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11.1 Introduction

In this chapter we survey approximation algorithms for scheduling to minimize average (weighted) com-
pletion time (equivalently sum of (weighted) completion times). We are given n jobs J 1, . . . , J n, where
each job J j has a positive weight w j . We denote by C j the completion time of job j in a given schedule. The
objective in the problems we consider is to find a schedule to minimize

∑
j w j C j (average weighted com-

pletion time). The most basic problem in this context is to minimize
∑

j C j on a single machine with job
j having a processing time p j , and all jobs are available at time 0, in other words, the problem 1 ||∑ j C j .
It is easy to see that ordering jobs by the SPT rule (shortest processing time first) gives an optimal schedule.
A slight generalization with jobs having weights, 1 ||∑ j w j C j , also has a simple optimality rule first stated
by Smith [1] (known as Smith’s rule): schedule jobs in nondecreasing order of the ratio p j /w j .

Earlier work on minimizing weighted completion times focussed on identifying polynomial time solv-
able cases by generalizing Smith’s rule. Algorithms were found for solving the problem on a single machine
when jobs are allowed to have some restricted class of precedence constraints such as in- and out-tree prece-
dences and series-parallel precedence constraints [2–4]. Sydney [4] unified these results by showing the
applicability of Smith’s rule to decomposable classes of precedence constraints. We are interested in a more
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general setting with release dates, arbitrary precedence constraints, and multiple machines, any of which
make the problem NP-hard [5]. Thus, we will consider approximation algorithms. Online algorithms for
some of these problems will be considered elsewhere in the book.

The problem of minimizing makespan (max j C j ) is an extremely well studied measure in scheduling
and starting with Graham’s seminal paper on multiprocessor scheduling [6], approximation algorithms
have been studied for several variants. However, even though weighted completion time is closely related
to makespan (generalizes makespan when precedence constraints are present), it is only recently that
approximation algorithms have been designed for this objective. The work of Phillips, Stein, and Wein [7]
was the first to explore weighted completion time in detail from the approximation algorithms point of
view, in particular for problems with release dates. A variety of algorithms and techniques were developed
in the same work; in particular simple ordering rules based on preemptive schedules and LP relaxations
were shown to be effective in obtaining near-optimal schedules. Following [7], scheduling to minimize
weighted completion time received substantial attention. Polyhedral formulations for single machine
problems have been an active area of research and a variety of results are known from the 80s and early
90s. Building on some of the ideas in [7] and insight from polyhedral formulations, Hall, Shmoys, and
Wein [8], and independently Schulz [9], developed the first constant factor approximation algorithms for
minimizing weighted completion time with precedence constraints. Subsequently, many improvements,
generalizations, and combinatorial methods were developed in a number of papers [10–21]. Hoogeveen,
Schuurman, and Woeginger [22] systematically studied in-approximability results and established APX-
hardness for a number of problems. More recently, polynomial time approximation schemes (PTASes)
were obtained for several variants [20,23] based on enumeration and dynamic programming based ideas.
Together, these results give us a fairly comprehensive picture of the approximability of scheduling to
minimize weighted completion time. Figure 11.1 tabulates the known results and in Section 11.5 we
mention several as yet unresolved questions.

This survey aims to describe in detail selected algorithms that illuminate some of the useful and inter-
esting ideas for scheduling to minimize weighted completion time. It is infeasible to do justice to all the
known literature given the nature of the survey and the space constraints. We hope that we have captured
several central ideas and algorithms that would enable the reader to get both an overview of the known
results and some of the more advanced technical ideas. In Section 11.5 we give pointers to material that
we would have liked to include but could not.

The rest of the survey is organized as follows. We have broadly partitioned the algorithms into three
categories. In Section 11.2 we describe approximation algorithms when jobs have precedence constraints.

Problem Approx. Ratio Ref. Inapproximability

11||∑i wj Cj

1|rj,pmtn |∑j Cj

1| prec, sp |∑j  wj Cj

1| prec, rj |∑j  wj Cj

P | prec, rj |∑j  wj Cj

Q | prec, rj |∑j  wj Cj

O | rj |∑j  wj Cj

J | rhj |∑j  wj Cj

1| prec |∑j  wj Cj

P | pmtn |∑j Cj

P | rj |∑j wj Cj

Q | rj |∑j wj Cj

Rm | rj |∑j wj Cj

R | rj |∑j wj Cj

R ||∑j wj Cj

[1]

1

1 [25, 26]

PTAS [20] NP-hard

PTAS [27] NP-hard

PTAS [20] NP-hard

3/2 [28] APX-hard  [22]

2 [28] APX-hard  [22]

1 [3]

2 [29] NP-hard

(e + ∈) [30] NP-hard

4 [16] 4/3  [31]

O (log m)

log mµ

[15] 4/3  [31]

5.83

log log mµ

[21] APX-hard  [22]

O(( )2) [21] APX-hard  [22]

FIGURE 11.1 Complexity of minimizing average completion time.



Approximation Algorithms for Minimizing Average Weighted Completion Time 11-3

Linear programming formulations have played an important role in algorithms for this case and we describe
several formulations and how they have been used to develop constant factor approximation algorithms.
We also show how simpler combinatorial methods can be used to obtain similar ratios. The latter algorithms
have the advantage of being more efficient than the LP based methods as well as providing useful structural
insight into the problem. In Section 11.3 we describe an algorithm for unrelated machines. The algorithm
illustrates the need for a time indexed formulation as well as the usefulness of randomized rounding. Finally,
in Section 11.4 we describe a framework that has led to polynomial time approximation schemes for a
variety of problems with release dates. In particular we present a PTAS for scheduling on identical parallel
machines. Section 11.5 concludes with discussion, pointers to related work, and open problems that remain.

Applications and Motivation: Makespan of a schedule measures the time by which all the jobs in the
schedule finish. However, when jobs are independent and competing for the same resource, a more
natural measure of performance is the average completion time of jobs. This motivated early work for
this measure including the work of Smith [1]. More recently, an application to instruction scheduling
in VLIW processors is presented in the work of Chekuri et al. [24]. In this application the weight of a
job (instruction) is derived from profile information and indicates the likelihood of the program block
terminating at that job. This is a compelling application for scheduling jobs with precedence constraints
on a complex machine environment to minimize sum of weighted completion times.

In addition to applications, minimizing weighted completion time presents interesting theoretical prob-
lems in finding orderings of posets and has spurred work on polyhedral formulations as well as combi-
natorial methods. There is an intimate relation between minimizing makespan and minimizing weighted
completion time and exploring this has improved our understanding of both.

Techniques: The algorithms we present, except for the approximation schemes in Section 11.4 have an
underlying theme. They obtain an ordering of the jobs in one form or the other: via LP relaxations
or preemptive schedules or based on decomposition methods. The ordering is converted into a feasible
schedule by one of several variants of list scheduling, sometimes based on randomization. Typically, the
bounds are shown by a job by job analysis. Although the above paradigm broadly unifies many of the
algorithms, subtle and nontrivial problem specific ideas are necessary to obtain the best results. Finally,
approximation schemes require a different approach, that of dynamic programming based enumeration
over a structured space of schedules.

11.2 Algorithms for Problems with Precedence Constraints

In this section we describe algorithms when jobs have precedence constraints. We note that in this case
minimizing makespan is a special case of minimizing weighted completion time. Add a dummy job that
is preceded by all the other jobs, the dummy job has weight 1 and the rest have weight 0. The first
constant factor approximation algorithms for minimizing completion time when jobs have precedence
constraints were obtained via linear programming relaxations. For single machine and identical parallel
machines, combinatorial algorithms have been developed although the ratios obtained are some what
worse than the ones obtainable by LP methods. However, the combinatorial methods, in addition to
yielding efficient algorithms, have provided structural insight, have been useful in extending algorithms
to some stochastic settings [32], and in obtaining improved algorithms for special classes of precedence
constraints [33,34]. However, for complex machine environments (related or unrelated machines) the
only nontrivial algorithms we know are based on LP methods.

11.2.1 LP-Based Algorithms

A variety of LP formulations have been explored for minimizing weighted completion time, in particular for
the single machine problem. We mention some of the work here: Balas [35], Wolsey [36], Dyer and Wolsey
[37], Queyranne [38], Queyranne and Wang [39], Lasserre and Queyranne [40], Sousa and Wolsey [41],
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von Arnim and Schulz [42], Crama and Spieksma [43], Van den Akker, Van Hoesel, and Savelsbergh [44],
Van den Akker [45], Van den Akker, Hurkens, and Savelsbergh [46], von Arnim, Schrader, and Wang [47].
The goal of this line of work was to examine the strength of various formulations in obtaining exact
solutions via branch and bound and branch and cut methods. More recently these formulations have
been used to obtain provably good approximation algorithms, starting with the work of Phillips, Stein,
and Wein [7] and subsequently Hall, Shmoys, and Wein [8] and Schulz [9], and many others. Below we
describe algorithms for the single machine and identical parallel machines.

11.2.1.1 Single Machine Scheduling

We start by describing and analyzing the completion time formulation for the problem 1 | r j , prec |∑ j w j C j .
We then describe two other formulations, the time indexed formulation and the linear ordering
formulation.

Completion Time Formulation: The completion time formulation is based on the work of Queyranne.
The formulation has variables C j , j = 1, . . . , n. C j indicates the completion time of job j in the schedule.
The formulation is the following.

min
n∑

j=1

w j C j

subject to

C j ≥ r j + p j j = 1, . . . , n (11.1)

Ck ≥ C j + pk if j ≺ k (11.2)

∑
j∈S

p j C j ≥ 1

2



(∑

j∈S

p j

)2

+
∑
j∈S

p2
j


 S ⊆ N (11.3)

The nontrivial constraint in the above formulation is Equation (11.3). We justify the constraint as
follows. Consider any valid schedule for the jobs. Without loss of generality, for ease of notation, assume
that the jobs in S are {1, 2, . . . , | S |} and that they are scheduled in this order in the schedule. Then
it follows that for j ∈ S, C j ≥ ∑

k≤ j pk , hence p j C j ≥ p j
∑

k≤ j pk . Summing over all j ∈ S and
simple algebra results in the inequality (11.3). It is easy to see that the inequality is agnostic to the
ordering of S in the schedule and hence holds for all orderings. Note that Equation (11.3) generates an
exponential number of constraints. Queyranne [38] has shown a polynomial time separation oracle for
these constraints and hence the above formulation can be solved in polynomial time by the ellipsoid
method.

We now state an important lemma regarding the formulation.

Lemma 11.1

Let C̄ be a feasible solution to the completion time formulation and without loss of generality let C̄1 ≤
C̄2 ≤ · · · ≤ C̄n. Then, the following is true for j = 1, . . . , n.

C̄ j ≥ 1

2

j∑
k=1

pk
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Proof
We have that C̄k ≤ C̄ j for k = 1, . . . , j , hence

∑ j
k=1 pkC̄k ≤ (

∑ j
k=1 pk)C̄ j . Consider the set S =

{1, 2, . . . , j } in Equation (11.3). It follows that

(
j∑

k=1

pk

)
C̄ j ≥

j∑
k=1

pkC̄k

≥ 1

2

[(
j∑

k=1

pk

)2

+
j∑

k=1

p2
k

]

≥ 1

2

(
j∑

k=1

pk

)2

The lemma follows. ✷

We now analyze the performance of the algorithm Schedule-by-C̄ which obtains a valid schedule as
follows. First, the above LP is solved to obtain an optimal solution C̄ . Without loss of generality assume
that C̄1 ≤ C̄2 ≤ · · · ≤ C̄n. The algorithm then schedules jobs in order of nondecreasing C̄ j inserting idle
time as necessary if the release date r j is greater than the completion time of the ( j − 1)th job.

Lemma 11.2

Let C̃ j denote the completion time of j in the schedule produced by Schedule-by-C̄ . Then, for j = 1, . . . , n,

C̃ j ≤ j
max
k=1

rk + 2C̄ j .

Hence C̃ j ≤ 3C̄ j .

Proof
Fix a job j and let S = {1, 2, . . . , j }. In the schedule produced by Schedule-by-C̄ j , it is clear that there is

no idle time in the interval [max j
k=1 rk , C̃ j ] since all jobs in S are released by max j

k=1 rk . From the ordering

rule of the algorithm it follows that C̃ j ≤ max j
k=1 rk + p(S), and using Lemma 11.1, we conclude that

C̃ j ≤ max j
k=1 rk + 2C̄ j . Finally, we observe that Equation (11.1) implies that C̄k ≥ rk for k = 1, . . . , n,

and since C̄ j ≥ C̄k , k = 1, . . . , j , we have that C̄ j ≥ max j
k=1 rk . Thus C̃ j ≤ 3C̄ j . ✷

The following theorem follows from the lemma above.

Theorem 11.1

Schedule-by-C̄ gives a 2-approximation for 1 | prec |∑ j w j C j and a 3-approximation for 1 | prec, r j |∑ j w j C j .

Proof
In the problem 1 | prec |∑ j w j C j , r j = 0 for all j . Hence, from Lemma 11.2 we obtain that C̃ j ≤ 2C̄ j ,
hence

∑
j w j C̃ j ≤ 2

∑
j w j C̄ j . The quantity

∑
j w j C̄ j is the optimum value of the LP relaxation and

hence is a lower bound on the integral optimum solution. This proves the 2-approximation.
For the problem 1 | prec, r j |∑ j w j C j , we use the fact that C̃ j ≤ 3C̄ j from Lemma 11.2 to obtain the

3-approximation. ✷

The analysis can be refined to obtain a (2 − 2
n+1 )-approximation for 1 | prec |∑ j w j C j , see Schulz [9]

for details.
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Time-Indexed Formulation: The time-indexed formulation for 1 | prec |∑ j w j C j was introduced by
Dyer and Wolsey [37]. The size of the formulation is pseudo-polynomial; however, as Hall et al. [29]
have shown, an approximate polynomial size formulation can be derived from it. In the time-indexed
formulation an upper bound on the schedule length, T , is used. In the case of 1 | prec |∑ j w j C j it is easy
to see that T = ∑

j p j since in absence of release dates, idle time can be eliminated from any schedule.
For each job j in 1, 2, . . . , n and time t in 1, . . . , T there is a variable x j t that is 1 if j completes processing
at time t. The formulation below is for 1 | prec |∑ j w j C j .

min
n∑

j=1

w j

T∑
t=1

tx j t

subject to

T∑
t=1

x j t = 1 j = 1, . . . , n (11.4)

t∑
s=1

x j s ≥
t+pk∑
s=1

xks if j ≺ k, t = p j , . . . , T − pk (11.5)

n∑
j=1

min{t+p j −1,T}∑
s=t

x j s ≤ 1 t = 1, . . . , T (11.6)

x j t ≥ 0 j = 1, . . . , n, t = 1, . . . , T (11.7)

x j t = 0 t = 1, . . . , r j + p j − 1 (11.8)

Linear Ordering Formulation of Potts: We describe the formulation of Potts [48] that uses linear ordering
variables δi j for i �= j . The variable δi j is 1 if i is completed before j in the schedule, and is 0 otherwise.
The formulation below is for 1 | prec |∑ j w j C j .

min
n∑

j=1

w j C j

subject to

C j = p j +
n∑

i=1

pi δi j j = 1, . . . , n (11.9)

δi j + δ j i = 1 i �= j (11.10)

δi j + δ j k + δki ≤ 2 i ≺ j ≺ k or k ≺ j ≺ i (11.11)

δi j = 1 i ≺ j (11.12)

δi j ≥ 0 i �= j (11.13)

Both of the above formulations can be easily extended to handle release dates, that is for 1 | r j , prec |∑
j w j C j . Schulz [9] has shown that the completion time formulation is no stronger than both the time-

indexed formulation and the linear ordering formulation. Thus, it follows that both these formulations
can also be used to obtain Theorem 11.1. The advantage of the linear ordering formulation is that it
is polynomial sized. Chudak and Hochbaum [19] have shown that the linear ordering formulation can
be rewritten with only two variables per inequality, this allows it to be solved by using a minimum cut
computation in an associated graph. For the problem 1 | r j , prec |∑ j w j C j , Schulz and Skutella [30] obtain
a ratio of (e + ε), where e is the base of the natural logarithm, this improves upon the 3-approximation
that we presented. For this, they use the idea of ordering jobs by their α-completion times in a solution to
the time-indexed formulation for the problem, where α is picked according to a probability distribution.
See discussion in Section 11.5.
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All the formulations for the single machine problem 1 | prec |∑ j w j C j have an integrality gap of 2.
While it is easy to construct gaps for the completion time and time-indexed formulations [29], it is some
what nontrivial to do so for the linear ordering formulation. In [13] an example using bipartite strong
expander graphs is used to show a gap of 2 for all the known formulations.

11.2.1.2 Identical Parallel Machines

The completion time formulation has been extended to the problem P | prec, r j |∑ j w j C j by Hall et al.
[29] as follows. The constraint (11.3) is replaced by the following where m is the number of machines.

∑
j∈S

p j C j ≥ 1

2m

(∑
j∈S

p j

)2

+ 1

2

∑
j∈S

p2
j S ⊆ N (11.14)

For the validity of the above constraint, see Ref. [29]. Once again we can order jobs by their completion
times C̄ in the LP relaxation. The following lemma can be shown with an analysis similar to that of
Lemma 11.1.

Lemma 11.3

Let C̄ be a feasible solution to the completion time formulation for parallel machines and without loss of
generality let C̄1 ≤ C̄2 ≤ . . . C̄n. Then, the following is true for j = 1, . . . , n.

C̄ j ≥ 1

2m

j∑
k=1

pk

The following is also an easy lemma to prove from the constraints.

Lemma 11.4

For any sequence of jobs j1, j2, . . . , jk such that j1 ≺ j2 ≺ · · · ≺ jk , the following holds:

C̄ jk ≥ k
max
i=1

(
r ji +

k∑
�=i

p j�

)

It is however not straight forward to generalize Schedule-by-C̄ to the case of parallel machines. There
is a tradeoff between utilizing the resources of all machines and giving priority to the ordering of the jobs.
Two list scheduling algorithms are natural. The first is the greedy algorithm of Graham [6] for minimizing
makespan on parallel machines. In Graham’s list scheduling, we are given an ordering of the jobs that is
consistent with precedence constraints. A job j is ready at time t if all its predecessors are completed by t
and t ≥ r j . If a machine is free, the algorithm schedules the earliest job in the given ordering that is ready.
Using Lemmas 11.3 and 11.4 the following theorem can be shown for jobs with unit processing times. The
analysis is very similar to Graham’s analysis for minimizing makespan. The advantage of equal processing
times is that jobs that are scheduled out of order do not delay earlier jobs in the order. For the same reason
the theorem below also holds if jobs can be preempted. For more details see Hall et al. [29].

Theorem 11.2

For the problems P | prec, r j , p j = 1 |∑ j w j C j and P | prec, r j , pmtn |∑ j w j C j , Graham’s list scheduling
with the ordering according to C̄ yields a 3-approximation algorithm.

Even though Graham’s list scheduling is effective for the problems in the above theorem, it can produce
schedules as much as an �(m) factor away from the optimum for the problem P | prec |∑ j w j C j [16].
The second list scheduling is one that strictly schedules in order, in spirit akin to Schedule-by-C̄ . It requires
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some care to define the precise generalization to multiple machines. Below we describe the variant from
Munier, Queyranne, and Schulz [16].

List Scheduling:

1. The list L = (�(1), �(2), . . . , �(n)) is given.
2. Initially all machines are empty. For h = 1, . . . , m, set machine completion time γh = 0.
3. For k = 1, . . . , n do:

a. Let job j = �(k), its start time S j = max({Ci : i ≺ j }, min{γh : h = 1, . . . , m}) and its comple-
tion time C j = S j + p j .

b. Assign j to a machine h such that γh ≤ S j . Update γh = C j .

Notice that the above algorithm schedules strictly in order of the list. It can be shown that using the
above algorithm with the ordering provided by C̄ also leads to a poor schedule [16]. Using a deceptively
simple modification, Munier et al. show that if the list is obtained by ordering jobs in nondecreasing order
of their LP midpoints (the LP midpoint of job j , M̄j , is defined as (C̄ j − p j /2)), then the list schedule
results in a 4-approximation! We now prove this result. For job j we denote by S̃ j the start time of j in
the schedule constructed. The main result from [16] is the following.

Theorem 11.3

Let C̄ and M̄ denote the LP completion time and midpoint vectors of the jobs. Let S̃ denote the vector of start
times in the feasible schedule constructed by List Scheduling. Then for j = 1, . . . , n, S̃ j ≤ 4M̄ j and hence
C̃ j ≤ 4C̄ j .

The following lemmas follow easily from the modified constraint (11.14).

Lemma 11.5

Let C̄ be a feasible solution to the completion time formulation for parallel machines and without loss of
generality let M̄1 ≤ M̄2 ≤ . . . M̄n. Then, the following is true for j = 1, . . . , n.

M̄ j ≥ 1

2m

j−1∑
k=1

pk

Lemma 11.6

For any sequence of jobs j1, j2, . . . , jk such that j1 ≺ j2 ≺ · · · ≺ jk , the following holds.

M̄ jk − M̄ j1 ≥ 1

2

k∑
�=1

p j�

We will use [ j ] to refer to the set {1, . . . , j }. Precedence constraints between jobs induce a directed
acyclic graph G = ([n], A) where (i, j ) ∈ A if and only if i ≺ j . Given the schedule produced by the list
scheduling algorithm we define for each j the graph G j = ([ j ], A j ) where

A j = {(k, �) ∈ A : k, � ∈ [ j ] and C̃� = C̃k + p�}
Thus A j is a subset of the precedence constraints in [ j ] that are tight in the schedule. Fix a job j and
consider the state of the schedule when j is scheduled by the algorithm. The time interval [0, S̃ j ) can be
partitioned into those intervals in which all machines are busy processing jobs and those in which at least
one machine is idle. Let µ be the total time in which all machines are busy and λ the rest. To prove Theorem
11.3 it is sufficient to show that µ ≤ 2M̄ j and λ ≤ 2M̄ j . Since no job i > j is considered for scheduling
by the time j is scheduled, µ ≤ 1

m

∑
k≤ j−1 pk ; by Lemma 11.5 it follows that µ ≤ 2M̄ j .
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Now we show that λ ≤ 2M̄ j . The nonbusy intervals in [0, S̃ j ] can be partitioned into maximal intervals
(a1, b1), (a2, b2), . . . , (aq , bq ) such that 0 ≤ a1, and for h = 2, . . . , q , bh−1 < ah < bh , and bq ≤ S̃ j . For
ease of notation define b0 = 0 and aq+1 = ∞. We now prove the following crucial lemma.

Lemma 11.7

Let k ∈ [ j ] be a job such that S̃k ∈ [bh , ah+1] for some h ∈ 1, . . . , q. Let v1, v2, . . . , vs = k be a maximal
path in A j that ends in k. Then, there is an index g ≤ h such that S̃v1 ∈ [bg , ag+1] and if g > 0 then there
exists a job � �= k such that M̄� ≤ M̄k and S̃� = bg . Further

M̄k − M̄v1 ≥ max

[
1

2

(
bh − ag+1

)
, 0

]
(11.15)

Proof
Since the path is maximal, the job v1 has no precedence constraints preventing it from being scheduled
earlier than S̃v1 . Hence, it must be that S̃v1 belongs to some busy interval [bg , ag+1]. Suppose g > 0. Since
[ag , bg ] is a maximal busy interval some job � starts at bg . We claim that M̄� ≤ M̄v1 . If not, v1 would have
been considered earlier than � for scheduling and again by maximality of the path, v1 would have started
strictly before bg , a contradiction.

Now we prove Equation (11.15). If g = h, then bh − ag+1 < 0 and the equation is trivial. Suppose
g < h, then because from the definition of edges in A j , we have that

bh − ag+1 ≤ S̃vs − S̃v1 =
s−1∑
i=1

S̃vi+1 − S̃vi =
s−1∑
i=1

pvi (11.16)

Since (vi , vi+1) ∈ A j , from the LP constraints (11.2) we have the following for i = 1, . . . , s − 1.

M̄vi+1 ≥ M̄vi + 1

2
(pvi + pvi+1 ) (11.17)

Putting together the above two equations,

M̄vs − M̄v1 = M̄k − M̄v1 ≥ 1

2

s−1∑
i=1

pvi ≥ 1

2
(bh − ag+1) (11.18)

Now we are ready to prove Theorem 11.3. Using Lemma 11.7 we create a sequence of indices q = i1 >

i2 > · · · > ir = 0. With each index i� we associate a job x(i�). The sequence is constructed as follows.
We let x(i1) = x(q) be a job such that S̃x(q) = bq , such a job must exist. Let v1, v2, . . . , vs = x(q)
be a maximal path that ends in x(q). If v1 ∈ [0, a1] we stop and set i2 = ir = 0. Otherwise, from
Lemma 11.7 there is a job � such that S̃� = bg for some g ≤ q . We claim that g < q since otherwise
i1 would have been scheduled earlier than bq . We set i2 = g and x(i2) = �. From Equation (11.15)
M̄x(q) − M̄v1 ≥ 1

2 (bq − ag+1). Since M̄v1 ≥ M̄�, we also have that M̄x(q) − M̄x(g ) ≥ 1
2 (bq − ag+1), in

other words M̄x(i1) − M̄x(i2) ≥ 1
2 (bi1 − ai2+1). We continue the process with i2 to obtain i3 and so on until

S̃ir ∈ [0, a1]. It is clear that the process terminates since the maximal path length at each step is of length
at least 2. Using the same reasoning as above we have the following equation for k = 1, . . . , r − 1.

M̄x(ik ) − M̄x(ik+1) ≥ 1

2
(bik − aik+1) (11.19)

Adding up all the above equations for k = 1, . . . , r − 1 yields

M̄x(i1) − M̄x(ir ) ≥
r−1∑
k=1

1

2
(bik − aik+1) (11.20)
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It is easy to see from the construction that every idle interval [ah , bh] is contained in one of the intervals
[aik+1, bik ] for some k. Hence, it follows that

λ =
q∑

h=1

(bh − ah) ≤
r−1∑
k=1

(bik − aik+1) ≤ 2(M̄x(i1) − M̄x(ir )) ≤ 2M̄ j (11.21)

This finishes the proof of Theorem 11.3. ✷

It is instructive for the reader to understand why the above proof fails if we try to use an ordering based
on either the completion times or the start times (S̄ j = C̄ j − p j ). In [16] examples are given that show
that the approximation ratio provided by the algorithm is tight (factor of 4) and that the LP integrality
gap is at least 3.

The algorithm and the bound generalize in a straight forward fashion to the case where there are delays
associated with the precedence constraints, that is, for all i ≺ j there is a delay di j which indicates the time
that j has to wait to start after i completes.

11.2.2 Combinatorial Algorithms

We have seen LP based methods to minimize weighted completion time when jobs have precedence
constraints and/or release dates. Now we describe combinatorial methods based on structural insights
into the problem. Our first algorithm is for the single machine problem 1 | prec |∑ j w j C j . For identical
parallel machines we give an algorithm that takes an approximately good single machine schedule and
converts into an approximate schedule on parallel machines.

11.2.2.1 One-Machine Scheduling with Precedence Constraints

Polynomial time solvable cases of 1 | prec |∑ j w j C j include precedence constraints induced by forests
(in and out forests) and generalized series-parallel graphs [2–4]. These special cases have been solved by
combinatorial methods (in fact by O(n log n) time algorithms).

We now describe a simple combinatorial 2-approximation algorithm for the single machine problem
with general precedence constraints. This algorithm was obtained independently by Chekuri and Motwani
[13], and Margot, Queyranne, and Wang [14]. Chudak and Hochbaum [19] derived a linear programming
relaxation for 1 | prec |∑ j w j C j that uses only two variables per inequality, using the linear ordering
formulation of Potts [48] described earlier. Such formulations can be solved by a minimum cut computation
and this also leads to a combinatorial approximation algorithm. However, the running time obtained is
worse than that of the algorithm we present below [13,14] by a factor of n.

Let G = (V, E ) denote the precedence graph where V is the set of jobs. We will use jobs and vertices
interchangeably. We say that i precedes j , denoted by i ≺ j , if and only if there is a path from i to j in G .
For any vertex i ∈ V , let G i denote the subgraph of G induced by the set of vertices preceding i .

Definition 11.1

The rank of a job J i , denoted by qi , is defined as qi = pi /wi . Similarly, the rank of a set of jobs A denoted by
q(A) is defined as q(A) = p(A)/w(A), where p(A) = ∑

J i ∈A pi and w(A) = ∑
J i ∈A wi .

Definition 11.2

A subdag G ′ of G is said to be precedence closed if for every job J i ∈ G ′, G i is a subgraph of G ′.

The rank of a graph is simply the rank of its node set.
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Definition 11.3

We define G∗ to be a precedence-closed subgraph of G of minimum rank, i.e., among all precedence-closed
subgraphs of G, G∗ is of minimum rank.

Note that G∗ could be the entire graph G .

A Characterization of the Optimal Schedule: Smith’s rule for a set of independent jobs states that there
is an optimal schedule that schedules jobs in nondecreasing order of their ranks. We generalize this rule
for the case of precedence constraints in a natural way. A version of the following theorem was proved by
Sydney [4]. The proof relies on a careful exchange argument ( [13] also provides a proof).

Definition 11.4

A segment in a schedule S is any set of jobs that are scheduled consecutively in S.

Theorem 11.4 (Sydney)

There exists an optimal sequential schedule where the optimal schedule for G∗ occurs as a segment that starts
at time zero.

Note that when G∗ is the same as G this theorem does not help in reducing the problem.

A 2-approximation Theorem 11.4 suggests the following natural algorithm. Given G , compute G∗ and
schedule G∗ and G − G∗ recursively. It is not a priori clear that G∗ can be computed in polynomial
time, however this is indeed the case. The other important issue is to handle the case when G cannot be
decomposed because G∗ is the same as G . We have to settle for an approximation in this case, for otherwise
we would have a polynomial time algorithm to compute the optimal schedule.

The following lemma establishes a strong lower bound on the optimal schedule value when G∗ = G .

Lemma 11.8

If G∗ is the same as G, OPT ≥ w(G)p(G)/2.

Proof
Let α = q(G). Let S be an optimal schedule for G . Without loss of generality assume that the ordering
of the jobs in S is J 1, J 2, . . . , J n. For any j , 1 ≤ j ≤ n, observe that C j = ∑

1≤i≤ j pi ≥ α
∑

1≤i≤ j wi .
This is because the set of jobs J 1, J 2, . . . , J j form a precedence closed subdag, and from our assump-
tion on G∗ it follows that

∑
i≤ j p j /

∑
i≤ j wi ≥ α. We bound the value of the optimal schedule as

follows.

OPT =
n∑

j=1

w j C j ≥
n∑

j=1

w j

j∑
i=1

αwi

= α

(
n∑

j=1

w 2
j +

∑
1≤i< j≤n

wi w j

)
= α

((
n∑

j=1

w j

)2

−
∑

1≤i< j≤n

wi w j

)

≥ α
(
w(G)2 − w(G)2/2

)
= αw(G)2/2 = w(G)p(G)/2

The last equality is true because q(G∗) = q(G) = p(G)/w(G) = α. ✷
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The following lemma is straight forward.

Lemma 11.9

Any feasible schedule with no idle time has a weighted completion time of at most w(G) p(G).

Theorem 11.5

If G∗ for a graph can be computed in time O(T(n)), then there is a 2-approximation algorithm for computing
the minimum weighted completion time schedule that runs in time O(nT(n)).

Proof
Given G , we compute G∗ in time O(T(n)). If G∗ is the same as G we schedule G arbitrarily and Lemmas
11.8 and 11.9 guarantee that we have a 2-approximation. If G∗ is a proper subdag we recurse on G∗ and
G − G∗. From Theorem 11.4 we have OPT(G) = OPT(G∗) + p(G∗)w(G − G∗) + OPT(G − G∗).
Inductively if we have 2-approximate solutions for G∗ and G − G∗ it is clear that we can combine them
to get a 2-approximation of the overall schedule. Now we establish the running time bound. We observe
that (G∗)∗ = G∗, therefore it suffices to recurse only on G − G∗. It follows that we make at most n calls
to the routine to compute G∗ and the bound on the running time of the procedure follows. ✷

An algorithm to compute G∗ using a parametric minimum cut computation in an associated graph
is presented in Lawler’s book [49]. The associated graph is dense and has �(n2) edges. Applying known
algorithms for parametric minimum cut, G∗ can be computed in strongly polynomial time of O(n3) [50]
or in O(n8/3 log nU ) time [51], where U = maxn

i=1(pi + wi ).

11.2.2.2 A General Conversion Algorithm

In this section we describe a technique of Chekuri et al. [11] to obtain parallel machine schedules from
one-machine schedules that works even when jobs have precedence constraints and release dates. Given
an average weighted completion time scheduling problem, we show that if we can approximate the one-
machine preemptive variant, then we can also approximate the m-machine nonpreemptive variant, with
a slight degradation in the quality of approximation.

We use the superscript m to denote the number of machines; thus, Xm denotes a schedule for m
machines, C m denotes the sum of weighted completion time of Xm, and C m

j denotes the completion time
of job j under schedule Xm. The subscript OPT refers to an optimal schedule; thus, an optimal schedule is
denoted by Xm

OPT, and its weighted completion time is denoted by C m
OPT. For a set of jobs A, p(A) denotes

the sum of processing times of jobs in A.

Definition 11.5

For any vertex j , recursively define the quantity κ j as follows. For a vertex j with no predecessors κ j = p j +r j .
Otherwise, define κ j = p j + max{maxi≺ j κi , r j }. Any path Pi j from i to j where p(Pi j ) = κ j is referred to
as a critical path to j .

We now describe the Delay-List algorithm. Given a one-machine schedule which is a ρ-approximation,
Delay-List produces a schedule for m ≥ 2 machines whose value is within a factor (k1ρ+k2) of the optimal
m-machine schedule, where k1 and k2 are small constants. We will describe a variant of this scheduling
algorithm which yields k1 = (1 + β) and k2 = (1 + 1/β) for any β > 0.

The main idea is as follows. The one-machine schedule taken as a list (jobs in order of their comple-
tion times in the schedule) provides some priority information on which jobs to schedule earlier. How-
ever, when trying to convert the one-machine schedule into an m-machine one, precedence constraints
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prevent complete parallelization. Thus, we may have to execute jobs out-of-order from the list to benefit
from parallelism. If all pi are identical (say 1), we can afford to use Graham’s list scheduling. If there is an
idle machine and we schedule some available job on it, it is not going to delay jobs which become available
soon, since it completes in one time unit. On the other hand, if not all pi ’s are the same, a job could keep
a machine busy, delaying more profitable jobs that become available soon. At the same time, we cannot
afford to keep machines idle. We strike a balance between the two extremes: schedule a job out-of-order
only if there has been enough idle time already to justify scheduling it. To measure whether there has been
enough idle time, we introduce a charging scheme.

Assume, for ease of exposition, that all processing times are integers and that time is discrete. This
restriction can be removed without much difficulty and we use it only in the interests of clarity and
intuition. A job is ready if it has been released and all its predecessors are done. The time at which job j is
ready in a schedule X is denoted by q X

j and time at which it starts is denoted by S X
j .

We use Xm to denote the m-machine schedule that our algorithm constructs and for ease of notation
the superscript m will be used in place of Xm to refer to quantities of interest in this schedule. Let
β > 0 be some constant. At each discrete time step t, the algorithm applies one of the following three
cases:

1. There is an idle machine M and the first job j on the list is ready at time t — schedule j on M and
charge all uncharged idle time in the interval (q m

j , Sm
j ) to j .

2. There is an idle machine — and the first job j in the list is not ready at time t but there is another
ready job on the list — focusing on the job k which is the first in the list among the ready jobs,
schedule it if there is at least βpk uncharged idle time among all machines, and charge βpk idle time
to k.

3. There is no idle time or the above two cases do not apply — do not schedule any job, merely increment t.

Definition 11.6

A job is said to be scheduled in order if it is scheduled when it is at the head of the list. Otherwise it is said to
be scheduled out of order. The set of jobs which are scheduled before a job j but which come later in the list
than j is denoted by O j . The set of jobs which come after j in the list is denoted by A j and those which come
before j by B j (includes j ).

Definition 11.7

For each job i , define a path P ′
i = j1, j2, . . . , j�, with j� = i with respect to the schedule Xm as follows.

The job jk is the predecessor of jk+1 with the largest completion time (in Xm) among all the predeces-
sors of jk+1 such that C m

jk
≥ r jk+1 ; ties are broken arbitrarily. j1 is the job where this process terminates

when there are no predecessors which satisfy the above condition. The jobs in P ′
i define a disjoint set of

time intervals (0, r j1 ], (Sm
j1

, C m
j1

], . . . , (Sm
j� , C m

j� ] in the schedule. Let κ ′
i denote the sum of the lengths of the

intervals.

Fact 11.1 κ ′
i ≤ κi .

Fact 11.2 The idle time charged to each job i is less than or equal to βpi .

Proof
The fact is clear if idle time is charged to i according to case 2 in the description of our algorithm. Suppose
case 1 applies to i . Since i was ready at q m

i and was not scheduled according to case 2 earlier, the idle time
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in the interval (q m
i , Sm

i ) that is charged to i is less than βpi . We remark that the algorithm with discrete
time units might charge more idle time due to integrality of the time unit. However, that is easily fixed in
the continuous case where we schedule i at the first time instant when at least βpi units of uncharged idle
time have accumulated. ✷

A crucial feature of the algorithm is that when it schedules jobs, it considers only the first job in the list
that is ready, even if there is enough idle time for other ready jobs that are later in the list. The proof of the
following lemma makes use of this feature.

Lemma 11.10

For every job i , there is no uncharged idle time in the time interval (q m
i , Sm

i ), and furthermore all the idle time
is charged only to jobs in Bi .

Proof
By the preceding remarks, it is clear that no job in Ai is started in the time interval (q m

i , Sm
i ) since i was

ready at q m
i . From this we can conclude that there is is no idle time charged to jobs in Ai in that time

interval. Since i is ready at q m
i and was not scheduled before Sm

i , from cases 1 and 2 in the description of
our algorithm there cannot be any uncharged idle time. ✷

The following lemma shows that for any job i , the algorithm does not schedule too many jobs from Ai

before scheduling i itself.

Lemma 11.11

For every job i , the total idle time charged to jobs in Ai , in the interval (0, Sm
i ), is bounded by m(κ ′

i − pi ). It
follows that p(Oi ) ≤ m(κ ′

i − pi )/β ≤ m(κi − pi )/β.

Proof
Consider a job jk in P ′

i . The job jk+1 is ready to be scheduled at the completion of jk , that is q m
jk+1

= C m
jk

.
From Lemma 11.10, it follows that in the time interval between (C m

jk
, Sm

jk+1
) there is no idle time charged

to jobs in A jk+1 . Since A jk+1 ⊃ Ai it follows that all the idle time for jobs in Ai has to be accumulated in
the intersection between (0, Sm

i ) and the time intervals defined by P ′
i . This quantity is clearly bounded by

m(κ ′
i − pi ). The second part follows since the total processing time of the jobs in Oi is bounded by 1/β

times the total idle time that can be charged to jobs in Ai (recall that Oi ⊆ Ai ). ✷

Theorem 11.6

Let Xm be the schedule produced by the algorithm DELAY LIST using a list X1. Then for each job i , C m
i ≤

(1 + β) p(Bi )/m + (1 + 1/β)κ
′
i − pi /β.

Proof
Consider a job i . We can split the time interval (0, C m

i ) into two disjoint sets of time intervals T1 and T2

as follows. The set T1 consists of all the disjoint time intervals defined by P ′
i . The set T2 consists of the

time intervals obtained by removing the intervals in T1 from (0, C m
i ). Let t1 and t2 be the sum of the times

of the intervals in T1 and T2, respectively. From the definition of T1, it follows that t1 = κ ′
i ≤ κi . From

Lemma 11.10, in the time intervals of T2, all the idle time is either charged to jobs in Bi and, the only jobs
which run are from Bi ∪ Oi . From Fact 11.2, the idle time charged to jobs in Bi is bounded by βp(Bi ).
Therefore, the time t2 is bounded by (βp(Bi ) + p(Bi ) + p(Oi ))/m. Using Lemma 11.11 we see that t1 + t2

is bounded by (1 + β)p(Bi )/m + (1 + 1/β)κ
′
i − pi /β. ✷
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One-Machine Relaxation: In order to use Delay List, we will need to start with a one machine schedule.
The following two lemmas provide lower bounds on the optimal m-machine schedule in terms of the
optimal one-machine schedule. This one-machine schedule can be either preemptive or nonpreemptive,
the bounds hold in either case.

Lemma 11.12

C m
OPT ≥ C 1

OPT/m.

Proof
Given a schedule Xm on m machines with total weighted completion time C m, we will construct a one-
machine schedule X1 with total weighted completion time at most mC m as follows. Order the jobs
according to their completion times in Xm with the jobs completing early coming earlier in the ordering.
This ordering is our schedule X1. Note that there could be idle time in the schedule due to release dates.
If i �≺ j then C m

i ≤ Sm
j ≤ C m

j which implies that there will be no precedence violations in X1. We claim
that C 1

i ≤ mC m
i for every job i . Let P be the sum of the processing times of all the jobs which finish

before i (including i) in Xm. Let I be the total idle time in the schedule Xm before C m
i . It is easy to see

that mC m
i ≥ P + I . We claim that C 1

i ≤ P + I . The idle time in the schedule X1 can be charged to idle
time in the schedule Xm and P is the sum of all jobs which come before i in X1. This implies the desired
result.

✷

Lemma 11.13

C m
OPT ≥ ∑i wi κi = C∞

OPT.

Proof
The length of the critical path κi , is an obvious lower bound on the completion time C m

i of job i . Summing
up over all jobs gives the first inequality. It is also easy to see that if the number of machines is unbounded
that every job i can be scheduled at the earliest time it is available and will finish by κi yielding the
equality.

✷

Obtaining Generic m-Machine Schedules: In this section we derive our main theorem relating m-
machine schedules to one-machine schedules.

We begin with a corollary to Theorem 11.6.

Corollary 11.1

Let Xm be the schedule produced by the algorithm Delay-List using a one-machine schedule X1 as the list.
Then for each job i , C m

i ≤ (1 + β)C 1
i /m + (1 + 1/β)κi .

Proof
Since all jobs in Bi come before i in the one-machine schedule, it follows that p(Bi ) ≤ C 1

i . Plugging this
and Fact 11.1 into the bound in Theorem 11.6, we conclude that C m

i ≤ (1 + β)C 1
i /m + (1 + 1/β)κi . ✷

Theorem 11.7

Given an instance I of scheduling to minimize sum of weighted completion times and a one-machine schedule
for I that is within a factor ρ of an optimal one-machine schedule, Delay-List gives a m-machine schedule for
I that is within a factor (1 + β)ρ + (1 + 1/β) of an optimal m-machine schedule. Further, Delay-List can
be implemented in O(n log n) time.
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Proof
Let X1 be a schedule which is within a factor ρ of the optimal one-machine schedule. Then C 1 =∑

i wi C 1
i ≤ ρC 1

OPT. By Corollary 11.1, the schedule created by the algorithm Delay-List satisfies,

C m =
∑

i

wi C
m
i

≤
∑

i

wi

[
(1 + β)

C 1
i

m
+
(

1 + 1

β

)
κi

]

= 1 + β

m

∑
i

wi C
1
i +

(
1 + 1

β

)∑
i

wi κi

From Lemmas 11.12 and 11.13 it follows that

C m ≤ (1 + β)ρC 1
OPT

m
+
(

1 + 1

β

)
C∞

OPT

≤
[

(1 + β)ρ +
(

1 + 1

β

)]
C m

OPT

The running time bound on Delay-List can be easily seen from the description of the algorithm. ✷

There is an interesting property of the conversion algorithm that is useful in its applications and worth
pointing out explicitly. We explain it via an example. Suppose we want to compute an m-machine schedule
with release dates and precedence constraints. From Theorem 11.7 it would appear that we need to compute
a one-machine schedule for the problem that has both precedence constraints and release dates. However,
we can completely ignore the release dates in computing the one-machine schedule X1. This follows from
a careful examination of the upper bound proved in Theorem 11.6 and the proof of Theorem 11.7. This
is useful since the approximation ratio for the problem 1| prec |∑ j w j C j is 2, while it is (e + ε) for
1 | prec, r j | ∑ j w j C j [30]. In another example, the problem 1 || ∑ j w j C j has a very simple polynomial
time algorithm using Smith’s ratio rule while 1 | r j | ∑ j w j C j is NP-hard. Thus release dates play a role
only in the conversion algorithm and not in the single machine schedule. A similar claim can be made
when there are delays between jobs. In this setting a positive delay di j between jobs i and j indicates that
i is a predecessor of j and that j cannot start until di j time units after i completes. Delay-List and its
analysis can be generalized to handle delays, and obtain the same results as those in Theorem 11.6 and
Theorem 11.7. The only change required is in the definition of ready time of a job which now depends
also on the delay after a predecessor finishes. As with release dates we can ignore the delay values (not the
precedence constraints implied by them though) in computing the single machine schedule.

11.3 Unrelated Machines

In this section we present LP-based approximation algorithms for R || ∑ j w j C j and R | r j |∑ j w j C j

from [17]. For each job j and machine i , pi j denotes the processing time of j on i . Let T = max j∈J r j +∑
j∈J maxi pi j denote an upper bound on the schedule length. The algorithms are based on the following

time indexed relaxation which is pseudo-polynomial in the input size. The variable yi j t indicates the
fraction of the time interval [t, t + 1) that j is processed on i .

min
∑

j

w j C j
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subject to

m∑
i=1

T∑
t=r j

yi j t

pi j
= 1 for all j (11.22)

∑
j∈J

yi j t ≤ 1 for all i and t (11.23)

C j ≥
m∑

i=1

T∑
t=r j

[
yi j t

pi j

(
t + 1

2

)
+ 1

2
yi j t

]
for all j (11.24)

yi j t ≥ 0 for all i , j , and t (11.25)

Equation (11.22) states that job j is processed completely. Equation (11.23) ensures that machine i can
process one unit of work in each unit time interval. To understand Equation (11.24) consider the ideal
situation, when a job j is processed on a single machine i continuously from time h to h + pi j . Then, it
can be verified easily that Equation (11.24) gives the exact completion time for j . In other circumstances,
it can be easily checked that Equation (11.24) provides a lower bound on C j . Note that the formulation
remains a relaxation even if yi j t are constrained to be binary.

We now describe a randomized rounding algorithm, Rand-Round, from [17] that uses an optimal
solution to the above LP.

1. Let C̄ be an optimal solution to the LP.
2. Assign each job j , independently, to machine-time pair (i, t), where the probability of j being

assigned to (i, t) is exactly yi j t/pi j . Let (i j , t j ) be the chosen pair for j .
3. On each machine i , schedule the jobs assigned to i nonpreemptively in order of t j (ties broken

randomly).

Let C̃ j be the completion time of j produced by the above algorithm. Note that C̃ j is a random variable.
The analysis rests on the following lemma.

Lemma 11.14

The expected completion time of j , E [C̃ j ] is upper bounded by the following:

E [C̃ j ] ≤ 2
m∑

i=1

T∑
t=r j

yi j t

pi j

(
t + 1

2

)
+

m∑
i=1

T∑
t=r j

yi j t

Proof
Consider a fixed job j and let t ′ be the earliest time such that there is no idle time in the interval [t ′, C̃ j ) on
machine i j . Let A j be the set of jobs that are scheduled on i j in this interval. It follows from the definition
of t ′ and A j that

C̃ j = t ′ +
∑
k∈A j

pik

It is easy to see that t ′ ≤ t j for, otherwise we would have scheduled j earlier. Since i j was busy in [t ′, C̃ j ),
we can upper bound C̃ as

C̃ j ≤ t j +
∑
k∈A j

pik
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To bound E [C̃ j ] we analyze the conditional expectation E i,t [C̃ j ] under the event that j is assigned to
the machine–time pair (i, t). It follows from the previous equation that

E i,t [C̃ j ] ≤ t + E i,t

[∑
k∈A j

pik

]

≤ t + pi j +
∑
k �= j

pikPri,t[k scheduled on i before j ]

= t + pi j +
∑
k �= j

pik

(
t−1∑
s=rk

yiks

pik
+ 1

2

yikt

pik

)

≤ t + pi j +
(

t + 1

2

)
≤ 2

(
t + 1

2

)
+ pi j

In the penultimate line above the factor of 1
2 comes from the fact that the algorithm breaks ties randomly.

In the last inequality above we use the LP constraints given in Equation (11.24). Now we can obtain the
unconditional expectation as

E [C̃ j ] =
m∑

i=1

T∑
t=r j

Pr[ j assigned to (i, t)] · E i,t [C̃]

=
m∑

i=1

T∑
t=r j

yi j t

pi j
E i,t [C̃ j ] ≤ 2

m∑
i=1

T∑
t=r j

yi j t

pi j

(
t + 1

2

)
+

m∑
i=1

T∑
t=r j

yi j t

This gives us the desired equation. ✷

Combining Lemma 11.14 and the constraint (11.24) it follows that E [C̃ j ] ≤ 2C̄ j . By linearity of
expectation we obtain the following.

Theorem 11.8

For instances of R | r j |∑ j w j C j , Rand-Round produces a solution whose expected value is within twice the
value of the optimum solution the LP.

If there are no release dates, that is for the problem R ||∑ j w j C j the integrality gap can be improved
to 3/2 as follows. First, we can strengthen the LP by adding the following additional constraints:

C j ≥
m∑

i=1

T∑
t=r j

yi j t for all j (11.26)

When all release dates are 0, we can also strengthen Lemma 11.14 to show that

E [C̃ j ] ≤
m∑

i=1

T∑
t=r j

yi j t

pi j

(
t + 1

2

)
+

m∑
i=1

T∑
t=r j

yi j t

The above equation comes about by observing in the proof of Lemma 11.14 that t ′ = 0 and C̃ j =∑
k∈A j

pik which in turn leads to E i,t [C̃ j ] ≤ pi j + (t + 1
2 ).

We leave it as an exercise to the reader to prove the validity of (11.26) and put the above facts together
to show the following theorem.

Theorem 11.9

For instances of R ||∑ j w j C j , Rand-Round produces a solution whose expected value is within 3/2 times the
value of an optimum solution to the LP with the strengthened inequalities (11.26).
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In [17], the integrality gaps in the above two theorems are shown to be tight. However, as we point
out in Section 11.5, the integrality gaps of the LP when strengthened with an additional inequality is
unknown. Rand-Round can be derandomized using the method of conditional probabilities. We refer
the reader to [17] for more details. As we mentioned earlier, the LP is pseudo-polynomial in the input
size. The formulation can be modified to obtain a polynomial sized LP while losing only a factor of
(1 + ε) in the objective function value. This idea was originally used by Hall, Shmoys, and Wein [8] and
details in the context of the above results can be found in [17]. Using the modified LP and the Rand-Round
algorithm results in approximation ratios of (2 + ε) and (3/2 + ε) for R | r j |∑ j w j C j and R ||∑ j w j C j ,
respectively. The latter result for R ||∑ j w j C j was independently observed by Chudak [18]. Using convex
quadratic formulations, Skutella [28] improved the ratios to 2 and 3/2, respectively.

11.4 Approximation Schemes for Problems with Release Dates

The algorithms considered thus far share the basic paradigm of solving a relaxation of the completion
time problem and use information from the relaxation to obtain an ordering on the jobs and/or an
assignment of the jobs to machines. Even though these ideas yield constant factor approximation bounds,
there are fundamental barriers to turning these approaches into approximation schemes. In particular,
there are provable constant factor gaps between the objective value of the relaxation and the average
completion time of the optimal schedule. Thus these approaches cannot directly yield approximation
schemes.

In this section we develop a framework to obtain approximation schemes when jobs have release dates.
In particular we present an approximation scheme for the problem P | r j |∑ j w j C j . The framework
essentially consists of a dynamic programming-based search in a carefully chosen subset of all possible
schedules. Given any ε > 0, we will show that we can identify a subset of schedules such that each sched-
ule in the subset has a nice structure and the subset contains a schedule that is (1 + ε)-approximate.
We then use dynamic programming to explore this structured space and find the best possible sched-
ule. There are two key components for implementing this framework: (i) input transformations, and
(ii) dynamic programming. Input transformations add structure to a given arbitrary instance while
dynamic programming helps us efficiently enumerate over the space of near-optimal schedules for a
given structured instance. Each transformation on the input instance as well as optimality relaxation in
the dynamic programming potentially increases the objective function value by a 1+ O(ε) factor, so we can
perform a constant number of them while still staying within a 1 + O(ε) factor of the original optimum.
When we describe such a transformation, we shall say it produces 1 + O(ε) loss.

We next develop each of these components in detail. The ideas described below apply to both
P | r j |∑w j C j and P | r j , pmtn |∑w j C j . In describing the dynamic programming, we will primar-
ily focus on the nonpreemptive case, and toward the end mention the modifications needed for the
preemptive case. To simplify notation we will assume throughout that 1/ε is an integer and that ε ≤ 1/4).
We use C j and S j to denote the completion and start time respectively of job j , and OPT to denote the
objective value of some fixed optimal schedule.

We note that the framework that we describe can be extended with further ideas to obtain approximation
schemes for the problems Rm | r j |∑ j w j C j [20] and Q | r j |∑ j w j C j [27].

11.4.1 Input Transformations

The goal of the input transformations is to impose a certain structure on the input instance that will
facilitate efficient search by dynamic programming. In order to analyze the effect of each transformation,
we show that an optimal schedule can be modified with a small increase in objective value so as to conform
to the modified input structure. We will apply two transformations. The first transformation is a standard
discretization of the input instance by geometric rounding. The second transformation, referred to as job
shifting, is a new transformation that ensures that at each release date, only a small number of jobs arrive.
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11.4.1.1 Geometric Rounding

Our first transformation reduces the number of distinct processing times and release dates in a given input
instance.

Lemma 11.15

With 1 + ε loss, we can assume that all processing times and release dates are integer powers of 1 + ε.

Proof
We transform the given instance in two steps. First, we multiply every release date and processing time
by 1 + ε; this increases the objective by the same amount (we are simply changing time units). Then we
decrease each date and time to the next lower integer power of 1 + ε (which is still greater than the original
value). This can only decrease the objective function value. ✷

Notation: For an arbitrary integer x , we define Rx := (1+ε)x . As a result of Lemma 11.15, we can assume
that all release dates are of the form Rx for some integer x . We partition the time interval [0, ∞) into
disjoint intervals of the form Ix := [Rx , Rx+1) (Lemma 11.16 below ensures that no jobs are released at
time 0). We will use Ix to refer to both the interval and the size (Rx+1 − Rx ) of the interval. We will often
use the fact that Ix = εRx , i. e., the length of an interval is ε times its start time.

11.4.1.2 Job Shifting

The goal of job shifting is to ensure that for every job, the difference between its release time and comple-
tion time is only a small number of intervals, say f (1/ε), for some function f . It is easy to see intuitively
that this property can be helpful in efficiently implementing a dynamic programming approach. An input
instance can violate this property in two ways. First, a job released at some time Rx can be arbitrarily larger
than (1 + ε)x and hence must be alive for an arbitrarily large number of intervals. Second, many jobs can
be simultaneously released at some time Rx , no schedule can finish all of the jobs in a fixed number of
intervals following Rx . The first of these two problems is easily fixed by suitably delaying the release date
of each job. The second problem is more difficult to fix and it requires statically pruning and delaying jobs
at each release date. This shifting of jobs is a critical ingredient of our approach.

We start by classifying each job as either small or large, and handle them differently. We say that a job
is small if its size is less than ε2 times the size of the interval in which it arrives (i.e., px < ε2 Ix ), and large
otherwise. The lemma below shows that we can always ensure that no job is arbitrarily large compared to
the size of the interval in which it is released.

Lemma 11.16

With 1 + ε loss, we can enforce r j ≥ εp j for all jobs j .

Proof
Increase all processing times by a factor of (1 + ε); thus a job j with original processing time p j , now has
processing time (1 + ε) p j . As noted in Lemma 11.15, this increases the optimal objective value by a factor
of at most (1 + ε). Now consider an optimal schedule σ for this modified instance. For each job j , ignore
the first εp j units of its processing in the schedule σ . All remaining processing of job j now occurs at time
εp j or later, and moreover, p j units of job j still get processed. The lemma follows. ✷

An immediate corollary is that in nonpreemptive schedules, a job never crosses many intervals.

Corollary 11.2

In any nonpreemptive schedule, each job crosses at most s := ⌈
log1+ε(1 + 1

ε
)
⌉

intervals.
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Proof
Suppose job j starts in interval Ix = [Rx , Rx+1). Since Rx ≥ r j ≥ εp j (Lemma 11.16), we have Ix =
εRx ≥ ε2 p j . The s intervals following x sum in size to Ix/ε

2 ≥ p j . ✷

Lemma 11.17

There exists a (1 + O(ε))–approximate schedule such that the following hold:

1. for any two small jobs j and k with r j ≤ rk , p j

w j
≤ pk

wk
and j < k, x( j ) ≤ x(k) holds, where x( j ) and

x(k) are the intervals in which j and k are scheduled
2. each small job finishes within the interval that it is started

Proof
Fix an optimal schedule. Let sx be the time allocated by this schedule to executing small jobs within interval
Ix . We can assume that the small jobs are executed contiguously within each interval — this increases the
schedule value by at most a (1 + ε)-factor. We now create a new schedule to satisfy the first property in
the statement of the lemma as follows. We first describe an assignment of small jobs to intervals without
specifying the precise schedule of the jobs within an interval. The assignment is done as follows. Suppose
we have assigned small jobs to intervals I1 to Ix−1. Now we describe the assignment of jobs to Ix . Let Ax

be set of all small jobs that have been released by Ix but have not been assigned to any of the intervals I1

to Ix−1. For job j in Ax consider the tuple ( p j /w j , r j , j ). We order jobs in Ax in nondecreasing order
of their tuples, using the dictionary ordering. We assign jobs in this order to Ix until the total processing
time of the jobs assigned to Ix just exceeds sx . Since each job in Ax is small, the total processing assigned
to Ix is no more than sx + ε Ix . We claim that the total weight of jobs assigned to intervals I1 to Ix by
the above procedure dominates the weight of small jobs completed by the optimal schedule in intervals
I1 to Ix . This is relatively easy to verify and we leave it as an exercise to the reader. Also, observe that for
each x , small jobs assigned to Ix by the above procedure can be scheduled in Ix using the space left by the
optimal schedule, provided we stretch Ix by a (1 + ε)-factor. Stretching the intervals by a (1 + ε)-factor
increases the objective function value by at most a (1 + ε)-factor. The assignment procedure satisfies the
first desired property. The second property also can be easily accomplished by expanding each interval by
a (1 + ε)-factor. ✷

As a result of Lemma 11.17, we can order all small jobs released at Rx according to their ratio p j

w j
and

consider them for scheduling only in that order. Let Tx and Hx denote the small and large jobs released
at Rx . Note that in this section small means an ε2 fraction of the interval. Let p(S) denote the sum of the
processing times of the jobs in set S. The next lemma says that any input instance I can be modified with
1 + ε loss to an instance I ′ so that the total size of the small and large jobs released at any release date
Rx is O(mIx ). This lemma plays an important role in our implementation of the dynamic programming
framework since it allows us to represent compactly information about unfinished jobs as we move from
one block to the next.

Lemma 11.18

(Job Shifting) An instance can be modified with 1 + O(ε) loss to an instance I ′ such that the following
conditions hold.

� p(T ′
x ) ≤ (1 + ε)mIx for all x

� The number of distinct job sizes in H ′
x is at most

⌊
1 + 4 log1+ε

1
ε

⌋
� The number of jobs of each distinct size in H ′

x is at most m
ε2

Proof
Consider the input instance I . The total processing time available in interval Ix is mIx . Order the small
jobs in Tx by nondecreasing ratios p j

w j
and pick jobs according to this order until the processing time of
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jobs picked would exceed (1 + ε)mIx if one more job is added. Picking jobs according to this order is
justified by Lemma 11.17. The remaining jobs, which are released at Rx but cannot be processed in Ix , can
safely be moved to the next release date Rx+1.

For each job j in Hx , Lemma 11.16 yields Rx ≥ εp j . On the other hand, since j is large we get
p j ≥ ε2 Ix = ε3 Rx . Since all job sizes are powers of 1 + ε, the number of distinct job sizes in Hx is as
claimed. For a particular size that is large for Ix , we can order jobs by nonincreasing weights. The number
of jobs of each size class that can be executed in the current interval is limited to mIx

ε3 Rx
= m

ε2 . ✷

11.4.2 Dynamic Programming

The basic idea of the dynamic programming is to decompose the time horizon into a sequence of blocks.
A block is a set of s = ⌈

log1+ε(1 + 1
ε

)
⌉

consecutive intervals. Note that s ≤ 1
ε2 . Let B0,B1, . . . ,B� be

the partition of the time interval [min j r j , D) into blocks where D is an upper bound on the schedule
makespan say, (

∑
j p j + max j r j ). Our goal is to do dynamic programming with blocks as units. There

is interaction between blocks since jobs from an earlier block can cross into the current block. However,
by the choice of the block size and Corollary 11.2, no job crosses an entire block in any nonpreemptive
schedule. In other words, jobs that start in Bi finish either in Bi or Bi+1. A frontier describes the potential
ways that jobs in one block finish in the next. An incoming frontier for a blockBi specifies for each machine
the time at which the crossing job from Bi−1 finishes on that machine.

Lemma 11.19

There exists a (1 + ε)-approximate schedule which considers only (m + 1)s/ε feasible frontiers between any
two blocks.

Proof
By Lemma 11.18 we can restrict attention to schedules in which small jobs never cross an interval. Each
block consists of a fixed number s of intervals. Fix an optimal schedule and consider any machine in a
block Bi . A large job j continuing from the preceding block finishes in one of the s intervals of block
Bi which we denote by Ix( j ). We can round up C j to C ′

j where C ′
j = Rx( j ) + iε Ix( j ) for some integer

0 ≤ i ≤ 1
ε

− 1. This will increase the schedule value by only a 1 + ε factor. Thus, we can restrict the
completion times of crossing jobs to s

ε
discrete time instants. Each machine realizes one of these possibilities.

A frontier can thus be described as a tuple (m1, . . . , ms/ε) where mi is the number of machines with
crossing jobs finishing at the i th discrete time instant. Therefore, there are at most (m + 1)s/ε frontiers to
consider. ✷

Let F denote the possible set of frontiers between blocks. The high level idea behind the dynamic pro-
gramming is now easy to describe. The dynamic programming table entry O(i, F , U ) stores the minimum
weighted completion time achievable by starting the set U of jobs before the end of blockBi while leaving a
frontier of F ∈ F for blockBi+1. Given all the table entries for some i , the values for i +1 can be computed
as follows. Let W(i, F1, F2, V) be the minimum weighted completion time achievable by scheduling the
set of jobs V in block Bi , with F1 as the incoming frontier from block Bi−1 and F2 the outgoing frontier
to block Bi+1. We obtain the following equation:

O(i + 1, F , U ) = min
F ′∈F ,V⊂U

[
O(i, F ′, V) + W(i + 1, F ′, F , U − V)

]
There are two difficulties in implementing the dynamic programming. First, we cannot maintain the

table entries for each possible subset of jobs in polynomial time. Therefore, we need to show the existence
of approximate schedules that have compact representations for the set of subsets of jobs remaining after
each block. Second, we need a procedure that computes the quantity W(i, F1, F2, V). In what follows, we
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describe how these elements can be efficiently implemented for the parallel machine case. We focus on
the nonpreemptive case and later describe the necessary modifications for handling the preemptive case.
Below, we give a lemma that bounds the duration for which a job can remain unprocessed after its release.

Lemma 11.20

There exists a [1 + O(ε)]–approximate schedule in which every job finishes within O( 1
ε2 ) blocks after it is

released.

Proof
Consider some fixed optimal schedule. For each block Bi , let Ai denote the set of jobs released in Bi

which are not finished in the optimal schedule by the end of B�i , where �i = i + 1
ε2 . For each i , we alter

the schedule by scheduling all the jobs in Ai in B�i . Let Ix be the smallest interval in block B�i . Using
Lemma 11.18, the total volume of jobs released in Bi can be verified to be at most εmIx , in other words
p(Ai ) ≤ εmIx . Further, for every job j ∈ A, p j ≤ ε4 Ix holds. To schedule jobs of Ai in B�i , we group
jobs of Ai into units each with volume between ε Ix and (ε + ε4)Ix . From the bound on p(Ai ) the number
of units is at most m. We assign each unit to an exclusive machine and schedule the unit on the machine
as soon as the crossing job on that machine from B�i −1 finishes. We shift the jobs on the machine to
accommodate the extra volume. Clearly, the completion times of jobs in Ai have only decreased. It is easy
to see that expanding intervals by a (1 + O(ε))-factor can accommodate the increase in the completion
times of jobs in Bi for all i . The new schedule satisfies the desired property. ✷

11.4.3 Nonpreemptive Scheduling on Parallel Machines

We now describe how to implement the two main components of the dynamic program: Compact rep-
resentation of job subsets and scheduling within a block. We use time-stretching to show existence of
schedules for which both tasks can be efficiently performed.

11.4.3.1 Compact Representation of Job Subsets

Recall that Hx and Tx denote the large and small jobs released at Rx . Let Axi and Bxi denote the set of
large and small jobs released at Rx that are scheduled in block Bi . Let Uxi and Vxi denote the set of large
and small jobs among jobs released at Rx that remain after block Bi . Our goal is to show that there exist
(1 + ε) — approximate schedules with compact representations for these sets. Let b(x) denote the block
containing the interval Ix .

Large Jobs: Consider large jobs released in interval Ix . By Lemma 11.18, there are O( 1
ε

log 1
ε

) distinct size
classes in Hx . Within each size class, we assume that the jobs are ordered in nonincreasing order of weight.
For each block Bi , we specify the set Uxi by simply indicating for each size class, the smallest indexed
job that remains to be scheduled. Since within each size class, any optimal schedule executes the jobs in
nonincreasing weight order, this completely specifies the set Axi . The total number of choices for Uxi are
(m/ε2)O(log(1/ε)/ε) by Lemma 11.18. Moreover, for any blockBi , by Lemma 11.20, there are O(s/ε2) release
dates before Bi whose jobs can be still alive. Thus, there are only (m/ε2)O((log(1/ε)/ε)(s/ε2)) possible sets of
large jobs that can be alive at the end of any block Bi .

Small Jobs: The approach described above is not efficient for maintaining a description of unprocessed
small jobs since the number of small jobs arriving at any release date can be arbitrarily large. We will
instead focus on maintaining information about the unprocessed volume of small jobs.

Recall that for each release date Rx , we order the set Tx using Smith’s ratio rule. Without any loss of
generality, assume that the jobs in Tx are {1, 2, . . . , α}, indexed in nondecreasing order of p/w ratio. Let
j1 be the least index such that the total processing time of the first j1 jobs exceeds ε2 Ix , denote this set of
jobs by J 1(x). Let j2 be the least index such that the total processing time of the next j2 − j1 jobs exceeds
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ε2 Ix , denote this set of jobs by J 2(x). We continue in this manner to construct sets J 1(x), J 2(x), . . . , J �(x),
where each set J i (x), 1 ≤ i < � contains a processing volume of at least ε2 Ix , and at most 2ε2 Ix . The last
set J �(x) contains at most 2ε2 Ix processing volume. By Lemma 11.18, we know that � ≤ 2m. Our main
observation is as follows.

Lemma 11.21

There exists a (1 + O(ε))-approximate schedule in which for every release date Rx , all jobs in a set J i (x) are
scheduled in the same interval.

Proof
By Lemma 11.17, we know that there exits a (1 + ε)-approximate schedule in which all small jobs arriving
at any release date are executed in accordance with Smith’s ratio rule. We start with such a schedule, say
σ , and show that by stretching each interval by a (1 + 2ε) factor, we can modify σ to satisfy the property
indicated in the Lemma. In the modified schedule, no job is scheduled in a later interval than it is scheduled
in σ . Thus the modification only increases the objective function value by (1 + 2ε).

Fix a set J i (x) and let Iy be the first interval in which a job from J i (x) is scheduled in σ . Let M be a
machine on which this event occurs. If all jobs in J i (x) are scheduled in Iy , the property above is satisfied.
Otherwise, we know that no jobs from any set J i ′ (x) for i ′ > i were scheduled in this interval. We now
schedule all jobs in J i (x) on machine M in this interval. The total additional processing load added is at
most 2ε2 Ix . Adding over all intervals Ix with x < y, we can bound the additional processing overhead on
machine M in interval Iy to be at most 2ε Iy . Thus, this additional load is accommodated by the stretching
described above. ✷

Lemma 11.21 above says that for each block Bi , we can specify the set Vxi by simply indicating the
smallest index i such that J i (x) remains to be scheduled. This completely specifies the set Bxi . The total
number of choices for Vxi are (m/ε2) by Lemma 11.18. Moreover, for any block Bi , by Lemma 11.20, there
are O(s/ε2) release dates beforeBi whose jobs can be still alive. Thus, there are only (m/ε2)O(s/ε2) possible
sets of small jobs that can be alive at the end of any block Bi .

We summarize our considerations and results of this subsection in the following lemma:

Lemma 11.22

There is a (1 + O(ε))–approximate schedule S such that for each block Bi the following is true:

� There are k = ( m
ε2 )O(1/ε9) sets G 1

i , . . . , G k
i that can be constructed in polynomial time

� G i , the set of jobs remaining in S after block Bi , is one of {G 1
i , . . . , G k

i }

11.4.3.2 Scheduling Jobs Within a Block

We now describe how to compute W(i, F1, F2, V). Since this is itself an NP-hard problem we settle for a
relaxation. A 1 + ε decision procedure for computing W(i, F1, F2, V) outputs a schedule that is within
1 + ε of W(i, F1, F2, V) and shifts the frontier F2 by at most a 1 + ε factor. Clearly such a procedure
suffices in order to compute a (1 + O(ε))-optimal solution to the dynamic program given above. We now
describe a 1 + ε decision procedure that runs in polynomial time for each fixed ε.

For the purposes of scheduling jobs in the block, we partition the job set V into big and tiny as follows.
Let Ix be the smallest interval in Bi . We call a job j ∈ V big if p j ≥ ε Ix , otherwise we call it tiny. Note that
this definition differs from the earlier definition of large and small. Since the block consists of s intervals,
for any big job j ∈ V and interval Iy in Bi we have the property that p j ≥ ε2 Iy .

Our objective is to enumerate over all potential schedules of big jobs. In particular, we restrict ourselves
to schedules where, in each interval Ix , a big job starts only at one of the 1

ε3 times specified by Rx + iε3 Ix ,
for i = 0, . . . , 1

ε3 − 1. Furthermore, in our enumeration of big job schedules we will only specify the size
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and the start times of the big jobs scheduled. This is sufficient information to reconstruct their schedule:
whenever we have two jobs of same size available, we always schedule the one with the larger weight first.
With these restrictions, the schedule of big jobs on a machine within a block is completely determined by
three things: its incoming frontier, its outgoing frontier, and the sizes of the big jobs started at each of the
discrete time units in each of the s intervals. We estimate the number of different possibilities for each
machine. The number of discrete times where a big job can be scheduled is s

ε3 ≤ 1/ε5. The number of big
job sizes in a block can be seen to be O(log 1

ε
). Hence, the total number of possibilities is (O(log 1

ε
))1/ε5

which is upper bounded by k = 2O(1/ε6). Thus, the configurations of all machines are from one of (m+1)k

possibilities. Out of these we consider only those that are compatible with the incoming and outgoing
frontiers F1 and F2 and have a feasible schedule for the big jobs in V . Both conditions can be checked in
a straightforward way.

We schedule the tiny jobs in a greedy fashion in the spaces left by the big jobs. For each interval Ix , all
the big jobs that start and finish in Ix can be assumed to execute contiguously at the earliest available time
in the interval. We increase each of the spaces by a 1 + ε factor to accommodate all the tiny jobs. The
scheduling of tiny jobs is similar to that described in the proof of Lemma 11.17. In each interval Ix in Bi ,
we order the tiny jobs in V that are released by Ix and not yet scheduled, in nondecreasing order of p j /w j .
The jobs are scheduled in this order within the spaces left by the big jobs until there is no more space left
in interval Ix . Then we proceed to Ix+1. This procedure can be accomplished in polynomial time in the
number of tiny jobs in V , but can also be done in polynomial in m by grouping tiny jobs into units of size
ε Ix . We omit details. The scheduling of tiny jobs has to be repeated with each possibility of scheduling
large jobs. We thus obtain the following.

Lemma 11.23

There is a 1 + ε decision procedure to compute W(i, F1, F2, V) that runs in time (m + k)k where
k = 2O(1/ε6).

We remark that the running time of the procedure can be improved by doing dynamic programming
between intervals of the block instead of brute force enumeration of all big job schedules. The improved
running time will be mpoly(1/ε). We omit details here and state the result.

Theorem 11.10

There is a PTAS for P | r j |∑w j C j that constructs a (1 + ε)–approximation in time O(n log n + n
(m + 1)pol y(1/ε)).

The number of potential blocks for the dynamic programming is O(log D), where D is an upper bound
on the schedule makespan. However, there are only O(n/ε3) interesting blocks since each job j finishes
by r j /ε

4.

11.4.4 Preemptive Scheduling on Parallel Machines

In the preemptive case, several computational aspects of the preceding algorithm can be simplified, leading
to an approximation scheme with a better running time. Specifically, since large jobs can be executed
fractionally, we do not need to keep track of the frontier formed by the crossing jobs. Moreover, we can
do dynamic programming directly with intervals instead of blocks and an approximate schedule can be
specified by the fractions of jobs that are processed in any interval. This significantly reduces the amount
of enumeration needed in the dynamic programming. For instance, since there are no release dates within
an interval, we can use McNaughton’s wrap around rule [25] to compute a preemptive schedule with
optimal makespan in O(n) time. Thus if we knew the job fragments that execute within an interval, they
can be efficiently scheduled. We omit here the various technical details involved and summarize below the
running time of our approximation scheme.
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Theorem 11.11

There is a PTAS for P | r j , pmtn |∑w j C j that constructs a (1 + ε)–approximation in time O(n log n + n
(m + 1)pol y(1/ε)).

11.5 Conclusions and Open Problems

We have surveyed approximation algorithms for minimizing sum of weighted completion times under a
variety of constraints and machine environments. We have chosen to present a few algorithms and ideas
in detail rather than giving an overview of all the known results. Below we mention several related ideas
and results that we would have liked to cover but had to omit due to space constraints.

� Before [20] obtained PTASes for problems with release dates, constant factor approximation al-
gorithms were known that had ratios better than the ones we presented in Section 11.2. They
are still the algorithms of choice for simplicity and efficiency. We refer the reader to [11] for a
( e

e−1 )-approximation for 1 | r j |∑ j C j , to [52] for a 1.6853-approximation for 1|r j |∑ j w j C j ,
and to [17] for a 2-approximation to P | r j |∑ j w j C j . These algorithms have the additional ad-
vantage of being online. The underlying technical idea is to order the jobs by their α j -completion
times in a time-indexed relaxation for the problem where the α j are chosen from an appro-
priately chosen probability distribution. The notion of α-completion times was used in [8] and
the power of randomization to improve the ratios was first demonstrated independently in [11]
and [12]. This technique also improves the approximation ratio for 1 | r j , prec |∑ j w j C j from 3 to
(e + ε) [30].

� As we mentioned in a few places, makespan and weighted completion time are related in several
ways. With precedence constraints, makespan is a special case of weighted completion time. How-
ever, (approximation) algorithms for minimizing makespan can be used to obtain approximation
algorithms for minimizing weighted completion time. We mention two techniques in this regard.
The first is dual-approximation based approach for online algorithms developed in [8]. The second
approach which is more general and suited for offline algorithms is the one of Queyranne and
Sviridenko [21] where approximation algorithms for makespan that are based on simple lower
bounds are translated into approximation algorithms for weighted completion time. They use this
approach to obtain algorithms for shop scheduling problem with minsum criteria.

� As indicated earlier, time-indexed formulations are pseudo-polynomial in size of the input. To
obtain polynomial time algorithms, it is necessary to reduce their size. Hall et al. [8,29] accom-
plish this by partitioning time into geometrically increasing intervals: for parameter ε > 0, the
intervals are of the form [(1 + ε)�, (1 + ε)�+1) for 0 ≤ � ≤ ⌈

log1+ε T
⌉
. The formulation has

variables x j� to indicate if job j finishes in interval �. The interval indexed formulation is particu-
larly useful in obtaining an O(log m)-approximation for the problem Q | r j , prec |∑ j w j C j [15].
Interval indexed formulations allow a more direct way to use a makespan algorithm to obtain
an algorithm for minimizing weighted completion times. For example, the algorithms in [21]
which are based on completion time variables do not explicitly use interval indexed formula-
tions. However, the notion of geometrically increasing intervals is used in the rounding phase.
We also mention that this relation between makespan and weighted completion time shows
the existence of schedules that are simultaneously good for both measures. For a more for-
mal treatment of the models where such results are possible and for the best known tradeoffs,
see [53–55].

� We did not detail in-approximability results in this survey except to mention the known results in
the table in Figure 11.1. Hoogeveen, Schuurman, and Woeginger [22] derived most of the known
nontrivial results, establishing APX-hardness for several variants. The reductions are, in spirit,
similar to the earlier known in-approximability results for minimizing makespan, although there
are technical differences.
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This survey has focussed primarily on recent work for minimizing weighted completion time. Some
prior surveys on scheduling provide pointers to earlier work. These include the surveys of Graham
et al. [56] from 1979 and that of Lawler et al. [5] from 1993. More recent surveys of interest are by
Hall [57] and by Karger, Stein, and Wein [58]. We list below several interesting open problems in the
context of scheduling to minimize weighted completion time.

1. Approximability of the single machine problem 1 | prec |∑ j w j C j . The approximation ratio we
have is 2 via both LP based methods and combinatorial methods. On the other hand we do not know
if the problem is APX-hard. Closing this gap is perhaps the most interesting open problem in this
area. All the known LP formulations have an integrality gap of 2 as shown in [13]. Woeginger [33]
has given an approximation preserving reduction from arbitrary instances to a restricted class of
instances used in [13] to establish integrality gaps.

2. Improved approximation ratio for P | prec |∑ j w j C j . Munier et al. [16], as described in
Section 11.2.1.2, obtain a 4-approximation. However, even for the LP relaxation they use, the
best lower bound on the integrality gap is 3. In terms of in-approximability, there is no evidence
that the problem is harder to approximate than the makespan problem P | prec |Cmax for which we
have a 2-approximation and an in-approximability ratio of 4/3.

3. Improved approximation for R || ∑ j w j C j and R | r j |∑ j w j C j . The integrality gap of the LP for
R | r j |∑ j w j C j , as presented in Section 11.3, is 2, and even with the additional constraint (11.26),
the gap is 3/2 for R || ∑ j w j C j . We can further strengthen the LP by adding the following set of
constraints.

m∑
i=1

yi j t ≤ 1 for all jobs j , and t = 0, . . . , T (11.27)

The integrality gap of the LP strengthened with the above inequality is unknown for both the
problems and it would be interesting to see if improved approximation ratios can be obtained by
using it. This problem is suggested in [17].

There are several open problems for minimizing makespan when jobs have precedence constraints that
translate into open problem for minimizing weighted completion time. We refer the reader to the list of
open problems compiled by Schuurman and Woeginger [59] for some of them.
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