree is perhaps not inherent and better
rounding procedures might yield an O(log N log k) approximation via the natural LP, matching the ratio achieved for
trees.
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